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Velocity and Acceleration Analysis of 
Plane and Space Mechanisms by Means 
of Independent-Position Equations 


By FRANCIS H. RAVEN,? ITHACA, N. Y. 


This paper presents a generalized analytical method 
for the determination of velocities and accelerations in 
mechanisms having motion in either two or three dimen- 
sions. In this method of analysis, one first obtains inde- 
pendent-position equations for a particular point or for a 
particular link. The first derivative with respect to time of 
these position equations yields equations for obtaining the 
velocity of the point or the angular velocity of the link of 
interest; and the second derivative with respect to time 
furnishes new equations from which the desired accelera- 
tions may be found. Position vectors are expressed as 
complex numbers in exponential form because of the ease 
with which they may be differentiated, and also because 
numerical results are readily obtainable from the real and 
imaginary parts of the complex numbers. 


INTRODUCTION 


POSITION equation is a vector equation which expresses 
the position of a point on a mechanism as a function of 
the geometry of the mechanism. There are only two 
position equations which are mathematically independent for 
mechanisms other than complex? mechanisms which have three. 
Successive differentiation of these independent-position equa- 
tions for a mechanism will yield independent 
equations for the velocity and acceleration of that point. The 
desired kinematic quantities may be determined from the simul- 
taneous solution of these independent equations. Therefore 
the method presented in this paper is called the method of 


point on a 


independent-position equations. 

Kinematic analysis by using independent-position equations 
is fundamentally different from those methods of analysis which 
are based upon the equations of relative motion. These include 
the familiar method of graphical analysis by polygons (1)* and 
the method of generalized co-ordinate systems (2), and also the 
more recent method presented by Martin and Spotts (3). Some 

1 From a dissertation submitted by the author in partial fulfillment 
of the requirements for the degree of Doctor of Philosophy, Cornell 
University. 

? Instructor, Department of Machine Design, Sibley School of 
Mechanical Engineering, College of Engineering, Cornell University. 

* Complex mechanisms are those mechanisms which require trial 
solutions in the construction of velocity and acceleration polygons. 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

§ Martin and Spotts analyze mechanisms having plane motion by 
using complex geometry to solve the equations of relative motion. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 21, 1956. Paper No. 57—A-2. 


of the major distinctions between a kinematic analysis based on 
independent-position equations and one based upon the equa- 
tions of relative motion are as follows: 


From the independent-position equations, one obtains the 
desired kinematic quantities directly by a purely mathematical 
means in which the need for interpreting the kinematic process 
is eliminated. 
relative motion requires a detailed knowledge of the motion of 


On the other hand, a solution by equations of 


paths of particles and the directions of velocity and acceleration 
vectors in order to evaluate each quantity of a generalized ex- 
pression which includes all possible terms. The directness of the 
method of independent-position equations eliminates the danger 
of inadvertently including or excluding terms, such as the Coriolis 
expression. Also, because of the mathematical directness of the 
method, complex linkages and space mechanisms are handled 
more readily. 


PROCEDURE FOR DETERMINING INDEPENDENT-POSITION 
EQUATIONS 


The procedure for determining independent-position equations 
for a point on a mechanism having plane or spatial motion may 
be summarized as follows: 


1 A ground point is the point in common between a link and 
ground at which there is no relative motion; i.e., a fixed center. 
Starting from any ground point of the mechanism (the ground 
point chosen to be known as the original ground point) and 
using the links as paths, trace all independent routes to the point 
of interest. For two routes to be independent, there must be at 
least one link not in common to the two routes. Write the 
vector equation for each route in complex exponential form.® 

2 From the original ground point go to each other ground 
point in turn and trace all independent routes to the point of 
interest. In complex exponential form, write vector equations 
for these new routes which start from the original ground point. 


The foregoing principles will now be illustrated for a variety 
of mechanisms. 


CRANK-SHAPER MECHANISM 


For the quick-return crank-shaper mechanism shown in Fig. 1, 
link r; is the driving link. Assuming that 0,0,, re, rp, 42, 6, and 
6, are known, let it be required to find equations for the velocity 
and the acceleration of B, the point of interest. (0, and m may 
be calculated from the known geometry. ) 

To determine the velocity and acceleration of B, proceed in 
the following manner: Arbitrarily selecting O, as the original 

* Position vectors are expressed in complex exponential form be- 
cause of the ease with which they lend themselves to the necessary 
mathematical operations. The earliest applications of complex 
numbers to mechanisms (4, 5, 6), were in the field of kinematic 
synthesis. The only feature in common between the work in syn- 
thesis of these references and the present paper which is concerned 
with analysis is the mathematical tool of the complex exponential 
representation of a vector 





Fic. 1 Crank-SHaper MECHANISM 
ground point, and going directly from O, to B, the first inde- 
pendent-position equation is 


rg = rpe™* {la} 
A second route may be traced to B by proceeding from O, to 
O.to A to B. Thus the second position equation is 


[2a] 


rg = (O,02)e'"/% + ree + (rp — ret. 


Equating the right-hand sides of Equations [la] and [2a], we 
see that 


rp = re = (O0:)e(*/?) + rye + (rg — rede .. [3a] 


To obtain the velocity of point B, first differentiate the inde- 


pendent-position Equations [3a]. Thus 


dr, 


= irgbe' = irB.e? 
dt 


Vv, = 
+ i(rg — r4)0.e — te™... [4a] 
Each term in Equation [4a] may be distinguished as follows: 


irsbre"? is the absolute velocity of the point A considered to be 
on link 02.4. This may be written in the form r26,e*+90°) 
where 7:6, is the magnitude of the velocity and e'( +90") is the 
direction. Since the direction is perpendicular to link re, the 
foregoing term represents a tangential velocity. 

i(rg — 74)0e™ is the relative velocity of B with respect to the 
point A considered to be on link O,B. We may write this in the 
i(%+90°) The magnitude is represented by 


form (rg — r Ose 
1(04+90°) 


(rg — 74), and the direction is indicated by e 

—r,e" is the velocity of the slider with respect to the point A 
fixed on link O,B. The term * is the magnitude and —e® = 
e'(%+180°) represents the direction. 


Separating Equation [4a] into its real and imaginary parts, 
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and solving for @, and *, we obtair 


6, = 120: cos (A; — 6, 


"% 
%—% = r2 sin (0, — 42) 


Substituting 6, from Equations [5a] into [4a], we find 
rb. rr ) 
Va B cos (0, — 6,)e"% + 99 


"% 


[6a } 


The acceleration of point B is found by differentiating Equa- 
tion [4a] with respect totime. Thus 
dv a se 42 
ag = - 2 = 'p (10, — 0,°) eb = re (18, — 6,° on 


dt 
. a ° 4 ‘ 2 = , 
— re — 2i7,6,e 4 (rp — raids — O et [7a] 


} 


Each acceleration term in Equation [7a] may be recognized as 


follows: 


irpb.e™ is the tangential acceleration of the point B. 

—r,6,7e™ is the normal acceleration of B. 

rib, — 0." )e™™ represents the tangential and normal acceler- 
ations respectively of a point A considered to be on link O24. 

—r,e™* is the acceleration of the slider with respect to link O,B. 

—2i7,6,e™ is the Coriolis component of acceleration. 

(rp — Ts) (i, — 6, represents the tangential and normal 
accelerations respectively of point B relative to point A con- 
sidered to be on link O,B. 


Separating Equation [7a] into its real and imaginary parts, 
solving for 6, and substituting 4, into Equation [7a], we find 


Tp . 
az = [r282 cos (0, — 0: 
T% 


+ 126." sin (0, — O2) — 27B,je%*+9”) — 726,20 [Sa] 

It should be noted that the equations developed for the ve- 
locity Equation [6a] and acceleration Equation [8a] are general 
in that they apply for any phase of the mechanism and for any 
length of the various links. 

As illustrated by the preceding analysis, the procedure for 
determining the velocity and acceleration of the point of interest 
on a mechanism may be generalized as follows:’ 


1 Differentiate the position equations with respect to time. 
Because this yields two independent expressions for the velocity, 
we may 

2 Equate the two expressions. 
in complex exponential form which we may 

3 Separate into real and imaginary parts (for space mecha- 
nisms, there is also a z-component), thereby obtaining two alge- 
braic equations (three, in space). These we may now 

4 Solve simultaneously for the unknown quantities. We 


Thus we obtain one equation 


then 

5 Substitute these values in either of the original expressions 
for the velocity. 

6 The acceleration of the point of interest may be determined 
by taking the second derivative of the position equations and 
proceeding as described in the foregoing. 

For complex mechanisms which have three independent- 
position equations, the method parallels that just given, with 
the exception that two equations are obtained rather than one, 


as was found in step 2. 


? As is later shown, slight variations of this procedure may be used 
for simplification of the analysis of direct contact mechanisms. 
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Direct-Contact MECHANISMS 


For the two members in direct contact shown in Fig. 2, link 2 
is the driving member. Q is a point on link 2 at the point of 
contact of the two bodies, while P is considered to be on link 3. 

In Fig. 2, re" is the radius of curvature of the cam surface 
of link 2 at the point of contact, and re", which may be written 
in the form —r;-e", is the radius of curvature of link 3. ree" 
is the vector from O, to A, where A is the center of curvature of 
link 2. Similarly, r:e“* connects O; to B, where B is the center 
of curvature of link 3. Assuming that 62, 6, 0.0: and the four 
preceding radii vectors are known, let it be required to find the 
velocity and acceleration of P. 

It should be noticed that in Fig. 2 (also Fig. 3), the vectors O, 
to A, A to B, B to Os, and O; to O. may be regarded as forming 
a four-bar linkage. In each of these figures, we also see that for 
a small angular rotation of the driver, the lengths re. and rz will 
remain constant. Thus the angular velocity and acceleration, 
0, and 62, of the driving cam will be the same as for link O,A. 
Similarly, the angular velocity and acceleration of the driven 
member, 6; and 6;, will be the same as for link 0,B. A formal 
proof for the validity of the equivalent linkage for direct-contact 
mechanisms is presented by Hinkle, Ip, and Frame (7). ; 

For members in direct contact, the path to follow in going from 
one link to another is by way of the radius of curvature of the 
surfaces at the point of contact. (An advantage of using the 
paths of the radii of curvature is that, when these radii vectors are 
differentiated, their magnitudes remain constant.) 

Thus in Fig. 2, with O2 as the original ground point, the first 
independent-position equation is obtained by going from O, to A 
to the point of contact, and the second, by going from 0, to O 
to B to the point of contact. Thus 


‘ + r..e = OM; T r;e"" r ae 1h) 


Since P is a fixed point on body 3, we may write 
2b) 
with respect to time, we find 


Differentiating Equation [2b] 
that the velocity of P is 


vp = irpbse'®. 3b) 
Differentiating Equation [1b], and solving for 6; and 6.,, we ob- 
tain 
rob. sin (Bo 6, sin (0; — 6.) 


+-* a 140] 
, r; sin (0 6 (re -) sin (6.. — 0; ‘ 


Substituting 6; from Equation [46] into [3b], we obtain for the 


velocity of P 
rer pbs sin (Ox — Os | ; 
Vp = e el (Or +90 5b] 


Ts sin (Ox. = A; 


To determine the acceleration of point P, first differentiate 


Equation [3b] with respect totime. Thus 


ap = rp (16: — 6,7 elf 6b] 

By solving for 6; from the second derivative with respect to 
time of Equation [16], and substituting this value into Equation 
[6b], we obtain for the acceleration of the point P 


rp[r2b> sin (0c — 02) — rob.” cos (02. — 82) 
R.. 1:0," cos (Os. — 6,) = (Tee aa Tre )00-2) 
rs sin (A... — 65) 


6 yo”) 
e' PT 


ver rp 2,10” 


Fic. 2 Two Mempers in Direct Contact 


Fic. 3 CaM anp FoLLOwER 
Cams AND FOLLOWERS 
For the oscillating cam shown in Fig. 3, let rz, rac, ric, 73, G2, Ore, 
4;, 02, and 6, be known quantities. 
determine the velocity and acceleration of B, the center of the 


Suppose that it is desired to 


follower. 
Selecting O, as the original ground point and going from O, to 
A to B, the first position equation to B, the point of interest, is 


Te Ree 
Ig = Pree + (Tee + Tae" le} 


The second position equation is obtained by going from 0, to 
Q;,;toB. Thus 


} 


rz = OO ¢%90208 4 re"? [Qe] 


where 6,0, is the angle between the line joining 0.0; and the 
horizontal. 
Equating [lc] and [2c], we find that 


fz = ree? + (ree + Tee \etOre -_ 0.0 e203 A r.e'% [3c] 
An equation for the velocity of B is obtained by differentiating 
Equation [3c] as follows 
vz = ire" + Ue + Tse 6,.¢°% = ir,6 es 4c) 
Solving for 6; and 6.., we see that 
r2O> sin (Ax. — 62) é 
n a -~@4) " (nr 


r28, sin (0; — 6.) 


+ rs-) sin (0, — @;)~ 


6; = 





Thus the velocity of B is 


sin (Ar — 6.) ei(r+90°) 


Veg = 7202, 
sin (O2. _- 63) 


It should be noted that Equation [6c] is also valid for the case 
of a reciprocating follower (i.e., 7; = ©) as well as for an oscillat- 
ing follower. 

To determine the acceleration of B, first differentiate Equa- 


tion [4c] with respect to time; therefore 


az = r2( 16. — 6,7 et + (r2e + Te) (16. - 6.7) Pes 
= 1;(i0, — 6,7)e... [7c] 
Separating Equation [7c] into its real and imaginary parts 
and then solving for 6; and 62, we obtain 


126; sin (Ox — 02) — 126," cos (02. — 2) 


+ 7r:6,? cos (02. — 8 Bisco (Tre + Tre) O20” 


r3 sin (0,, — 03 


| 
;; 


—rabz sin (03 — 02) + 126." cos (0; — 42) 
+ (Tx + Tie 6. cos (8; — 9x.) — 76,7 
(roe + Te) sin (0; — 82.) 


Thus we find for the acceleration of the point B 


[rob sin (Bae - 62) — r26,? cos (Ore = 62) 
_+ 1103? 008 (Be — 81) — (rae + re) 3") ei(%s+90°) 
sin (62. — 63) 


az = 


— ribi%e...... [9c] 


For the ease of a reciprocating follower, the terms in [9c] con- 
taining rs? are zero. 

Velocity and Acceleration of a Point on the Roller. 
that there is pure rolling between the follower and the cam, let 
it be desired to determine the velocity and acceleration of P, 
the point on the follower at the point of contact. 

Considering Q as a point on the cam at the point of contact, we 


Assuming 


may write 
and differentiating 


Similarly, we may write for the position of P 
Ip = 0.0 ,¢%9028 +} r3e' of. pee 


where 6p is the angle defining the direction of BP, the radius of 
the roller. 
Differentiating Equation [llc], we obtain the following equa- 
tion for the velocity of P 
vp = irsbse™ + irgpOpe”® 
where 62 = angular velocity of the roller. 
Since there is pure rolling between the cam and the follower, 
we may equate [10c] and [12c], thus obtaining 
irgbre'* = irs6,e + irppOpe™* 
Solving for 6, and 6, we find 


i rot sin (Og — 69) ) 


rs sin (Op — 43) 


r@6. sin ( 6, — 99) 


rpp sin (0; — Op) 
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Since 6, is not affected by whether or not the follower has pure 
rolling, then 6; could have been obtained from Equation [5c] as 
well as from the foregoing expression. 

Differentiating Equation [12c], we obtain the following equa- 
tion for the total acceleration of P 


ap = 73 (18, - 6," )e'™ +- rpp( ibe - 6,* en"... [14c] 


To obtain 6p, we note that the tangential accelerations of both 
P and Q with respect to the point of contact must be equal for 
pure rolling to continue. 

The position of P with respect to the point of contact is 

Ip. = Tppe® — rppet (et ®) 
Taking the second derivative of the foregoing expression, we see 
that the tangential component may be written as follows 


—ot : ee 
ap, = Tpp(Og — G2.) ext”) 

Similarly, the position of Q with respect to the point of con- 
tact is 


6 
Foe = rae? — [reel + reel] 


and taking the second time derivative, we find the tangential 


—>! 


component of ag, is 
=o x . ° 
Age = —Tee (BO, — Br_)e*# +90") 
Equating [15c] and [16c] and solving for 6g, we find 


6 (Tre + pp 82. mene rob, 
>; = eee — 
"BP 

Obtaining @, from the foregoing expression, we may then 
find the acceleration of P from Equation [14c]. 

As in the preceding case of two members in direct contact, 
we see that this method of analysis eliminates the need for deter- 
mining relative paths of motion. 


Comp_ex MECHANISMS 


For the complex mechanism shown in Fig. 4, link re is the 
driver. Assuming thet 6, 6, and the various angles and the 
lengths of the links are known, let it be desired to find the velocity 
and acceleration of point A. 

By noting that 


As 
'™.= roe" ° 


Fic. 4 CompL_ex MECHANISM 
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and thus 


"4 ir,G.e"; a, = 12 10, — 6,*) e®™ 


it is seen that this problem may be solved readily by finding the 
angular velocity 6:, and acceleration, 6,. Although angular ve- 
locities and accelerations for the various links may be deter- 
mined from the independent-position equations for a point of 
interest, the following method is more direct: 


1 Taking the ground points in pairs, select any two ground 
points and trace all independent routes starting from one of 
the ground points, and proceeding through the links to the 
other ground point of the pair, and then back to the first. 

2 Taking the other pairs of ground points in turn, proceed as 
before until all pairs are used. Write vector equations in com- 
plex exponential form for these closed paths or loops. 

3 The angular velocities and accelerations are determined by 
differentiation, and so on, of these loop equations. Because there 
is one less loop equation for a link than there were position equa- 
tions for a point of interest, the mathematical operations are 
simplified. 

Since O; and Os are the only two ground points, our loop equa- 


tions are 


ret + rie 4 0 + rye = O.0, + ree 
; on Toe teel 
el” + ret + 0 = O10, + re'e™™ 


Differentiating the independent-position equations with re- 
spect to time, and putting the real and imaginary parts of these 
equations in determinant form to solve for 6;, we find 


|—r.6, sin 9, —rssin 0; 0 —r,; sin 05 


reQ, COS 4 r, cos @; 0 r, cos 0, 
—r, sin 4 0 


r, cos 4, 0 


—r;’ sin 6,’ 
r,’ cos 0, 
—r;sin 0; 0 —r, sin 0)” 
r; cos 65 0 T, COs 6s 

—r, sin 0 


r, cos 0, 0 


-_ r;" sin 6,’ 


r; cos 9; r;’ cos 6,’ 


The above fourth-order determinants may rapidly be reduced 
to second-order determinants because of the many zeros. It 
should be noticed that the zeros occur because a link is not trav- 
ersed in writing the position equations. In general, determi- 
nants for complex mechanisms will have numerous zeros. 

By dividing the top row of both the numerator and the de- 
nominator determinants by tan 6 and adding each top row to 
its respective second row, we obtain third-order determinants. 
Similarly, dividing the second rows of the resulting third-order 
determinants by tan 4, and adding each second row to its respec- 
tive third row, we obtain 

‘- A.) r3 
— @') +r 
sin (0, — 42) 
sin (0, — 6, 


4 


sin (05 
‘sin (0, 


r; sin (0; 


re’ sin (4, 


r,;’ sin (0, 


[rs rs’ sin (0; — 06) sin (0, — 63’) 
— rs’rssin (0s — 63) sin (0, — 6')] 
rolry’ sin (05 — 62) sin (0, 45 
— r; sin (0; — 63) sin (0, — 63)] 


hia 


By taking the second derivative of Equation [ld] with respect 


to time, a set of equations is obtained from which the angular 


5 


acceleration of any link may be determined. These acceleration 
equations will be the same type of equations as were obtained 
for angular velocities; thus one may follow the same procedures 
or their solution 
Space MecHANISMS 

Designation of a Vector in Space. Referring to Fig. 5, we see 
that a vector rp may be designated as follows 

fp = (rp sin be? + j(rp cos @) = rple® sin d + j cos o) 
where @ is the angle between the real axis and the projection of 
rp on the complex plane, and @¢ is the angle between j, the vertical 
axis, and fp. 

To convert a vector, fp = (2, ¥1, 21), from rectangular co-ordi- 
nates to the foregoing system, we note 


d= 


¢ = tan-! (z,2 + y,?)'/2/2, 


tan=! (y;/z;) 


7” 
= (2,2 + y:? + 2,7)” 


Pp 


y, 


7\MAGINARY 
/ AXIS 
/ 








| 
| 
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Fic. 5 Position Vector in SPACE 


By designating positions in space by means of spherical co- 
ordinates, as just shown, then the method of independent-posi- 
tion equations also becomes applicable for the analysis of space 
mechanisms. 

Space Linkage. For the space linkage shown in Fig. 6, link ry 
is the driver. As may be seen from Fig. 6, link r; is rotating in 
the plane defined by the 7-axis and the j-axis, while link r, is 
constrained to rotate in the plane of the real axis and the j-axis 
Knowing $2, ¢:, and the various angles and the lengths of the 
links, let it be desired to find the angular velocity and accelera- 
tion of the driven link r. 

The independent-position equation for the links may be written 
as follows 


r(e"? sin d, + j cos d:) + r3(e™ sin dy: + j cos ds) 
=a + ib + je + ree sin d, + 7 cos dy) 
Differentiating the preceding equation with respect to time, we 
find 
r2[(d: cos 2 + 16, sin d2)e* — jde sin 2) 
+ rs[(da cos d: + 16; sin bse — jdy sin ds} 
= ri[(ds cos d, + 16, sin dye — jd, sin dy) 





























Fic. 6 Space LinkaGe 


Separating the foregoing into its real, imaginary, and vertical 
components and noting that 6 = 6, = 0, we obtain 
rz COS 2 COS Oxh2 + 1; cos d; cos O36; — 75 sin d, sin 056; 
+ r; cos o; sin A; + rs sin ds cos 0:6; = 
+086 


sin O.¢2 


T2 COS De 


—r2 Sin dodo —rz3 Sin Os; 


From the preceding equations, we see that the determinant for 
iis 


cos @; cos 6; rs sin @; sin 43 


—r; cos d; sin 8; 


r2 COS 2 COS Os De 

rz COs d sin 4, d: 
—re sin dz od» 

r, cos d cos A 


—r; sin @; cos 6 
0 
rs Sin @; sin 8; 


r3 Sin @; = 

: [3e] 
—T; COS Qs; COs 6; 
—r; sin @; cos 8 


0 


r, cos @ sin 4, —r; cos d; sin 0; 


—r, sin Oy rs sin 3 


We see that rz, 75, and @2 may be factored out of the foregoing 
determinants, and that r; cancels when factored out. Dividing 
the first row of each determinant by tan 63, and adding the first 
row to the second, the foregoing determinants are reduced to the 


second order, as follows 
) — cos ¢; («in 6, + 


sin 3 


. cos 6; 
) — cos od; («in 6; + ~ 


sin 3; 


cos 6; 


tan 6; 


cos 6, 


tan 0; 


COs de (sin 0. + 


ra a 
cos dy (sin A,+ 


—sin 2 


cos 6, 


tan 6; 


—sin d 
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By expanding the trigonometric terms in the parentheses, [4e] 
may be simplified as follows 


—COS Ds 
sin os 
—COS D3 
sin @; 


cos 2 cos (#, — 4; 
—sin 2 

cos d, cos (8, — 8 
—sin 


T2P2 


v 


& = 


rez [sin @: cos @; — cos d» sin d; cos (A. — 83)] 
r, [sin d, cos @; — cos gd, sin 3; cos (A, — 43)) 


a 


Either of the other unknown angular velocities, }; or 63, could 
similarly have been obtained from [2e]. It would only be neces- 
sary to compute the determinant for the numerator, since the 
denominator remains the same. 

By differentiating Equation [ 
nary, and vertical components, as was done for angular velocities 


le] and obtaining the real, imagi- 


in [2e], we can then solve for any of the desired unknown angular 
accelerations. 


rg COS DM, COS O05 


r, cos O sin Ah, 


= sin Oi, 


ACKNOWLEDGMENT 
The author expresses his appreciation to his thesis advisor, 
Prof. H. H. Mabie, for his helpful suggestions and constant en- 
couragement throughout the preparation of this paper. He also 
wishes to thank Prof. A. H. Burr, Head of the Machine Design 
Department; and Prof. F. W. Ocvirk for their fine comments. 


BIBLIOGRAPHY 
1 ‘“‘Mechanisms and Dynamics of Machinery,"’ by H. H. Mabie 
and F. W. Oevirk, John Wiley & Sons, Inc., New York, N. Y., 1957 
pp. 209-237. 
2 ‘“‘Mechanism,”’ by J. Beggs. McGraw-Hill 
Inc., New York, N. Y., 1955, pp. 24-31. 
3 “An Application of Complex Geometry to Relative Velocities 
and Accelerations in Mechanisms,"’ by G. H. Martin and M. F. 
Spotts, Trans. ASME, vol. 79, 1957, pp. 687-693. 
4 ‘“Kinematische Getriebesynthese,”” by R. Beyer, 


Book 


Company, 


Springer- 
Verlag, Berlin, Germany, 1953, pp. 189-191. 

5 “Syntheses of Four-Link Mechanisms,”’ by Z. 8. 
Bloch, Isvestiya Academiya Nauk USSR Otdeleniye 
Technicheskikh Nauk, No. 1, 1940, pp. 47-54. 

6 “Gelenkvierecke mit vorgeshriebenen Groesst- 
und Kleinstwerten der Abtriebswinkelgeschwindig- 
keit,"” by N. Rosenauer, Werkstattstechnik, vol. 38, 
1944, pp. 25-27. 

7 “Acceleration in Mechanisms,’’ by R. T. Hinkle, 
C. Ip, and J.S. Frame, Journnat or ApplLiepD MEcHAN- 
1cs, Trans. ASME, vol. 77, 1955, pp. 222-226. 





Some Basic Properties of Shoe Brakes 


By G. A. G. FAZEKAS,' BROOKLYN, N. Y 


In a previous paper, the author has shown how per- 
formance of a fixed anchor shoe is affected by its geometry. 
The present paper refines and extends the treatment to 
brake shoes that have two degrees of freedom of move- 
ment, showing also how their geometry may be optimized. 


INTRODUCTION 


IG. 1 shows diagrammatically a floating shoe brake, the 
analysis? of which indicates that its geometry can be defined 
uniquely by R, a, Z, a, ¢, 9, y, direction of drum rotation, 
and nominal friction angle (9 = tan~! yw). When designing a 
brake, any of these independent parameters may be selected 
almost arbitrarily. The purpose of this paper is to show quite 
generally, for any kind of brake-shoe construction, how geometry 
affects performance, and how performance may be optimized 
On considering now the torque generated to remain constant, 
brake performance can be defined uniquely, and measured ex- 
perimentally in terms of (a) actuating (pedal) load; (6) travel of 
the actuator (pedal); (c) tendency to fade; and (d) tendency to 
shudder. Of these four items, only the first three will be dis- 


cussed here. It has been shown® that (a) is assessed by the 


LINE OF MAX. PRESSURE 
CENTER OF PRESSURE 
SEE REF 2 


Fic. 1 


1 Associate Professor of Mechanical Engineering, Polytechnic 
Institute of Brooklyn. Mem. ASME 

2 “Graphical Shoe-Brake Analysis,"’ by G. A. 
ASME, vol. 79, 1957, pp. 1322-1328 

3 “Brake Fade,” by G. A. G. Fazekas, Automobile Engineer, vol. 41, 
no. 534, 1951, p. 53. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
THe AMERICAN Socrety OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 28, 1956. Paper No. 57—A-6. 


G. Fazekas, TRANS. 


f = (per cent change of torque 


“shoe factor’’ A; (6) by (actuator travel)/(shoe center lift) = A, 
which is significant for heat expansion of the drum 4 


the fade-sensitivity factor 


elastic 
and for (c 
(1 per cent change of friction) is 


distortion of the assembly; 
an appropriate yardstick at the design stage. It is also expedi- 
tious to combine A and A into a 

; K torque /in. drum radius 
Work factor = w = = - - : 

A in-lb work done by actuating force 

which is introduced here as a single criterion of torque output 

In what follows, the general equation connecting performance 
with geometry will be derived first. The fixed-anchor shoe will 
be considered next, followed by the treatment of brake shoes 
that have two degrees of freedom of movement 


GENERAL PERFORMANCE EQUATIONS 


Fig kind of 
actuating force P, drum reaction Q, and anchor reaction S acting 
thereon.? If the shoe is of the fixed-anchor type, its anchor is to 
be at O’; if it is a “floating shoe’’ some linkage may be arranged 
anywhere along O’H, as sketched in broken line. A “sliding 
shoe’’ can be considered to have an abutment anywhere on and 


2 is intended to show any a brake shoe, with 


perpendicular to O’H. Pressure pattern on the lining is not 
specified, only the center of pressure (C’)?, which is defined here by 
radius vector (L = OC), and argument ¥ to be taken as positive 


above the horizontal center line 


On considering equilibrium of the shoe, and taking moments 
about O’ we have 


P(a + Z) = Q(Z cos 8 — L sin p)... [2] 


From the equilibrium of the drum it follows that the brake 
torque 7’ is compensated by 
T = QL sin p. 
The shoe factor A is therefore, from Equations [2] and [: 
T a+Z 1 
PR : Z cos B 


— 1 
Lsnop 


K = 


To obtain the fade-sensitivity factor f, the foregoing equation 
is put into a logarithmic form and differentiated 





s 
L 


ak eas 
x 3 


L sin p 


E B sin p d8 + cos p cos B dp + cos B sin p dL *] (5) 
. (5 





sin? p 
with p = tan~'! yp, we have also 
, 


dp du (6] 
rye. 


sin? p “ pe? 
so that on combining Equation [5] with [4] the general expression 
for the fade factor f is 
adK/K KR Z [ 


8 + sin Bai dg 
—— cos 8 cos p + sin 8 sin p — 
du/p wpLa+Z 


dp 


cos B6 si dL 
see S| .....in 
L dp 


j= 


These equations refer to a “‘leading shoe’’ with the drum rotat- 
ing in the direction indicated in Figs. 1 and 2. If the rotation is 
reversed, we have a “trailing shoe’’ for which all the foregoing 
equations remain valid if pis given a negative sign. The torque 
T being in the opposite direction, becomes of course negative too. 
These equations are quite general, apply for any pressure pattern, 
but they are physically significant only if Z and y are independent 
of P. This is usually the case, and also may be defined as T' « P. 

As mentioned, the foregoing is valid for any shoe design. If 
the shoe has a fixed anchor, the center of pressure C is fixed; for 
shoes with two degrees of freedom of movement, the point H is 
fixed, L, y, and 8 being some functions of p. 


Frxep-ANCHOR SHOE 


As explained earlier, in this case the dotted link in Fig. 2 is 
absent, the shoe being positively fulerumed at O’. Also it is 
well known‘ that the LMP lies at right angle to OO’, and the 
position of C may be found readily,* it being independent of p. 
Consequently 

dg aL 


—— -e a < 
dp an rm 


From ABOC it follows further that 
y +p = Band hence d8 = dp 
In Equation [7], the expression in the parentheses becomes 
therefore 
[ ] = cos 8 cos p + sin G sin p = cos (8 — p) = cos y [10] 
so that we have 


In this equation 
a+Z 


movement of P 
= ana es - a / 
Z movement of O 


Ultimately, in terms of the work factor we obtain thus 
wR 
= “08 .. [13 
4 ei [13] 
4 “Machine Design,” by A. Vallance and V. L. Doughtie, third 
edition, McGraw-Hill Book Company, Inc., New York, N. Y., 1951, 
p. 281. 
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Referring to Fig. 1, the lining offset @ is in practice limited to 
10 deg or so, since otherwise maximum pressure is unduly in- 
creased.? Consequently, y is in the order of a few degrees, so 
that C has to lie close to the diameter of the CP-circle and L is 
then virtually a function of the lining are g alone. As in practice 
90° < @ < 130°, it also follows that 1.120 < L/R < 1.17.2. The 
effects of L and y are thus insignificant. This leads to two 
important conclusions; namely (a) a highly self-energized brake 
shoe, producing a lot of torque for a little application effort must 
needs be very sensitive to fade; and (6) high-friction linings are 
generally preferable. 

Often fixed-anchor shoes are designed with a configuration 
indicated in Fig. 3; this case evidently can be equated to the one 
in Fig. 4, merely by making a = a’ — Z(1 cos 4). 


FLOATING SHOES 


By what has been stated earlier, it is self-evident that floating 
sboes or the like are so designed that for the nominal coefficient of 
friction the LMP virtually coincides with the bisector of the 
lining are. Referring te Fig. 5, which shows a sliding shoe, it will 
be seen that in this case C moves over the flat are of the CP- 
circle,? so that for a few degrees movement L remains constant to 
the second order of small quantities. We may write, thus, with 
good approximation 
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dL./dp 


Also when engaged, the shoe has a virtual anchor at O” which 
is so situated that Z’ = O”’O is perpendicular to OC within a 


degree or so. Movement of P may be defined, therefore, by 


te a + Z' cos Y 


In turn, Z’ may be obtained from 
° 


Z'sin(a + ¥) = Zsina. 


so that 
asin (a+ ¥) 


: ie 3 a 
Z sin @ 


= cos y + - (cos y + cot @ sin y) 


A further criterion is that for floating shoes the point H and 
hence h remain fixed. From ABH'H and ABOD in Fig. 2, we 


have then 
h = (a + Z) tana = acot B + Lsin p cosec B...[18] 


On eliminating tan @ from Equations [17] and [18], ultimately 


we obtain 


!  atZ ; 4 
d Z cos Y 


Next, to evaluate the expression in the parentheses of Equation 
[7], on differentiating Equation [18], we have 


a sin 8 sin y 


acos 8 + Lsinp 


dg ss 
dp ~ heos 8 


L cos p 


tasnp 
or if h is eliminated with the aid of Equation [18], we have 


dg L sin B cos p 


= - BR SP cmeeb pa tnrel: [21] 
dp a + Lsin pcos 8 


With Equations [14] and [21] the expression in parentheses of 
Equation [7] becomes 


L sin 8 cos p 


[ ] = cos 8 cos p + Bin B sin p — [22] 


a+LsinpcosB” 


and after some manipulation we obtain 
=. ee acos 8 + Lsinp 
wh La+ZtLa+Lsin pcos Bs 


To express f in terms of w, Equations [19] and [23] may be now 
combined to give 


w R | (acos 8 + L sin p) cos Y 
in uwoL a + Lsin pcos 6 
a sin B sin ¥ 


— . — | cos p 
a + Lsin pcos B 


Considering further that 8 = y + p, the foregoing may be 
simplified to 


+ 


[24] 


. [25] 


f w R | acos*p + L sin p cos p cos y 
op L a + Lsin pcos (y + p) ‘aia 


or in more conventional terms, with p = tan~! y, the final result is 


w R E 
ux 


A comparison of Equations [13] and [26] shows much resem- 
blance. But whereas in Equation [13] the angle y is a measure 
of the lining offset 0, in Equation [26], y indicates merely the 
For a fixed-anchor shoe 


Pal’ — aay) __ 


——— [26 
a/L(1 + pw?) + wos y — p* sin =| iat 


j= 


lining disposition for a (@ ~ 0) offset. 

< 4° but for shoes with two degrees of freedom of movement 
—30° < y < 20°. Consequently, y may be neglected in Equa- 
tion [13), and we may write 


w R 


. = 
. uwL 


irdstick to evaluate the difference 


ro) 
[<0] 


which we may use as a \ 
tween fixed and floating shoes 


it follows then that 
? ( ~ sin 
ki L Y 


From Equations and [27 


19a) 
(<5) 


r= ; 
zt" + pu?) + cos w — p* sin y 


This equation is plotted in Fig. 6 and shows that in practice 
floating shoes or the like are functionally quite superior to those 
of the fixed-anchor type. It also shows that negative values of y 
seem preferable from the present point of view. 


¥ 


Fic. 6 


Once again Equations [15] to [28] were derived for a leading 
shoe, but are equally valid for a trailing one if the signs of p or u 
are changed. 


CONCLUSIONS 


The foregoing leads to some quite basic concepts in shoe-brake 
design. Perhaps the most important point is that sensitivity to 
fade f directly increases with w, and conversely. This explains 
why brake fade is such an acute problem on current American 
motor cars. The demand for a light pedal load necessitates high 
w which increases f automatically to such a level that secondary 
effects cannot possibly correct it. Conversely, the relationship 
between f and w has been realized intuitively long ago by the de- 
signers of certain foreign cars who used brakes with f < 1. 
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Naturally, for such brakes a power boost is unavoidable; on a 
famous make it has been standard equipment for the past 20 
years. This shows indeed that the full advantage of some power- 
braking system consists not only in light application load, but 
also in the use of such fade-resistant brakes which could not 
otherwise be employed at all. Unfortunately, this point seems 
to have been overlooked hitherto on American motor vehicles. 
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The next important point concerns the use of floating versus 
fixed anchor shoes. Floating shoes or the like, being self-aligning, 
tolerate much wider production limits and are thus much more 
economical to produce than those of the fixed-anchor type. The 


foregoing has shown that, far from having to sacrifice some func- 
tional advantages for ease of production, floating shoes have an 


over-all superiority. 





Tensor Flexibility Analvsis of Closed-Loop 
Piping Systems 


By J. W. SOULE,' SWARTHMORE, PA. 


A technique is presented for applying Kirchhoff's laws 
to the more complex structures, using the tensor method 
of analysis presented in previous papers by the author. 
Tensor formulas are used to solve a typical closed-loop 
piping system containing inclined branches. 


INTRODUCTION 


HE author developed in two previous papers (1, 2)? a 

general procedure by means of which the basic tensor con- 

cepts and transformation formulas derived by Kron (3 
could be used for the flexibility analysis of highly complex sys- 
tems. Experience has shown that there are two troublesome 
complicating factors which frequently occur in applying either 
the tensor method or any of the various other methods of flexibil- 
ity analysis: 

1 Closed-loop systems, or systems which contain branches 
connected in parallel. (It is hoped that, after reading the theory 
to follow, the reader will recognize all piping systems as closed- 
loop systems 

2 Branches inclined with respect to the co-ordinate axes 


The present paper will show in detail how each of these difficul- 
ties can be overcome by use of the proper techniques in applying 
the general tensor method which was developed previously. 
However, before proceeding with a specific problem, a few re- 
marks are in order, to help the reader form the proper concept of 
the piping system as an elastic structure, and so help him visualize 
what actually happens in a structure subjected to given deflec- 
tions. It is assumed, in the theory to follow, that the reader has 
familiarized himself with the fundamentals, by following through 
the discussion and the examples for constructing the basic A 
flexibility matrix, the B-matrix expressing the conditions of static 
equilibrium in the structure, and the C connection tensor, as given 
in the author's previous papers (1,2). A detailed discussion of the 
role played by the connection tensor and of tensor mathematics in 
general would be valuable to the reader, but is beyond the scope 
of this paper and may be found in reference (3). 


THEORY 


Although the tensor method has been commonly thought of as 
a method for analyzing electrical networks, it is important to note 
that if force is substituted for current and deflection for voltage 
drop, the elastic structure obeys Kirchhoff’s laws just as an electric 


circuit does. With proper regard for sign, the sum of the forces 
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leaving a point in the structure equals the sum of those entering 
it. This statement follows from the conditions of static equi- 
librium: SF = 0; and =M = 0. Also, if we include the con- 
nected equipment and building as part of the structure, we see 
that, with proper regard for sign, the sum of the deflections around 


any loop is identically zero. This is simply another way of saying 


that the mismatch due to differences in expansion around any 
complete circuit is corrected by the deflection, so that the struc- 
ture does not come apart. The mismatch plays the same role in 
the elastic circuit as the battery does in applying Kirchhoff’s law 
for voltage drop around various loops in an electric circuit. This 
concept can be of great help in visualizing the physical meaning of 
the tensor equations. 

It now becomes apparent why a tensor method of analysis 
which was valid for electric circuits can be used for the analysis of 
an elastic structure as well. Tensor transformations, which were 
derived from the fact that the product El, current times voltage, 
or instantaneous power, was invariant in changing from one ref- 
erence frame to another, are true for structures because the tensor 
product DF, deflection times force, or total work, is invariant for 
the same system in all reference frames. 

In order to apply tensor concepts to an elastic structure we must 
visualize a tensor force as flowing through the system, making a 
complete loop so as to complete a circuit, the components of the 
tensor changing value at each point of the circuit. However, the 
operators which determine these values, instead of being re- 
sistance, inductance, capacitance, as in the electrical network, are 
2F = 0; 2M = 0. 
Using these relations, we can always write the components of a 


simply the laws of static equilibrium: 


tensor force at one point in the structure in terms of its com- 
ponents at any other point by the use of an appropriate matrix, 
which we call the B-matrix. In certain cases the B-matrix may 
happen to be a unit matrix, in which case we denote it as |. A little 
reflection will show the reader that, starting at any given point, the 
forces in the system actually do travel complete circuits through 
This is 
the only way a system can satisfy the conditions of static equi- 
librium. The use of the B-matrix to express the relationships 
between the components of the force tensor as it flows through the 


the connected equipment and back to the starting point. 


structure is a valuable technique, since it enables us to write out 
the elements of the connection tensor by inspection of the dia- 
gram. 

Before applying the theory to an actual system, it is desirable 
to outline a general procedure which may be used to solve any 
flexibility problem. The procedure was described in reference (1) 
but is repeated here in greater detail for the reader’s convenience. 

1 Analyze and write the equation of performance for each 
component system as if the other component systems were non- 
existent. The coefficients of the forces and moments in these 
equations form the flexibility matrixes of the system, and are 
carried through the analysis as A,, A,, and so on, the subscripts 
indicating which branch is referred to. Of course, it makes no 
difference whether these matrixes are obtained by the dummy- 
load method, moment areas, or any other applicable method. 

2 Write the equation of the primitive system consisting of the 
several isolated systems in matrix notation, in the form ZF = D. 
The Z-matrix simply consists of the flexibility matrixes of all 
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the component systems arranged on the main diagonal of a larger 
matrix. 

3 Draw the force-flow diagram showing how the component 
systems are interconnected. 

4 Denoting the variables of the interconnected system by a 
prime, write out by inspection of the diagram the old tensor 
forces in terms of the new, thus establishing the elements of the 
connection tensor C by means of the relation F = CF’. Of course, 
the variables of the interconnected system must be chosen by the 
analyst so that the number of final equations wil! equal the num- 
ber of unknowns. However, this choice is usually a quite obvious 
one. 

5 Transform the original Z-tensor to the new reference frame 
by the formula Z’ = C,ZC. 

6 The equation of the interconnected system can now be 
written as Z'F’ = D’. Once the equation of the system has been 
obtained, it can be expandad by the rules of matrix multiplication 
and the resulting simultaneous equations solved by standard pro- 
cedures such as Cramer’s rule, Crout’s method, or by electronic 
computer. 

We can now proceed to show how the foregoing general method 
of procedure can be adapted to the solution of a problem contain- 
ing closed loops or inclined branches, as shown in Fig. 1 

If we draw a diagram of the primitive system, showing the force 
tensor for each branch before the system is interconnected, we 
obtain the diagram shown in Fig. 2. It should be noted that, 
since the tensor F; is shown at point d, the A, flexibility matrix 
must be computed using the co-ordinates at the same point d. 
Similarly, A,, and F,, are at pointe. A, and F; are also at point c, 
but A, and F, are at e, and soon. The equation of the primitive 
system is ZF = D, and the elements are shown in Fig. 3. 

The diagram of the interconnected system can now be drawn, 
as shown in Fig. 4. Since there appear to be several paths availa- 
ble through the system, the question arises as to which paths the 
force tensors will follow. The trick in solving such complex 
problems is arbitrarily to select enough variables to determine 
the system completely, remembering that each branch in the in- 
terconnected system must be traversed atiteast once. It must be 


~ 
3 


~ 
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realized that there is no single set of paths which is the only cor- 
rect one, but several choices are possible, any one of which will 
lead to a proper set of equations provided the deflections, when 
summed algebraically around the loops, follow the same paths as 
the corresponding forces. In the present case, the minimum aum- 
ber of loops to determine the system completely is three (Appen- 
dix). With this in mind, we can choose a set of variables and mark 
them on the diagram as shown in Fig. 4. The reader should notice 
that the F,’ tensor has been routed around the loop starting and 
finishing at point d. We have chosen to refer to this tensor as F ,’ 
but we could just as easily have labeled it F,’, or we might have 
used some other subscript, since its relation to the old (unprimed) 
variables will be taken care of automatically by the connection 
tensor C. The B-matrixes can be constructed from the conditions 
of static equilibrium as explained in reference (1), except for B, and 
B; which relate the forces and moments in the auxiliary co- 
ordinate systems of branches 7 and / to the co-ordinate systems 
shown in Fig. 1. A method for constructing matrixes such as B, 
and By will be shown later. The elements of the B-matrixes need 
not be shown in order to analyze the problem, since we can insert 
the symbols B, and B; into the connection tensor and carry on 
with the analysis, leaving the arithmetic until later. 

Writing out the old forces in terms of the new by 
Figs. 2 and 4, we obtain 


F, 

F, 

F, 

F, IF,’ 
F,, = BF,’ + BF,’ + B.B.F,’ 
F, = B.BiF,’ + B.BF,’ | 


inspection of 


The coefficients of the variables in Equations {1} form the C 
connection tensor in accordance with the relation F = CF’ and 
the C-tensor is shown in Fig. 5. 

Since C and Z are known, we can now proceed to find Z’ using 


Fic. 2 Primitive System 
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C,ZC, and Z’ turns out as shown in Fig. 6. 
in which 


the formula Z’ = 
The equation of the interconnected system is Z’F’ = D’, 


The equation Z’F’ = D’ can be expanded by the rules of matrix 
multiplication into a system of 18 simultaneous equations, which 
form the equations of performance of the given piping system. 
The A-matrixes and the B-matrixes, which must be known in order 
to carry out the multiplications, are constructed as described in 
reference (1) except for matrixes such as B, and B:, which express 
the forces and moments in the z, y, 2-co-ordinate system in terms 


F.. 
F b 


Matrix ELEMENTS FOR Primitive System 





Fic.4 Derivep System 
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of a u, v, w, auxiliary co-ordinate system in which the axes are all 
oriented either parallel or perpendicular to the branch under con- 
sideration. (The A flexibility matrixes of the inclined branches 
are computed relative to the auxiliary u, v, w-systems. ) 

We will now consider the case of matrix B, as an example of the 
way in which such matrixes can be constructed. The only addi- 
tional mathematical tools needed are the fundamental formulas of 
vector analysis, which may be obtained from any one of several 
texts, two of which are references (4) and (5). 

Branch / is shown in Fig. 7 in its relation to both the u, », w, 
and the z, y, 2-systems. For problems which contain inclined 
branches it is best to use only right-hand co-ordinate systems, 


J l 


Fic. 5 C Connection Tensor 


8,A,,8,8, 
+ a8, A, 8,8, 


A 8, 


4 


+8,A,8,8, 


8A, B, 
+A, 
+8,8,A,8,8, 
+88, A, 8,8, 


+ 88,A,0,8,/ +8848, 
as 


Z’-Tensor or THE Derivep System. Titpe INDICATES A 
TRANSPOSED MatTRIX 
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that is, systems such that x X y = 2; y X 2 =x; andz Xx=y 
(in cyclic permutation ), since this will eliminate confusion in using 
the vector formulas. The co-ordinate systems used in this sample 
problem were purposely drawn as right-hand systems for this very 
reason. In the theory to follow, scalars will be shown plain face 
and unit vectors will appear in bold lower case, as x, y, z, or 
u, Vv, Ww. 

For branch J, F,,, = B2F,,,,, and the w, v, w-axes are mutually per- 
pendicular. The u, v, w-system may be oriented so that one axis, 
say v, lies in the zz-plane. (This is convenient but not manda- 
tory.) Let w coincide with branch /, and to complete the system, 
draw u perpendicular to both v and w. Since the A flexibility 
matrix for branch / is computed in the u, v ,w-system, u should 
always be regarded as abscissa and w always as ordinate to con- 
form with the conventions adopted in reference (1). 

Moments in the we-plane can be represented by vectors parallel 
to w; in the ww-plane by vectors parallel to v; and in the yw-plane 
by vectors parallel to u, according to the right-hand rule for cross 
products of vectors. Similar rules will hold in the z, y, z-system; 
so, with this understanding we can write (referring to Fig. 7) 


= cos 0,.F, + cos 6,,F, + cos 0,,F,, 
cos 0,,F, + cos 0,,F, + cos 0,,F, 
cos 6,,.F, + cos 0,,F, + cos 0,,F,, 
cos 0,,.M,, — cos 0,,.M,, + cos 0,,M 
— cos 6M, + cos 6,,M 


wy*"* wu vy*"* ww 


wa 


— cos Buy M 


ru 


cos 6,.M,, — cos 8,,M,,, + cos 0,,M 


w 


In the foregoing equations #,, = the angle between positive 
directions of z and w; @,, = the angle between positive directions 
of zandv,andsoon. M,, = magnitude of the vector representing 
a moment in the uv-plane; M,,, = magnitude of the vector repre- 
senting a moment in the ww-plane, and so on. (Note that the 
vector M,, is parallel to w; the vector M,,,, is parallel to v; and 
M,,, is parallel to u.) 

The coefficients in Equations {2} form the B.-matrix. 
development was based on standard vector formulas and conven- 


Since the 


tions, it may be adopted for the general case as well as this specific 
problem, the only restriction being that the sign conventions men- 
tioned previously regarding forces, moments, and angles which 
So far, then, the B, 
and B.-matrixes are derived in general form and appear as shown 


were used throughout, must be adhered to. 


cos@,.|-cos®,,| cos@,, 


- cos Ona] cos ®,, |—cos @, 





———— +___ ————— 


Fie. 8 B-Marrrx ror Frye = BFure 
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in Fig. 8. For some problems it may be useful to have the B, and 
B,-matrixes in the inverse form where F,,.,, = BF,,., and for that 
reason the inverse B has been derived in a similar manner, and is 
shown in Fig. 9. 

All that remains is to show how the elements cos 6,,, cos 6,,, 
and so on, are obtained and substituted with proper sign into the 
B-matrix. Referring to Fig. 7, we see that since the unit vector w 
is parallel to / and the length of / is (5? + 12? + 15%)'/? = 4/394, 
we have cos 6,, = 12/+/394. (This value will supply elements 
B,; and By in Fig. 8.) Also cos 6, = —15/+/394 (elements By 
and By become — 15/+/394 and + 15/1394, respectively). Also, 
cos 6, = +5/+/394 (elements B;; and By). Using the foregoing 
direction cosines we can write 


12 15 


/394" 4/394" 


v = cos 0 2x + cos 6..z 
Since v is perpendicular to w 


12 5 
cos ta] » # cos 7. 
\/394 V/394 ; 


and therefore 
5 
cos @,, 5 cos t. 


Since v is a unit vector its length is 1.0, and 
] = (cos? 4 » FV cos? id s 
Squaring both sides 


l = cos? ad > 


s cos? @ : 


Substituting Equation [5] into [6] we obtain 


25 ; 169 
l= cos 7 cos’ 7 


144 


and therefore 


cos @ ,;=- and cos @. 


We know that u X v = w 


and 


cos®| cos Ry cos @, 


cos Q,|-c¢ os Q,, cos 6. 


-cos@,,| cos ®, —cos @, 


cos@,, “Cos@,, cos ®@,. 


.9 B-Matrix for Fu.w = BF... 
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y 


cos 6, cos 0, 


13 
Expanding the determinant, we obtain 


12 5 12 
_ cos 6. x» 4 cos 6,, + cos 4, 
13 " 13 13 


cos é. z 


Setting this value of w equal to the value in Equation [3 


12 
cos @ 


sO cos A 
13 


a 
cos 0... , 


, COs = = _a 
3 13 


\ 394° 


But we also know that u-v = O, and this vields 


cos 6 cos a. cos 6., cos 6., = () 


Substituting the values already found for cos @,, and cos @,, in 


the foregoing, we obtain 


12 
* Cos 6... = 


3 » 


) 
cos _ — 
and therefore 


J 
> cos aA 


cos A. ~ (3) (° cos 6 := 
os 12 13 . 


. we obtain 


Substituting this value in Equation [7 
97 9 


cos 0,, + 


> cos id 
156 3 . 


we obtain 


15 (") 180 
394 (1697 13-394 


Solving lor cos = 


‘os 6.. = 


and 


: 15 15 5 73 
cos 6. = - cos A. = ed ( = ( ~ ) = 
12 394 1697 \12 13 +/394 


Substituting the values just found into Fig. 8, we obtain all 
the elements of B, for the interconnected system shown in Fig. 4, 
and the matrix B; appears as shown in Fig. 10. The elements of 
B, for branch 7 could be found by a similar procedure 


CONCLUSION 


For closed-loop systems such as the one considered here, an in- 
teresting problem can arise when computing the elements of the 
deflection matrix D,’. 
temperatures for branches j, m, and k were different from each 
other. The deflections can be computed by noting that, in ac- 
cordance with the principles enumerated earlier in the paper, all 
that is necessary is to imagine the structure cut apart just to the 
right or left of point d and compute the mismatch due to thermal 
The proper deflections 
Since the F,’- 
tensor traverses the loop in the order 7, m, k (that is, from point 
d, to point d, in Fig. 11), the deflection will be measured as the 
distance point d, must be deflected to meet point d,. For ex- 
ample, element D,’ would be negative in Fig. 11(a), but positive 
will be noted that the 
mismatch is opposite in sign to the deflection, so that their sum is 
zero (Kirchhoff’s law). 
not vary around the loop and the pipe material also is constant, so 
that there is no mismatch, the matrix D;’ = O. 

A cautionary note should be added concerning the deflections 
for points such as @ and 6 which lie on inclined branches. The 
important thing to remember is that the deflection matrixes D,’ 
and D,’ which represent the deflections of points a and b, respec- 
tively, must be compatible with the chosen reference frame as 
expressed in the C connection tensor. Consequently, the D,’ and 
D,’-matrixes for the present case should be expressed in terms of 


dy 


Suppose, for example, that the operating 


expansion around the j, m, k-loop alone. 
are the amounts needed to correct the mismatch. 


for the case shown in Fig. 11(6). It 


For the case where the temperatures do 





16 


the 4, U, 
shown in Fig. 5, we see that F; = IF,’, and F, = IF,’. 
problems it will be convenient to use one of the B transformation 
matrixes of Fig. 8 or Fig. 9 to convert deflections from one co- 
ordinate system to the other, since it can be seen readily that, in 
general, at any single point of the system D,,, = BD,,,, and Dy... = 
BD,,, in which the B-matrixes are obtained from Figs. 8 and 9, 
respectively. 

Systems such as the one considered here also serve as a good 


w-system, since referring to the C connection tensor as 
For many 


example of the power of the tensor method as an analytical tool, 
serving automatically to derive the equations of performance of 
extremely complex systems by considering them as a collection of 
smaller systems whose equations are already known by funda- 
mental theory. The connection tensor serves the analyst as a 
convenient “plug-in switchboard,’’ since he can fill in its elements 
by inspection of the diagram, using simple symbols such as }, or 
B,, B:, and so on, to represent the complex relationships in the 
system. The “pick-and-shovel work’’ of carrying out the large 
number of additions, subtractions, and so on, if desired, can be 
performed by an electronic computer programmed to perform the 
multiplication C,ZC, since all the necessary information describing 
the system is contained in the Z-matrix and the C connection 
tensor. It is believed that the method here presented will lend 
itself readily to being programmed. For the computer with a 
large memory storage, the Z-tensor and the C-tensor may be ex- 
hibited in extensio; that is, the operational forms A and B may be 
replaced by arrays of numbers which are their elements. For the 
computer having a small memory storage relative to the amount 
of data, the operational form of notation used throughout the 
paper can be used, thus reducing the size of matrix to be handled 
by the computer, at the expense of a slight amount of additional 
work to be performed by the analyst. In this connection, it is 
worthy of note that the tensor method as developed in the pre- 
vious papers (1, 2) as well as the present paper, requires no matrix 
inversion other than the solution of the final equations. 

Those who care to, should bave notrouble adapting the methods 
presented here to other types of elastic structure as well. The 
reader who desires to experiment with tensor methods also may be 
interested in Kron’s recent work on interconnecting highly com- 
plex structures (6, 7). 
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Appendix 


It is necessary to have some criterion by which to judge when a 
given system has been defined adequately by a set of chosen force 
tensors. The method to follow has been found useful by the 
author. 

Consider the junction of four branches illustrated diagram- 
matically in Fig. 12(a@). At first inspection, it might be deemed 


adequate to solve the system by setting up the two tensors F, and 
F, as shown, since each branch would seem to have been traversed 
at least once. However, it may be seen by inspection of Fig. 
12(b) that the system actually may be considered as containing 
five branches, one of which has zero length. This would not be 
important except for the fact that there is actually one more path 
necessary to describe the system than was at first supposed. 
Mistakes such as this can be avoided at the beginning of a 
problem by checking the diagram to make certain that at each 
junction of n-branches, at least (n — 1) separate and distinct 
paths have been traversed. 





High Order Accuracy in the Solution of 
Partial Differential Equations 


by Resistor 


By H. G. LANDAU,! 


In the practical solution of partial differential equations, 
very high accuracy is sometimes needed, particularly when 
the derivatives of the solution are the quantities in which 
we are interested. A procedure is given here for obtaining 
this high accuracy by a combined numerical and electric 
resistor-network method. The equation is first solved 
approximately on the resistor network; then the residuals 
in the corresponding finite-difference equation are evalu- 
ated numerically. These residuals are used as current 
inputs to the nodes of the network to obtain a correction 
to the first solution. If the errors in the first solution (in- 
cluding both experimental and lumping errors) are of the 
order of a few per cent, then the errors in the corrected 
solution will be of the order of a few hundredths of 1 per 
cent. The method makes possible accurate solutions 
without very stringent requirements on the precision of 
the resistors and other components of the electric circuit. 


INTRODUCTION 


HE numerical value of the solution of a partial differential 

equation must sometimes be known very exactly. This is 

true, for example, in solving the equations of elasticity 
where the solution gives the stress function, although we are in- 
terested in the stresses which must be obtained by calculating 
derivatives of the stress function. To obtain a given accuracy 
in the numerical computation of derivatives from values of a 
function, it is, of course, necessary that the function be known to 
a much higher degree of accuracy. Roughly, if second derivatives 
are to be calculated with an error of not more than a few per cent, 
then the function itself will need to be known within an error of a 
few hundredths of 1 per cent. In general, whenever the values of 
the solution of the partial differential equation are not themselves 
the final answer but are to be used in a further calculation, it will 
be necessary to know these values rather accurately. 

In addition, there occur problems in which the requirements on 
accuracy are not very stringent, but it is necessary that we be 
certain that the error is within given limits. For example, in a 
two-dimensional steady-state heat-conduction problem in this 
laboratory, it was required that the temperatures at certain 
critical points be determined within 2 per cent. Ordinarily, the 
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errors in resistor-network solutions of this type of problem can be 
expected to be somewhat smaller than this, but it is very difficult 
to be certain that the error in a particular value does not exceed 
the required limit. The method proposed here does, however, 
make it possible to determine bounds on the error and hence to 
achieve a guaranteed accuracy. 

As was pointed out in a previous publication,? the solution of a 
partial differential equation by a resistor network corresponds to 
solving this equation numerically by replacing partial derivatives 
by finite differences.* There are t en two types of errors; namely, 
(a) the lumping errors and (b) the experimental errors. The 
present procedure is most simply applicable to reducing the ex- 
perimental errors, but also can be used to reduce the lumping 
errors. 

As was shown before,? in solving the two-dimensional Poisson 


equation 


07u 
or? 


o*u 
y dy? = f(z, y) 
the lumping error at interior points can be made very small by the 
addition of diagonal resistors to the usual network. For a 
great many engineering problems this will be enough to bring the 
lumping error within the required limits. However, if still smaller 
errors are needed, or if the lumping errors at the boundary a. the 
important ones, then the present method can be used to reduce 
simultaneously both lumping errors and experimental errors. 


PROCEDURE FOR CORRECTING EXPERIMENTAL ERRORS 


To describe the procedure we must distinguish between u, the 
desired solution of the differential equation with its boundary 
conditions, v, the approximation to u which is the solution of the 
difference equation corresponding to the network used, and V, 
the voltage at a node of the resistance network. We have 

v=cV, 
where c is a scale factor. Also we use V, to indicate the voltage 
at the i-th node. 

The equations for the network form a set of linear equations. 
The ith equation is the Kirchhoff equation for the currenis at the 
ith node. These can be represented as* 


*“*A Simple Procedure for Improved Accuracy in the Resistor- 
Network Solution of Laplace’s and Poisson’s Equation,"’ by H. G. 
Landau, JouRNAL oF AppLiep Mecuanics, Trans. ASME, vol. 79, 
March, 1957, pp. 93-97. 

* This is true for the heat conduction equation when the resistor- 
network procedure proposed by Liebmann is used. “‘A New Elec- 
trical Analog Method for the Solution of Transient Heat-Conduction 
Problems,” by G. Liebmann, Trans. ASME, vol. 78, 1956, pp. 655- 
665. 

*The corresponding terms in numerical analysis are truncation 
errors and round-off errors. 

4 In carrying out the procedure it is not necessary to write down the 
equations. 





QuVi + anV2 +... + OinVa +m 


nV, T A22V'> Teas ile aad g2 


QniVy = a,2V 7 1.2 ‘7. a 9», 0 
For i + j, the coefficient a;; here is proportional to 1/r,,, where r;; 
is the resistance between the ith node and jth node; and 


Y_ = = 7 a, 


j=1 


Most of the a,; are, of course, zero in any large network. The g; 
result from boundary values, sources, and so on; electrically they 
represent input currents. 

Suppose we have solved the Equations [3] on the resistor net- 
work. Then we have values for V;, i = 1, .. ., n, which satisfy 
Equations [3] approximately. Let these observed values be V{o, 
and let V;; be the necessary corrections 


Vi we Va + Vaisis.0i: 


since the V, are the exact (unknown) values. 
Now if we define the residuals by 


Ps = GaVio + ai2Vono +... + Oj,Vno + 9;- 
and substitute V; = Vio + Va into Equations [3], we get 


anVin + Q2Van +... + AinVar + pi 


QyVir + G2Va +... + GaaVar + pe 


Tis 2 AnnV na + my = 


Qn Vn + Qn2V 21 


These equations show that the corrections Vi, must satisfy 
the same equations as the V; except that the input currents are 
now the residuals p,. Hence the corrections can be found with 
the same network by feeding in properly adjusted input currents. 

Now the p, will be small quantities since the V4» differ from the 
correct V; by only a few per cent. In fact, if the p,; are not small 
some blunder is indicated, and the procedure up to this point 
should be checked carefully. 

The fact that the p; are small quantities means that we can in- 
troduce another scale factor and still stay within allowable 
voltages. Suppose this new scale factor is c,, and V;' is the volt- 
age actually obtained at the ith node, so that 


Va = aViea’.. 


and the equation for the 7th node is now 
aaVu' + ai2Vn' +... 


If the errors in the first solution are, say, 1 per cent, so that the 
Va are 1 per cent of V;, the factor c; can be about '/i.. The 
errors in the V,,’ as determined from a second run based on Equa- 
tion [8] should also be about 1 per cent so that Vi, and conse- 
quently V,, will now be determined with an error of 0.01 per cent. 
This increased accuracy is made possible by the introduction of 
the new scale factor c; which is an essential point of the method. 

Obviously, the process could be repeated if still higher accuracy 
were needed, or if the error at each stage is larger. 


EXAMPLE OF EXPERIMENTAL ERROR CORRECTION 


As an example of this procedure, it was used to correct the ex- 
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perimental error in the resistor-network solution of the problem of 
the elastic torsion of a square section.?. The differential equation 
is 

ou 


Oz? 


Ou 
oy? 


>» 
in the unit square with u = 0 on the boundary. This was solved 
using an interval of h = '/;, and because of symmetry only one 
eighth of the square need actually be set up. Two nets were used 
as shown in Figs. 1 and 2; the net in Fig. 1 is the usual one con- 
sisting of a square mesh. The corresponding finite-difference 


equation is based on the use of the H or 5-point operator at each 


point (see Equation [12]). The second net uses the diagonal re- 
sistors introduced? to reduce lumping error; this is the K or 9- 
point operator. 

The equations for the first case (5-point operator) with R = 


1000 ohms, J = 15 microamp, ¢ = '/2., V in millivolts, are 


—_}— a 


— a 68 


2) 


Usvat Network FoR Evastic-Torsion Prope, 
on H or 5-Pornt DirreRENcE OPERATOR 


Fic. 1 
BasEeD 


2 Draconat Resistor NetworK For Evastic-Torsion 
PRoBLEM, Basep ON K or 9-Pornt DirreRENCE OPERATOR 


Fic. 
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—4V, + 4V2 


V, — 4V2+ 2), 


4V4+Ve +15 =0] 
2V,— 4. + 15 = 0) 


The voltages obtained from the resistor network V yo, are shown 
in line 1 of Table 1. Using these values, the residuals p; are cal- 
culated and are given in line 2; they range from —0.15 to +0.5. 
For the second run it is necessary to choose a scale factor c;, 80 
that with input currents of p,/c:, the measured voltage will fall 
in the desired range—in this case 1 to 50 millivolts. By compari- 
son with the first run where 15 microamp was the input to each 
node, ¢; = '/i seems about right. The resistors from the voltage 
source to each node were then adjusted to give an input current 
The resulting voltages which were 


of i00p; in microamp 


measured in a second run, Va 


To check whether the process has been carried out correctly 


, are given in line 3 


and whether a significant reduction of error has been obtained, 


the new residuals, 9,,, were calculated using the corrected voltages, 


. (11) 
These values are given in line 4; comparison with line 2 shows 
that a very great reduction in the residuals has been effected. 

In general, the actual errors in the solution cannot be deter- 
mined, although estimates can be obtained from the residuals as 
mentioned later. In the simple example discussed here, it is easy 
to solve the finite-difference equations exactly, and then the 
comparison of this solution with the values obtained from the elec- 
tric network gives the experimental error. The network and finite- 
difference solutions are given in lines 5 and 6, using the units of 
the original problem. The per cent error of the corrected solution 
is given in line 7; it averages 0.006 per cent in absolute value 
from the first solution, cV io, is given in line 8 
Thus the experi- 


The per cent error 
and averages 0.67 per cent in absolute value 
mental error has been reduced by a factor of 100 
In lines 9 to 16 of Table 1 the same data have been given for the 
solution of this problem on a network using diagonal resistors 
Here the present method is applied to reduce the experimental 


TaB_e | 


Node No., 3 ] 
5-Point Operator Fig. 1 c = |/,. - 1 
1 First network solution, V; 38.5 34.8 
2 Residual, p;. 0.2 0.5 
3 Correction, V 44.0 39.1 
4 Residual after correction, pi 


9 


» Network solution 
vu = c(Vio + Vian’). 0.144222 
6 Finite-difference solution. 0. 144230 
7 Per cent error 0.006 
8 Per cent error from first solution 1.1 1 
9-Point Operator (Fig. 2): c = */is0, € 
9 First network solutions, Vx 26.5 3.9 
10 Residual, p; —0.8 2 
11 Correction. Vi, 2.68 58 
12 Residual atter correction, p ~) 0032 
13. Network solution, 
vy = cCVin + Vian’ 0.147371 
Finite-difference solution... 
Per cent error 


Per cent error from first solution —0.30 


—0.14 


0 OO4 0.001 


130337 
. 130342 
004 


0008 

133199 
0.147372 0.133200 

—0 001 —0.001 


19 


error which in the first solution averaged 0.18 per cent in absolute 
value. The correction run brought the experimental error down 
te an average of 0.003 per cent 


PROCEDURE FOR CoRRECTING Boto LuMPING 


AND EXPERIMENTAL ERRORS 


Lumping errors can arise from three sources: (1) At interior 
points of the resistor network the voltages satisfy a difference 
equation which is an approximation tothe partial differential equa- 
tion; (2) on the boundary the solution must satisfy conditions 
specifying the values of certain derivatives, but the resistor 
network approximates to those derivatives by finite differences; 
(3) the boundary of the region has a complicated shape which does 
not intersect a square mesh at nodal points, so that an approxima- 
tion to the true shape is necessary. In all cases, the application of 
the present procedure to reducing lumping errors is based on the 
calculation of a correction term to the finite-difference approxi- 
mation. The correction term is the term needed to give the next 
higher order approximation to the partial differentia! equation or 
to the boundary conditions 

To evaluate the correction terms exactly would, of course, re- 
quire having the solution u, which is unknown; but for this pur- 
pose it is quite adequate to use the values from the first solution 
Vio. This is possible because the first solution given by the re- 
sistor network, even for a rather coarse net, should not be in error 
by more than a few per cent 

As an example of these correction terms, for finite-difference 
approximation to the differential equation, suppose we have to 
solve the Poisson Equation [1] and use the H or 5-point operator; 
so that we are using the equation 


and A is the mesh size. It is known* that a closer approximation 


is given by 


- . 
Hv — hf — = (8, + 6, cone Stat 


where 6,4, 6,‘ are the fourth-order central difference operators 
* “Numerical Solution of Differential Equations,"’ by W. E. Milne 
John Wiley & Sons, Inc., New York, N. Y., 1953 


CorrREcCTION METHOD FOR EXPERIMENTAL Error Appiiep TO ELastic-Torsion ProBlem 


» b 
008 O09 
O77U85 052881 
O85470 O77992 O52885 
008 009 008 

° 9 


a) 4 - » ~- 


118056 085463 


118056 


7 4 9 85 
25 s 5 l 

0 3.28 2.62 42 
0062 0006 0056 0044 


054643 

054646 

005 
0.18 


120722 087318 0.079854 
120723 087322 0.079858 
001 004 —0.005 
OS 23 0.13 
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TABLE 2 





APPLIED MECHANICS 


JOURNAL OF 


CoRRECTION METHOD FOR LUMPING AND EXPERIMENTAL Error AppLiep TO Evastic-TorstoN PROBLEM 


Node No., i 1 2 3 } 5 6 
5-Point Operator (Fig. 1): ¢ = '/270, ¢1 = */100 
1 First network solution, Vio. 38.5 34.8 31.6 23.0 21.0 14.25 
2 Residual, px. 0.2 0.5 0.2 —0.2 —0.15 0 
3 Lumping error, wi... 0.333 0.233 0.325 0.267 0.350 0.767 
4 Correction, Vii’ 41.8 37.7 2.6 19.2 18.5 15.6 
5 Network solution, 
a = (Ve + Via’)... 0. 147237 0. 133078 0.120659 0 O87319 0.079833 0.054511 
6 Analytical solution, u ; 0.147343 0.133172 0. 120692 0.087303 0.079829 0.054560 
7 Per cent error —0.07 —0.07 —0.03 +0 02 LO 005 0.09 
Also if orf orf 0 expressions do not even need to be written out: instead the Vy 
Also = . . . 
dz? dy? are written on a sheet in the proper relative position, and then a 
: ; : C . ’ transparent template carrving the coefficients of the finite- 
Equation [12] can be written, to the same order of approximation, I ae : ; noes 
1 ite] PI 
difference operator is placed over each node in succession. The 
as . ° e . . 
calculation of the lumping-error correction can be reduced in a 
Hy — hf + — 6,%,2v = 0 (14] like manner to an operator applied to each node in successior 
6 both residual and lumping error can be calculated simultaneous!) 
where 6,76,? (called N? by Milne®) is the operator From the point of view of the design and operation of resistor- 
,; iene network calculators, our correction procedure has the advantage 
_9 F 4 i gee F 
I 2-1 of reducing the requirements on the precision of the physical com- 
Ee Whee eee ee [15] ponents and of the measurements. Errors of a few per cent in the 
eee resistors, input currents, and measured voltages easily can be 


The application of such a correction for lumping simultaneously 
with the correction for experimental error is easy to see. Suppose 
ui, is the lumping correction at the 7th node, in the same units as 


the V;. Then the Vi» give an approximate solution of [3] 


Ve 


+... 


aaVi +a 
whereas with the lumping-error correction we wish to solve 


QuaVi + aiVe2 + = 0 


Hence, it is only necessary to add the lumping-error term to the 
residual from the first run to obtain a correction for both simul- 
taneously. 

In Table 2, we give the results of such a correction applied to 
the same problem as before, where the 5-point operator was 
used.?. The lumping error, y,, in line 3 was computed from 


® pee tee 
A= 6 6,76, 7) 10 


Line 4 gives the readings (in millivolts) obtained from the network 
when the input currents were (p; + u,)/c:. The corrected net- 
work solution on Line 5 compared to the analytic solution on Line 
6 shows an average absolute error of 0.05 per cent. 


REMARKS 


The method proposed here can be regarded as the electric 
counterpart of a process which is used in relaxation calculations 
and in other methods for numerical solution of differential equa- 
tions. As applied to resistor networks it derives its usefulness 
from the combination of the advantages of the resistor network 
and numerical calculation. The resistor network, once set up, 
solves the equation rapidly and with fair accuracy; the numerical 
calculation gives the residuals precisely, so that when they are put 
back in the net with a suitable scale factor, we obtain a corrected 
solution of very high accuracy. At the same time we avoid the 
really lengthy and difficult part of the work in all purely numerical 
methods; that is, the actual solution of the equations. 

The calculation of the residuals requires only the evaluation of 
linear expressions, each of which has only a few terms. These 


7 When the diagonal resistor network is used, correction for lumping 
error is not necessary, if accuracy of 0.03 per cent is enough. This 
can be seen by comparing the diagonal resistor network solution 
(Table 1, Line 13) with the analytic solution (Table 2, Line 6). 


tolerated, thus reducing the expense for equipment and operating 


time. The whole design sometimes can be simplified because of 
these more lenient tolerances. 
As an example, the solution of the biharmonic by a pair of 


coupled networks (equivalent to replacing it by a pair of Poisson 
equations) was under consideration in this laboratory. The input 
current to each node of one network must be proportional to the 


An 


accurate method for obtaining this coupling would be to use an 


voltage at the corresponding node of the second network. 


electronic “voltage-dependent current source’’ between each pair 
of corresponding nodes; but this would involve considerable ex- 
pense for a large number of nodes. The simple method is to use a 
resistance between the nodes, but this involves an error resulting 
from back emf because it is not possible to have the voltage on one 


t 


network extremely large compared to the other. By using the 


correction method, the error due to the simpler and cheaper 
method can, however, easily be tolerated. 

The correction method, because it requires the calculation of 
residuals, makes immediately apparent any gross errors in circuit 
design, setup, or operation. The method has the feature, in com- 
mon with other effective successive-approximation methods, of 
being automatically self-correcting; that is, if there are errors in 
the first solution which are large, but not recognized as such from 
examining the residuals, they should be eliminated when the solu- 
tion is run again with adjusted inputs. If the residuals do not de- 
crease significantly, this means that there has been a mistake 
which needs to be eliminated 

The calculation of the residuals also makes it possible to obtain 
an estimate of the experimental error. Some formulas for this 
purpose are given by Milne.* These give an upper bound for the 
experimental error, based on the maximum residual, and are 
overestimates of the actual error. 
if too high, are very useful in increasing confidence in the results 
of resistor-network solutions of differential equations, and make 
it possible to guarantee that the error is within specified limits. 


However, such estimates, even 
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A Blade-Vibration-Damping Device—Its 
Testing and a Preliminary 


Theory of Its Operation 


By R. A. DI TARANTO,' CAMDEN, N. J 


Presented herein is a report on a wire-damping device? 
which has shown considerable damping ability when 
placed in a hollow rotor blade. A series of tests is reported 
which have all shown the damping ability of this device at 
nonrotating and rotating conditions. Two theories are 
postulated and expressions derived to explain the mecha- 
nism of damping by the wires for nonrotating-type damping 
and rotating-type damping. The postulated mechanism 
for damping in the nonrotating rotor blade considers that 
the wires absorb energy by rubbing around one another as 
a result of the motion imparted by the vibratory motion of 
the blade. The postulated mechanism for damping in the 
rotating rotor blade considers that acomponent of centrifu- 
gal force holds the wires against the side of the blade and 
the vibratory bending motion of the blade causes relative 
motion between the blade wall and the adjacent wires to 
absorb energy. Criteria are set forth for determining 
which mechanism is operative. Good correlation was ob- 
tained between test and theory. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
lateral displacement of blade, in. 
number of rows of wire 
number of wires in a row 
length of wire, in. 
ineffective length of wire which does not slide around ad- 
jacent wire in stationary-type damping 
radius of wire, in. 
angle through which wire slides around adjacent wire in 
stationary type damping, radians (rad) 
lb-sec? 


mass per unit length of wire, ——— / in. 
in. 


; lb-sec? / 

mass per unit length of blade envelope, —— in. 
in. 

natural frequency of blade, rad/sec 
angular rotor speed, rad/sec 
lean angle, rad 
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= coefficient of friction 
= length of blade, in 
nter of 


distance from rotation 


average normal clustai Irom neutral 


ternal surface of blade, in. 


INTRODUCTION 


In present-day aviation gas turbines it is fou 
tain conditions the rotor blades undergo larg« 
which may cause rupture. These stresses may be 


resonant effects, a stall-flutter condition, or a rotat 
dition. 


In an effort to alleviate this large stress conditi 
thought is being given to this problem from a mechani 


il design 
standpoint. Present approaches to the design of rotor blades, in 
order to alleviate the high stresses, are to design the blades to a 
given natural frequency, or to increase the damping in the blade. 
The the method for reducing the 


blade stresses, among others, has considered the following: 
, £ 


investigation of latter 
1 Insertion of particles of different sizes and kinds of ma- 


terials into a hollow blade. This method yields damping for 
stationary (nonrotating) blades, but when the blade is rotated 
the particles pile together giving but slight relative pa l 
tion and therefore little damping 

2 The use of two flat cantilevered pl ites 
Damping is ob- 


por 


rubbing against one another when vibrating 
tained for this device, but the d imping is de pendent 
difficult-to-control normal force. 


3 Root damping of the vibrating blade. 


the 


Here, as 


Too great a normal force pre- 


before, the 
normal force is the critical factor. 
vents relative blade-root motion and too small a normal force re- 
duces the energy-absorption ability. 

4 Tuned dampers in the tip of blades also have been tried. 


They are relatively effective but only in a narrow frequency 
band. 

Literature and/or experimental investigation of the foregoing 
methods for obtaining damping has shown that all of these have 
their limitations and have not solved the problem of high vibra- 
tory stresses in blades. It is the purpose of this paper to present 
the experimental and analytical investigations of a method for 
obtaining high damping in rotor blades which shows promise of 


alleviating this problem. 


DIscUSSION 


Early in the investigation of this problem, calculations were 
made to determine the damping potentials of two flat cantilevered 
plates rubbing over one another when vibrating. 

Analysis of the damping provided by the rubbing plates 
showed that the plates could give damping if the inertia force of 
their mass could be used as the normal force. This suggested that 
a device was required which had mass, but little shear-carrying 
capacity and which would allow the inertia force of its mass to be 
used as a normal force. Wire strands fit this requirement, A 
series of tests, which we shall eall Series 4 showed that the wires 





did in fact give high damping. A theory for this damping was 


postulated and expressions were derived for an ideal case of a 


rectangular hollow blade. Good correlation was obtained. This 
series of tests showed that, for stationary components (stator 
vanes), this wire-damper device could give appreciable damping. 

The next series of tests (Series II) was run to determine the 
effect of centrifugal force on the damping ability of the wires. It 
was not known how stiff the wires would become, so that they 
would become shear carrying and tend to decrease the normal 
force between wires and reduce the damping. A low-speed 1175- 
rpm test rig was designed and built to ascertain the centrifugal 
force effect on the wires, Fig. 1. 

After preliminary tests in the low-speed rig, it became ap- 
parent that two conditions could occur in the rotating wire 
damper. This results from the blades having a lean angle which 
is used to alleviate the gas bending stresses. This lean angle 
creates a component of centrifugal force of the wires normal to the 
blade. 
accelerative force of the blade vibratory motion, the wires would 
remain against the side of the blade and the stationary-type damp- 
ing first postulated would not come into effect. The criteria for 
obtaining this latter condition are shown in the Appendix. A 
theory to explain this behavior is postulated herein, considering 
the wires to remain against the side of the blade. 
tion with test results was obtained for both postulated theories 
and the damping was seen to remain large. 

To insure that the damping still occurred at near normally, 
existing centrifugal accelerations, a series of tests (Series III) was 
run at high rotating speeds (8000 rpm) in an air-evacuated spin 
pit.? A simulated blade of proportions closer to an actual blade 
The results showed 


If this component of force is greater than that due to the 


was designed, fabricated, and used, Fig. 2. 
high damping and good correlation with theory. 

These series of tests have shown that a device is available for 
increasing damping in stationary components and which remains 
effective under centrifugal accelerations. 


ANALYSIS 


Stationary Damping Mechanism. The mechanism of damping 
postulated for the stationary-type damping is as follows: Ideally, 
the wires are arranged in a row shown in Fig. 3(a). As the en- 
velope enclosing them vibrates, it causes the wires to try to follow, 
and a “‘squeezing’’ action as shown in Fig. 3(b) takes place. The 
squeezing action causes rubbing of the wires about one another. 
The force acting between the wires is due to the vibratory ac- 
celeration caused by the envelope. This normal force, which 
varies from row to row of wires in the direction of vibration along 
with the rubbing action, dissipates the vibratory energy of the 
envelope. The wires undergo a “‘squeezing,’’ then “unsqueezing’’ 
to a “‘squeezing’’ action as the blade accelerates, reaches its maxi- 
mum velocity, then decelerates in that order. In this preliminary 
analysis, the following assumptions are made: 

1 The blade deflection is approximated by y = Kz. 

2 All wires move through the same deflection as the free end 
of the wires, through an effective length (1 — R,). (Wires are not 
tightly packed.) 

3 Rubbing motion of wire is r@. 

4 A rectangular-cross-section hollow blade is considered. 


The work is done by two wires moving around one another, 
where the normal force between wires is F; the coefficient of 
friction 4 and the displacement 6. This can be written as 


W= 


* “Hot Spin Tests of Bladed Jet-Engine Rotors,’”’ by H. Saldin and 
P. G. DeHuff, Trans. ASME, vol. 71, 1949, pp. 605-612. 
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Smwutatep Hottow Rotor Brave Usep mm Low-Sperep 
TESTING 


solid insert 


Fic. 1 


Left to right blade, wire insert.) 


Rotor Brave Usep is Hies-Speep 


TESTING 


Fic. 2 Simetatep Hortow 


hollow control blade, wire-filled blade 


NON-ROTATING DAMPING MECHANISM 

A) WIRES CONSIDERED IN NORMAL POSITION 

B) WIRES SQUEEZED TCGETHER AFTER HAVING 
RUBBED OVER ONE ANOTHER TO DISSIPATE ENERGY 


Fic. 3) Enp View or Biape Wits Wires 
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If we take the top row alone, the work done by friction is W, 
- i ~ 
W, = f, Npyw*rOu cos? w t dx 


where 


N = number of wires in a row 


F = fv x? cos Ww dz 


6 = r8 cos wl 


The work done by the second row is 


I 
W, = V(2)pyaw*rOu cos? 
' | i anties 


and the third row does work W; 
W f, N(3 Pye? 4 Me os? widz 


The total work due to friction is 


This \ ields 


} S pvt cos? widz 


= number of rows of N wires or 


: i ni+n 2A 7 , 


J kh 
jo=Y, = Ki? 


where n 


Assuming 


i.e., the effective portion of the wire (1 — R,) all moves the same 


distance as the blade tip 


jn? +n : , 
W,= nf -- | omer — R,) cos? wt. 


The energy of dissipation per cycle is 
Ww 22/w 
- e = f W dt 
Cycle 0 


3 
= N [* a4 prKlwrOull — Ri}... [9] 


9 


which yields 
W, 
Cycle 


To obtain the change in kinetic energy per cycle, we proceed as 
follows: 
The kinetic energy (KE) of the blade is 


T = KE of wires + KE of blade envelope 
then 


Nn ,! 


L 
T™, = > | pdz|K1?)? w* sin? wi + 1 of p,,.y2dz 
= R 0 


= —wKz? sin wi 


so that 
Nn > Pm - . 
T, = | w? = pl*|l — R,)K? +70 w*K*L | sin*® wt. 


The kinetic energy per cycle is 


s | = = JK? 4 Pam eK | 
2 10 


ela /w 
| sin? wt dl 
7 0 


T; ‘ . = Poy 


= ’ - So a 


. = mwK*L* 
Cycle 2 10 


12a} 
After one cycle the kinetic energy is decreased with a decrease in 
the deflection y 


y — Ay) = (K — AK)z* cos wt. [13] 


= 


Nn , : , 
9 pdzl K — AK )*w* sin*wt + 1/% 
= Ri 


whereupon 
T: Nn 


Cycle 2 


wpl{l — R,(K — AK)? 
p,,wL* 
T 


10 


(K — AK)? 


Neglecting (AK)? terms we find 
T: — 7: 


Cycle 


nNr P» 


D 
= ole 16) 


2 10 


Now the change in kinetic energy per cycle is equal to the 
energy dissipated per cycle or 


AW 


cycle 


T: — T, 


( y cle 


so tnat 


Then 
N p(n? + nll — Ry )rby 


‘ k \ } Po, Ls] 
2 10 


and finally we obtain 
(AK z? m Ay - _No n? + nyl%] — R, rOu 191 
Kz? y  40K[5nNpl{l—R,) +p,,L* 
Rotating-Blade-Damping Theory. 
considered to remain against the side of the blade under a com- 
ponent of centrifugal force. The energy is considered dissipated 
between the blade wall and adjacent wires. 
is that of the component of centrifugal force due to all the wires, 
and the relative motion is the difference in movement of the blade 
due to bending, and the movement of the adjacent wire strands due 
to the force created by the normal force and coefficient of friction 
tending to elongate the wire. In the following, the assumptions 
made are: 
1 The wire is the same length as the blade. 
2 The blade is leaned sufficiently to hold all wires against one 
side at all times. 


For this case, the wires are 


The normal force 
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3 A rectangular-cross-section hollow blade is considered. 

The blade-bending displacement, at the wall, is equal to c(dy/ 
dz), where ¢ = distance from neutral axis to the inside blade 
wall. 

The wire displacement at any z, due to forces along the wire is 


°F 
A= — dz cos wt.... 
9 AE 
A = wire area 


E = modulus of elasticity 
Where the force along the wire is due to the centrifugal force 
acting along the lean angle @ and is 


where 


7 
i 


F = n(R + 2)Q*%pu sin a saa 
i.e., for one row of n wires. The incremental friction work due to 
N columns of wires is AW 


AW = (normal force between blade wall and adjacent wire) X 
(relative displacement of blade wall and adjacent wires)... . [22] 


AW = 


ov 


L 
[ N[n(R + x)Q*%py sin a} 
0 


d tied of 
E - -- | — dz cos ot] dr 


0 


Assuming y = Azx* cos wt 
2 
AW = NpnQ@u sina} Rey, + : cLy, — G | cos wt... [23] 
where 


= 


nQ2ou sinal R*L3  RL* Ls 
AE E i il 


AW 4N . 2L 
—— = — pQ*y sin af ev (x + -G .. [24] 
Cycle ® 3 
The change in kinetic energy per cycle is given in the foregoing 
and is 
AT 


Cycle 


ore 5 5, 
= 2K(AK) nNrwpL 4 Pm Liwm 
10 10 


For one cycle 


AW = AT 


2L 
4nNpQ?y sin @ E (x + 3 ) = a] 


nNpL’ + pL 
Kw? | — 
. | 10 


AK = .. [26] 


and finally 


. 2L 
Ay (AK)x* 40 nNpQ?u sin af ev (x + 4 ) -~ a] 


= = "|r . (27 
y Kz? wK*w*L4Nnp + pm) (27) 








Test Serres I—NonrotATING 


Procedure. A hollow stator vane was filled with 0.005-in-diam 
copper wires. One end of the stator was welded to a plate which 
in turn was fastened to a large fixed mass to approximate a 
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cantilevered beam. An electric strain gage was fastened to the 
base of the vane and its leads were connected to a Wheatstone- 
bridge circuit, the resulting signal being displayed on the face of 
an oscilloscope. The blade was plucked by hand and the resulting 
decay wave on the face of oscilloscope was photographed by a 
Polaroid Land camera. 

The log decrement was measured from this photograph. For 
small damping, the relation which exists is Ay/y = log decrement 
(see Appendix for relationship at large values of damping). 

Results. Using 946 strands of 0.005-in-diam copper wire in the 
stator vane whose dimensions were 3.1 in. long and 1.75 in. wide, 
0.156 in. maximum thickness, and weighing 0.0815 lb, it was 
found that the measured damping ability Ay/y was 0.67 for a 
20,000-psi stress at the base of the blade. This compared well 
with the calculated value of 0.61 for 6 = 7/6, u = 0.69, and 
Pw = 0.51 X 10~‘ Ib sec?/sq in. The value for the coefficient 
of friction is high, but values of u = 0.57 have been obtained.‘ 

The plot of the length of wire versus damping ability (Ay/y) 
was made of the test results and that calculated on the basis of 
Expression [19] is superimposed. This plot is shown in Fig. 4. 
Good correlation was obtained. 
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Fic. 4 Comparison oF CALCULATED AND Ex?ERIMENTAL DAMPING 
CHARACTERISTICS FOR VARIATION IN LENGTH OF WIRES IN Non- 
ROTATING VANE 


Test Serres II—Low-Speep Rie (1175 Rem) 


Procedure. This series of tests was run to ascertain the effect 
of centrifugal force and lean angle of the blade on *’.e damping 
ability of the wire damper. A simulated blade was made which 
would yield measurable amounts of damping based on the 
derived damping Expressions [27], Fig. 1. The simulated blade 
was instrumented with an electric strain gage and the signal led 
through slip rings to the same recording setup as was used in 
Test Series I. 

Tests were run in the following manner: The blade was brought 
to a rotative speed of 1125 rpm. At this speed a kind of inverted 
guillotine with a number of thicknesses of masking tape at the 
open end was abruptly raised into the path of the rotating blade. 
This supplied a single impact by breaking the tape on the 
blade. The decay records of the stresses at the base of the blade 
were photographed from the oscilloscope screen, Tests were run 
for 0, 3, 6, and 9-deg lean angle. 

‘“Frictional Phenomena,” by Andrew Gemant, Chemical Publish- 
ing Company, Brooklyn, N. Y., 1950. 
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To obtain a control on the tests, the following were performed: 
l Empty blade. 

2 Full of wires—Insert I. 

3 Half full of wires—Insert II. 

4 Solid bar equal in weight to the full wires of run 2. 

Test data showed a certain amount of scatter of the 
The data obtained indi- 
A plot of 


Results. 
log decrement for a given lean angle. 
cated the order of magnitude of the log decrement. 


the average value of log decrement for each lean angle showed 
small variations of log decrement with the lean angle. For the 
wire damper, this curve indicates a slight decrease in damping 
ability with increasing lean angle, which is contrary to the formu- 


lated rotating damping Expression [27], which type of damping 
was expected to be acting. Expression [27] is based on having the 
wires remain against the side of the blade if the tip deflection y, 


satisfies the following expression 


0 
uv, > aL 


The tip deflections, at the stresslevels obtained in the tests, were 
This value would allow for the wires to 
These facts 


be 


on the order of 0.1 in, 
leave the side of the blade for the lean angles used. 
when analyzed indicate a stationary damping mechanism to 
taking place. This appears to be substantiated by the good agree- 
ment between the values calculated by use of stationary dumping 
Expression [19] and the measured values. A comparison of these 


values follows: 


Calculated Ay/y = 
Measured Ay y 


0.71 

0.81 

This shows that, for the amplitude of vibration encountered, 
the calculated damping for stationary wire dampers agrees well 
with that observed. Values observed are higher than that cal- 
culated on the basis of a coefficient of friction of 1 and 6 = 7/6 
In order to agree fully with the observed data, a product of the 
coefficient of friction and @ of 1.4 is required. 

Tests using wire Insert II showed an over-all average damping 
of Ay/y = 0.38. This value agrees well with the calculated 
value of Ay/y = 0.30 using the stationary-mechanism relationship. 

The tests of the empty blade and the blade with a solid insert 
of the same weight as wire Insert I were run to show a comparison 
of wire-damping ability. From an over-all standpoint, the damp- 
ing ability of the empty blade was Ay/y = 0.06, and the damping 
ability of the solid insert was Ay/y = 0.22. This showed the wire 
damper to yield the largest amount of damping. Typical decay 
records are shown in Fig. 5. 

The recorded damping ability of wire Insert I at a lean angle of 
9 deg showed high damping at high amplitudes and then a lower 
damping at small amplitudes. An explanation advanced is 
as follows: At the high amplitudes the vibratory acceleration 
is greater than the component of centrifugai force normal to 
the blade; thus it is free of the blade and acts in damping by 
the stationary mechanism. When the amplitude of vibration 
falls to a low value, the wires stay against the side of the blade 
and the rotating damping mechanism takes over. The values of 
damping meatured and that calculated by the formulated rotating 
mechanism agree: 


Calculated 
Measured 


Ay/y = 0.28 
Ay/y = 0.22 


Test Serres III—HicGn-Sreep Spin Test 


Procedure. The high-speed spin pit* was used to obtain the 


necessary centrifugal force. The blade used was a simulated 
blade made by squeezing a */,-in. OD X 0.049-in-wall stainless- 


eB. ade AT S L.EA® AWGLE 


OUMMY WIRE (MSERT—wT EQUAL TO WIRE INSERT ~ 


“2~aFPROn TSOw 


Typicat Decay Recorps 
listance from center of rotat 
18 in.) 


Fie. 5 


(Rotating speed = 1175 rpm; 
gravity of blade 


CENTER OF 
ROTATION 


Fia.6 Rotating Brave Set at a LEAN ANGIE 

steel tube as seen in Fig. 2. An empty blade and a blade filled 
with approximately 525 of 0.015-in-diam stainless-steel wires 
were tested. The blade was set at a 3-deg lean angle for all tests 
and the speed varied. The blades were instrumented and the 
same recording means was used as in the Series II tests. The im- 
pactor an oversize device which was 


was mousetrap-type 
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triggered electrically by a solenoid when a push button was 
pressed outside the pit. 

Results. The damping ability of the hollow blades was meas- 
ured at several speeds. The average log decrements for the 
various speeds for the empty blade are given in Table 1. 


Loc-DECREMENT AVERAGES FOR Empty BLADE 
Speed, 
rpm 

Stationary 


TABLE 1 
Acceleration, 
ft/sec? 
Stationary 
39.4 X 10%... 
53.5 X 10¢... 
70.4 X 10¢.. 


Average log decrement 
0.057 
0.051 
0.056 
0.048 


7000 


The foregoing represents essentially the material and root 
damping. There was small variation of damping with maximum 
stress. 

The average log decrements for the various speeds for the wire- 
filled blade at maximum stress of 7000 psi are given in Table 2. 


2 Loag-DeEcREMENT AVERAGES FOR WIRE-FILLED 
BiabE At 7000 Pst Stress 
Speed, 
rpm 
Stationary 
. 4000 
6000 
7000 
8000 


TABLE 


Acceleration, 
ft/sec? 
ationary 


Average log decrement 


0.50 
0.95 
0.90 
0.98 
0.92 


The average log decrements at a rotor speed of 8000 rpm for 
various maximum stresses are given in Table 3. 


TaBLeE 3 LoG-DEcREMENT AVERAGES AT Rotor SPEED oF 8000 
Rem ror Varrous MaximuM STRESSES 


Maximum stress, psi Average log decrement 


It is to be noted that the stress (tip deflection) log-decrement 
variation is contrary to that predicted by Expression [27]. In 
this series of tests the readings under the same conditions varied 
as much as 40 per cent. The reason for this discrepancy was not 
evident. In view of this, the results of this series of tests are to be 
viewed from a qualitative sense and only show orders of damping 
possible. In every case, with the wire insert, and when rotating, 
the logarithmic damping exceeded 66 per cent, which is most 
significant when compared to the empty-blade damping measured 
of 6 per cent. 

Calculations show that for the speeds run, stresses measured, 
and at the 3-deg lean angle, the wires should have remained 
against the side of the blade and rotating-type damping should 
have been acting. For the 5000 to 10,000-psi stress range at 8000 
rpm the calculated log-decrement damping is critical damping to 
50 per cent, respectively. 

The agreement of theory and test is in order of magnitude only. 
A more consistent reproducible set of data on this phase of testing 
is needed. The over-all importance of the results of these series 
of tests is that they show that high damping may be obtained 
under near normally encountered accelerations and near the stall 
speeds normally encountered in jet engines. 

Additional Remarks. High-speed moving pictures of wires in 
a vibratory blade which had its end open, exposing the ends of 
the wire, showed the rubbing, squeezing, and unsqueezing action 
of the wires to be taking place. 
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CONCLUSIONS AND RECOMMENDATIONS 


These series of tests have shown that a device for alleviating 
the high vibratory stresses set up in blades by such phenomena as 
stall flutter and rotating stall is available in the form of a wire 
damper. The use of wires as the means for damping is not limited 
to blades alone, but may be used in other vibrating components. 

In order to understand this device better, more refined experi- 
mentation is required to obtain more consistent data in the high- 
rotating-speed damping ability of blades so as better to check 
the correlation to the theory herein developed, or to indicate the 
path to another theory. 

Laboratory testing of the effect of wire diameter and material 
of the wire on damping ability should be carried out. 


Appendix 


Relationship Showing Angle of Lean at Which Wires Can Vibrate 
Freely From the Side of a Blade When in a Centrifugal-Force Field 
Let 


a, = acceleration normal to blade due to vibratory motion 
a, = yo... [28] 


a@crn = acceleration normal to blade due to centripetal ac- 


celeration 
The angular relations for small angles are seen to be, from Fig. 6 


i= ————.. [29] 
Y"*Rax [29] 


[30] 


Y-@a . [31] 


No motion of wires will occur when 


a, < acFN 


+ i Or 
Yw ~ Xx LF 4 2 


Where {2 is the rotating speed. This can be written as 


... [33] 


22 . 
y¥, < aR — (using largest y). 
w? 


Comparison of (Ay/y), (Ay/y)g and Log Decrement 

In obtaining (Ay/y) in the analysis, the term (AK)? was 
neglected as a second-order term. For large values of damping 
this leads to an appreciable error. Keeping this term leads to a 
true value (Ay/y)g in terms of the approximate (Ay/y). 
Equating Energies 


AT = AW 


1 1 
_ my;*w? — _ my2*u?...... [34] 


1 
AT = Qty? — (y: — Ay)?] [35] 


1 If (Ay)? is neglected we obtain 


mw Ay)y = AW.... 
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Then 
Ay AW 


y my%w? 


2 Considering (Ay)? we have 


- 


2AW 
+ =U 


2 
muw?* 


F 2AW 
Ay=ysr|y’?- - 
mw 
A; 
( ) =jJ+ E 
¥ * 


and using Equation [37] 


@),-14[:- 


It is known that (Ay/y)g = O for (Ay /y) = 0, whereupon the 
Also it is noted that only values of 


¥ 


from which 


minus sign is retained. 
(Ay/y) < 0.5 have meaning, so 


(*) " 
U/E 
The log decrement is defined as 


Vv . 
log = 0 
yn 


5 = log - a A 


4 


Letting g = (Ay/y) and expanding the foregoing in a series 


46) 


for ( Ay u <1 


Thus for small damping, the log decrement is equal to 


A Y . 
0 


/ 





Bending Frequency of a Rotating 
Cantilever Beam 


By M. J. SCHILHANSL,' PROVIDENCE, R. I. 


The stiffening effect of the centrifugal forces on the 
first-mode bending frequency of a rotating cantilever 
beam of uniform cross section is investigated by means of 
the method of successive approximations. It depends 
upon the angle made by the minor axis of inertia with the 
direction of the circumferential velocity. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


radial co-ordinate 
tangential co-ordinate 
axial co-ordinate 
axis of the minor moment of inertia J mi: 
angle made by y and e-axes 
deflection perpendicular to axis e 
radius of hub 
length of beam 
cross section of beam 
= specific weight of material of which blade is made 
acceleration of gravity 
modulus of elasticity 
angular velocity 
bending frequency of rotating beam 
bending frequency of nonrotating beam 
time 
bending moment 
dimensioniess abscissa 
ratio of hub radius to blade length 


f(x) > =dimensionless deflection 


4 


,=minor moment of inertia 


INTRODUCTION 

The following investigation on vibrations of a blade of an 
axial-flow turbomachine is a contribution to the so-called classical 
theory of natural frequencies of spring-mass systems, in which a 
time-wise variation of the forces exerted by the flow is not ac- 
counted for as it is in the flutter theory. It is restricted to the 
analysis of pure bending. This means that the shear center of 
each cross section is assumed to coincide with the center of gravity 
and that the torsional rigidity is very high. If, in addition to that, 
it is assumed that the length Z of the blade in the radial direction 
is large compared with the chord of the blade sections, the blade 
can be considered as a beam. Furthermore, it will be assumed 


1 Professor of Engineering, Brown University. 

Contributed by the Applied Mechanics Division and presented at 
the Fall Meeting, Hartford, Conn., September 23-25, 1957, of Tue 
AMERICAN Society or MecHANicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
Manuscript received by ASME Applied Mechanics 
Paper No. 57—F-6. 


of the Society. 
Division, January 4, 1957. 
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Fic. 1 CantiLtever Beam AttacHep To a Hus 


that the major moment of inertia Zmax is much larger than the minor 
moment of inertia Jmin; thus the deflection perpendicular to the 
major principal axis of inertia can be neglected. Finally, it will 
be assumed that the blade is not twisted; thus the angle y made 
by the minor principal axis of inertia with the direction of the 
circumferential velocity is a constant; see Fig. 1. 

The gosi of the following investigation is to find the effect of 
this angle ¥ on the first-mode bending frequency of the rotat- 
ingbeam. Thiseffectis not negligibly small. The bending fre- 
quency v of the rotating beam is usually brought into relation 
with the bending frequency v=o of the nonrotating beam and 
the angular velocity by 


vy? = Yo=gr + Gw* 


The factor ¢ is a function of the ratio of the hub radius to the 
blade length and of the angle W as shown in Fig. 2. 

For simplicity, it is assumed that F and 7 are constant. This, 
however, is not an essential assumption. If F and / are functions 
of z or &, the amount of computing work is larger than for F’ and 
I independent of z. 
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COEFFICIENT ¢ 


- 
e 


HUB RADIUS/BLADE LENGTH 


er /L 
F 1 


2 3 4 5 rt 


Fie. 2 Coerricient ¢ a8 Function or Ratio or Hus Rapivs ri 
IL 


To Brave Lenora L ror Two Extreme Setrrine ANGLES ¥ 
Tue DirFeERENTIAL EQuaATION 


The centrifugal force dC exerted by a mass element of the radial 
length dz located at the abscissa z is 


If the deflection of the beam at any time ¢ is f(z, t), the radial 
and tangential components of dC are 


dC, cs ac| = (2 nom *"] . 
rte ; 


; f(z, t) sin 
and dt, i( 
r+2 
Obviously, dC, can be equated to dC without any appreciable 
error. The components C, and C, applied at the abscissa z follow 


by integrating from z = z tor = Lasto 


yw? . 1 | 
I (L—- + — (L? — z? 
; E z 9 z*) 


and 


The component C, has a moment arm df(z, t) with respect to 
The component C, has a moment arm dz 
Thus the moment dM 


the abscissa (r — dr) 
with respect to the abscissa (x — dz). 
about the minor principal axis of inertia is 


dM = C,df(z, t) — C, sin pdz 


The component C, is small compared with the component C, 
and the moment arm d/(z, t) is small compared to dz; thus both 


moments are of the same order of magnitude. It does not seem 


29 


to be permissible to neglect the second term on the right-hand side 
of Equation [6] in spite of the fact that it is done in several in- 
vestigations. 

By introducing Equations [4] and [5] into Equation [6] and by 
differentiating partially with respect to dz, it follows that 


OM 2 o*f(z, t 
- = = F J r(L —2z) 4 (L? -2| Ke 
or? g oz? 


9 
- 


of(z, t) 
or 


—(r,+2 + sin? y f(z, pb. [7] 

The second derivative of the moment M with respect to the 
abscissa z can be comprehended as a lateral load depending upon 
the centrifugal effect 

The differential equation of a nonrotating beam is 

o*f(z, t F d*f(z, t) 
EI + oS we.. 
ort 9g ol? 

In the 

must be 


where the second term represents d’Alembert’s forces. 
case of the rotating beam, the lateral load —(0?4/)/(Oz? 


added. Thus with] = const 
o*f(z, t) be Jf Of(z,t 


EI F< 


ort g \ ot? 


1 
+ wtf] rat -2z)+- 
2 


(LA — gs? ] off z,¢ 
ox? 


'* 
+ f(z, t) sin? ¥ ( 


Let 
f(z, t’ = f(z) sin vt.. 
Thence with the dimensionless co-ordinates 
d‘n(£) 
a - = 
di 
d*n(&) 
dg? 
dn(&) 


dé [11] 


+ 9 © + (8) sinryb> 


Tue So_ution 


If the elastic line n(£) were known, it would be possible to in- 
troduce the function »(£) into the right side of Equation [11], to 
integrate four times with respect to £, and to satisfy the boundary 
conditions. The function 7(£) obtained by this procedure must 
be equal to the function »(£) introduced into the right side. 
Then the frequency v can be calculated from the equality 9(£) 
= (£) 

If only an approximate function mo(£) is known, the procedure 
just described yields a function 7,(¢) which is closer to the actual 
elastic line than mo(£), and a frequency v which is the closer to the 
actual frequency the better the approximation mo(£). The proce- 
dure must be iterated until the (m + 1)th approximation agrees 
with the nth approximation. 

As a first approximation, the function 

nol) = ve [12] 
will be selected. It satisfies the geometrical boundary condi- 
tions—clamping in at one end—but not the dynamical boundary 
conditions—no bending moments and no shear forces at the other 
end. 

Introducing Equation [12] into Equation [11] yields 
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d‘nay( FL,‘ 
ae “ eo { vq@)2? + w? [(&2 sin? y _ 3¢ +1) 


+ 2p,(1 — 2&))}} [13] 


By integrating and satisfying the boundary conditions 


dn 
dé 
dna) -0 | 
de 


at & =0: na =O and = 0 
L: dd?) 


_ and 
dg? 


= 0 


it follows that 


YFL4 { v0)? 

gEI \ 360 
sin) 2 
360 ~ ™ 

1 1 


{ 
(gf —; 5£2) + (5&4 — 2&* — 10E?) |e... [15] 
120 °° gg PCE" — 26 . | 


nal) = (€§ — 20% + 45£?) 


The best agreement of the elastic lines mo(&) and m(£) is reached 
by the requirement that 


1 1 
fi, nolGide = fp nacende 


Thence 
1 yFL* 4 71 

= — { —— po? 
3 gEI \2520 
29 
840 


71 
— sin? wy — 
7 FE ais 


Solving for the first approximation v,o,? yields 


2520 gEI 
v = <a = 
° 213 FL‘ 
eae (2)(2520) 
+ w* — 


ae [18] 
(71)(45) 


a ; — sin? 
(840)(71) " sd | 
The first term on the right side of Equation [18] is the square of 
the frequency of the nonrotating blade v, «o(o).. With the abbre- 
viation 


= 1.225 + 1.577p; — sin? y........... [19] 


Equation [18] can be written as 
Vio)? = Vo=o(0)? + O% 


For the purpose of iteration, Equation [18] must be introduced 
into Equation [15] and then the function (£) into the right 
side of Equation [11]. It is self-evident that now terms with 
w* appear. Provided that w is small compared with v,, =o, the 
terms with w* may be neglected. Then it follows that 
een a, fee 
136,623 FL‘ 45,541 

(1,686,960 )(1619) 


Ps (38 340)(45,541) 


va)? = 


Vay? = Po =o(1)? + Gayo? 
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¢a)y = 1.184 + 1.564p; — sin? y..... [23] 


The comparison of the first and second approximations of the 
frequency of the nonrotating blade with the result of a rigorous 
theory? shows 


Vw =0(0) is 2.17 per cent smaller than (v=o) rigorous 


Vo =o1) is 0.06 per cent smaller than (¥ <0) rigorous 


The comparison of the first and second approximations of the 
coefficient ¢ shows that the difference in the absolute term is 3.5 
per cent and in the factor of the ratio p,; of the hub radius to the 
blade length is merely 0.85 per cent. 

It might seem objectionable to use such a simple function as 
represented in Equation [12] for a first approximation, not because 
it docs not satisfy the dynamical boundary conditions, but be- 
cause the first and the second derivatives of this function appear 
on the right side of Equation [11]. The differences between 
the first or second derivatives of an approximate function and the 
first or second derivatives of the correct function are larger than 
the differences between the approximate and correct functions. 
Thus the error caused by these differences might be unbearably 
large. This error, however, is diminished in each subsequent step 
and disappears gradually in the same manner as the error caused 
by the fact that the dynamical boundary conditions are not 
satisfied by the first approximate function. The second approxi- 
mation )(&) satisfies all boundary conditions as Equations [14) 
The approximation no(£) = & would be really 
and £4) 
2 


and [15] show. 
a questionable choice if the discrepancies between go 
would be larger than the differences between v= (0)? and 
Vo =0(1)?. 

Of course, it is true that the first step already yields numerical 
values of v,=09 and ¢ which are very close to the truth, if all 
boundary conditions are satisfied at the first approximation. If 
the function 


> 
0 


is selected instead of Equation [12] it can be found that 


_ 1134 gE 
OL FL" 


1.558p, — sin? py 
This result agrees very well with the previous ones. 
CONCLUSION 


The stiffening effect of the centrifugal forces on the lowest 
bending frequency of a cantilever beam depends upon the ratio p, 
of the hub radius to the blade length, and upon the setting angle 
Ww made by the blade chord and the rotational velocity. The 
latter effect is more significant at lower ratios p,; as Fig. 2 shows. 
It cannot be discovered if the component C, of the centrifugal 
force is neglected. 

2See, for instance, “Vibration Problems in Engineering,’’ by 8. 
Timoshenko, D. Van Nostrand Company, Inc., New York, N. Y., 
third edition, 1955, pp. 326, 338; or Biezeno-Grammel, ‘Technische 
Dynamik,”’ first edition, Julius Springer, Berlin, Germany, 1939, p. 
745. 





An Approximate Analysis of Timoshenko 
Beams Under Dynamic Loads 


By B. 


An approximate method for the analysis of Timoshenko 
beams under impact is presented; it is based on a “‘travel- 
ing-wave” approach and on the principle of virtual work. 
Displacement functions are assumed in terms of several 
time-dependent parameters; the latter are found as the 
solution of a set of ordinary differential equations. Some 
of the characteristics of the propagation of disturbances 
are analyzed in the Appendix. Illustrative numerical re- 
sults pertaining to semi-infinite and finite beams also are 
presented. 


INTRODUCTION 


EVERAL exact solutions for the behavior of Timoshenko 
S beams under dynamic loads have appeared recently in the 

literature; these solutions have been derived with the aid of 
integral-transform techniques leading to results in terms of 
definite integrals. The numerical evaluation of these integrals 
must be performed separately for any particular values of the 
space and time co-ordinates and is therefore very cumbersome. 
In an attempt to circumvent these drawbacks an approximate 
theory was developed‘ on the basis of a traveling-wave approach 
and of the principle of virtual work. The basic theory presented 
there is of general validity; its application to specific examples 
was however restricted to a very short portion of the beam near 
the point of impact and to very short times because of the intro- 
duction of additional simplifying assumptions. A method of 
solution which is free of these shortcomings is described in this 
paper; its basic theoretical foundation is the same as that of 
Boley.‘ The method is described in general terms in the next 
section; some numerical examples, and comparisons with the cor- 
responding exact solutions, may be found later in the paper. 


Basic THEORY 


Let w = w(z, t) and w, = w,(z, 4) denote, respectively, the total 
displacement and that portion of it which is due to bending, at 
any distance z from the point of loading and ata time?t. Let L,(t) 
be the distance traveled along the beam by the disturbance caused 
by the loading in a time ¢; then L,(0) = 0 and 
1 The work reported here was part of a research project sponsored 
by the Office of Naval Research. 

2 Associate Professor of Civil 
Structures, Columbia University. 

* Research Assistant, Institute of Flight Structures, Columbia 
University. 

¢“*An Approximate Theory of Lateral Impact on Beams,” by 
B. A. Boley, JouRNAL oF AppLieD Mecuanics, Trans. ASME, vol. 
77, 1955, pp. 69-76. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 23, 1956. Paper No. 57—A-17. 
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w(z,t) = w,(z,t) = w,(z,t) =0 for x 2 L(t)...[1] 


The principle of virtual work then requires that the displacements 
w and w, satisfy the following relation for any arbitrary variations 
5w,’ and dw (for derivation see footnote‘ 


Zi(t) b — = ‘ 
" [(EIw,”)’ + (GA/N)\(w' — w, 


Li(t) ‘ : - e sani ates 
t 0 LI(GA N\w’ - w,’)]’ - pAw dw dx — 


plw,'”|dw,‘dx 


where primes and dots indicate differentiation with respect to x 
and t, respectively, N is the shear-strain-energy correction co- 
efficient, and the other symbols have the usual meanings. The 
differential equations of Timoshenko beams of nonuniform cross 
section and properties follow immediately from Equation [2] by 
setting each integrand equal to zero. The bending moment M, 
the shear force Q, the angular velocity w and the velocity » are as 
follows 


M(z, t) = —ElIw,” 


Q(z, t) —(GA/N)\(w’ — w,’) 


w(x, t) Ws 


’ 


v(z,t) = w 


The boundary conditions at the loading point z = O are 


(Elw,” + My)dw,’ = 0 
[4] 
((GA/N)(w’ — w,’) + Q)]éw = 0 


where M,(t) = M(0, t) and Q(t) = Q(0, t) are the applied moment 
and force, respectively. The boundary conditions at z = Z,(t) 
given by Equations [1] must be supplemented by the following 
requirement which arises from the variational formulation 


{{Li°(t)]? — 22} (w'/r)? [5] 


fe.? — [Li'(0)]2}(w,")? = 
with the notation 


c, = (E/p)'/*; co = [G/(pN)]'/; r = (1/A)'..... [5a] 


Equation [5] leads to the conclusion that the disturbance exhibits 
two wave fronts, traveling with velocities c, and ¢, respectively. 
It is therefore convenient to write 


w = w,(z, t) + wz, t) 


. [6] 


Ws, wy(z, t) + wylz, t 


where, from Equations [1] and [ 


UW, = Wy = Wy’ = atz =e... 


tl: = Wer = Whe’ = atz = 


Displacements with subscript 1 are zero for z > ct and those with 
subscript 2 for x > cot. 

The foregoing formulation suggests a method of solution con- 
sisting of the following steps: 


1 Assume expressions for the four functions w;, wa’, we, wee’ 





satisfying Equations [6a], [6b], and [4] in terms of several (say n) 
arbitrary parameters p,(t), ..., pi(t), ..., p,(t). Note that wy, 
does not appear in the integrands of Equation [2], but only its 
derivatives; it is therefore sufficient to work with the functions 
wy’ and wy’ rather than wy; and wy. 

In order to reduce the necessary number of these parameters, it 
was found desirable to choose the displacement functions so as to 
satisfy exactly, at the wave fronts, the governing differential 
equations, in addition to the requirements of Equations [6a] and 
[6b]. It is shown in the Appendix that the corresponding addi- 


tional conditions are 

(Elc;), ‘Va , 

0 °(0, 0) | -__—_— yor 
(ET cy) sme; 
(El /c;)z=0 |'” 

wa” 0,o)[ — A | Srekas ee 
{ El, Ci) gmeyt 
IGAce IN). t/y 

u,'(0, 0) = . ~ = aa 
GAcy N )rmegt 


(GA/Nez)ena 1/2 
na.01 ——-— 
(G A, N C2) zmegt 


These formulas prescribe the manner in which an initial jump in 
bending moment, angular velocity, shear force, and linear velocity, 
respectively, is propagated along the beam. For beams of uni- 
form properties and cross section the magnitude of these jumps at 
the appropriate wave fronts is then clearly unchanged. Note that 
the quantities w,,"(0, 0), wn’ (0, 0), we’(0, 0), and w2'(0, 0) ap- 
pearing in the foregoing are known in terms of the initial values of 
the applied moment M,(0), angular velocity wo(0), shear force Qo- 
(0), and velocity vo(0) because of the relations (see footnote‘ and 
Appendix) 


wes” (cyt, t) 


U'g (Col, t) 


—wy"(0,0) = [we' (0, 0)/a) = [wo(0)/e,]. . [Sa] 


—w2'(0, 0) = [ws'(0, 0)/ce] = [Q(0)N/GA] 


[M,(0)/El] = 


[vo(0)/c2].. . [8b] 
2 Substitute the assumed displacement functions in Equation 
[2] and perform the indicated operations. Note that in the re- 
gion of integration ext <2 < et the displacement with subscript 2 
is zero, and therefore Equations [6] reduce to w = w; and vw, = 
wy; all displacement functions must of course be taken into ac- 
count in the region 0 < z < ext. Note also that the quantity 


n 


bw = > (Qw/dp; dp, 
t=1 
and similarly for dw,’. The result of this step is of the form 


n 


ro F(t, Pi, Pi, Pr; ee 


1=1 


+» Pay Pn» Pn Op, = O..... [9a] 


Since the dp; quantities are arbitrary, Equation [9a] requires that 


F,=0, i=1,2,...,n.. [9b] 


3 Equations [9b] represent a system of n simultaneous second- 
order ordinary linear differential equations, which in general have 
variable coefficients. These equations must now be solved for the 
n parameters p,(t) under the condition that at ¢ = 0 the 
displacements conform with Equations [8] and be finite. 
The displacements, bending moment, and shear force now can be 
found readily by substitution in the appropriate equations. 


ILLUSTRATIVE EXAMPLES FOR SEMI-INFINITE BEAMS 


The method of solution just discussed will now be applied to a 
uniform semi-infinite beam (z > 0), under step inputs of velocity 
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and moment at z = 0. The end conditions, for ¢ > U, are then 
w(0, t) = vol | 

DS ecakuae (10) 
w,"(0, j= —(Mo El) ) 


where vp and Mo are prescribed constants. 
Step 1. 

satisfy the following conditions (see Equations [6], [7], and [8]) 
Atz =0 


Functions w, w2, wy,’, and wy.’ must be chosen so as to 


WT UU: = Vol 
[lla] 
* se” : 1 
Ui tte = 


wv = Wee’ = 

° ‘ 
We = —Col’s 
; , 

uv =v =u, = 


—(wy"/e,) = 


—(Mo/ED) | 


/ 


wy” = 


The following displacement functions were selected 


w(x, t) = a(t(z —et)?; OL tS 


we(z,l) = —(u/e2)(x — cot) — all 


= B(t)(x — ct)? — (M/E 


0< 


wee'(z, t) = —B(t)(er/c2)(x — cot)?; 


Note that two parameter functions, a and 8, are employed in the 
assumed deflections. 

Step 2. Substitution of Equations [12] 
the following result 


oT {GA a ce? a Vo 
SS 20-3) 
— pA [a (z — et)? — & ( 
— 44e,2 (1 - = ) It | att < ( “) 


C7 C1 


) — a2 — ent +8 . 
C2 


in Equation [2] gives 


. o es C) P 
+ 4Bt(ce,? — eee) + B(x — et)? — B — (2 — eat 
C2 


[ (2 — ct)? — > (r- oa | ia | dz 
L C2 
eit GA M, -_ 
+ f 4 (20+ Me) 5 13] (2 - ow)? 
eat ' N EI C 


ar F i 
-- | B+ ot (z= eat) 68 


+ ba J “ (20 + = — 2pAc,2a | (x — ot)® 
LN EI ; : 


2GA 
-- | vy B- spac (x — et)? — pAa(z — cat} [ae. 113 


Performing the indicated integrations, and setting the coefficients 
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of da and 68 equal to zero, one obtains the following two dif- 
ferential equations (corresponding to Equations [96] ) 


AR, + BR:t + (M,/EI)R; = 0 


T R, t R,Ar t (Ve C) Rs 


+ (Mo/EDR:t = 0 | 


Ihe unknowns @ and 8 appear in these equations in the nondi- 
mensional forms 
B(r) = r28(t). [14a] 


A(t) = ra(t 


The independent variable, time, is represented nondimensionally 


by the quantity 
(146) 
where r = (J/A)/* is the radius of gyration of the beam cross 
section. Dots represent here differentiation with respect to T. 
The constants R,; are functions of the ratio R of the speeds of 
propagation ¢, and c; and are defined later. The numerical values 
listed in brackets are those corresponding to N = 1.2andG/E = 
s (i.e., Poisson’s ratio y = 1/3); all numerical results presented 
in this paper were obtained on this basis 


5/4 = 0.559017] 


6.386841] 


0.781250) 


6.208882) 
= [—0.315648] 


= [1.431564] 


34+ 3R R*)R? 


= |+0.639920) 
13 — 7R? + R) 


The solution of Equations [14] must now be obtained under 
the initial conditions that A(0), A(0), B(O), and B(O)be finite, and 
an therefore be expressed in terms of series of non-negative 
powers of T. 


= : 
S* ari; Br) = > b,ré .. [15] 
— 


i=0 1=0 


Let then A(T) = 


After substitution into Equations [14], the coefficients of each 


power of tT may be equated to give the coefficients a; and 6, in the 
following form 


(EI/Mo)ag = —(R:/Ri) = —(R?/2)/(1 — R?) 


, = —(Re/Ry) = —(R*/2)/(1 — R2) 


EI/M,)b; = —[Rr + Ry(aoFI/Mo)}/(Ry + 5) 


ai? + 4i+R,) +64R2 = 0 for i = 1,2,3,... 


4. + Ry) 


T b; oR? 


b,(a2 4 


+a-iR, =0 for i = 2,3,4,. 


Numerical calculations can be carried out without difficulty from 


Equations 15a] and [l4c] for V = 1.2 and pv 


are as follows 


A(t 


0.227273 0.213666 * 10~?r? 


= (M,/EI 


0.112128 K 10~‘*r* —O0.386844 & 10~7r® 
X 10-78 - 
0.218978 X 10 
0.194933 & 10 


0.801101 &K 10 


0.163555 K 10~-'*r* 


0.230232 K 107 '8r'4 


0.929803 
15712 - 
2i7ié — () 136678 X 10 
- 0.395601 * 107-722 


34724 


247 8 
2b7 20 
+ 0.167796 X 10 
¢:)| —0.155932 *K 10-'7r 0.103046 
x 10 0.124470 K 10-87? 
0.254532 & 10 0.388916 * 10 
0.459826 X 10 0.432620 * 10 
0.331333 & 107-*57)7 + 0.210479 & 10 
— 0.112656 XK 10 


0.435198 srs + 
lly? 4 


7713 4 
2721 


= (M,/EI 0.550943 * 10 

— 0.328721 XK 10~5ré 
0.306462 * 10 
0.761458 X& 10 

— 0.698817 & 10-*r!? 4 

— 0.292877 K 10-7?! + 0.145703 &K 10-*'r?3 
-~ 0.621896 K 10~%r% 

+ 0.361229 & 10-*r? 

+ 0.132853 & 10-¢r 

0.853186 &K 10727 
0.161357 & 107-"r'4 
0.119454 & 10~*5r'8 
0.413453 X 10-72? . 


[—0.502866  10~'!r 
0.121856 & 10~?r’ 
0.556063 &K 10 
0.814383 K 107!%r' 
0.498746 & 10-%r!9 


1079 


16713 4 


[ —0.227273 
0.286252 K 10~‘r4 
— 0.401995 & 10~%r® 
0.133835 &K 107'47r!? 4+ 
— 0.154115 X 10 
— 0.766256 & 10~-?’r* 


l ‘ 


27 16 
16h 


Four series appear in Equations [16]; their convergence is 
quite rapid for 0 < r < 5 approximately, and becomes slower as rT 
increases. For an accurate third significant figure, for example, 


10 requires about 8 terms, while r = 20 requires approxi- 


T= 
mately all the terms listed 


terms should be computed; the behavior of the solution in this 


For larger values of rt additional 


case, however, may be studied as described later. 
Numerical results showing the behavior of semi-infinite beams 


at comparatively short times are presented in Figs. 1, 2, 3, and 4 
The loading conditions for these examples were chosen so as to 


permit a direct comparison with the pertinent exact results*; for 


convenience, these are reproduced in the figures. It may be 
seen that, although only two parameters were used, good agree- 
ment between the exact and the present approximate solution is 
obtained in Figs. 1 and 2. The agreement in Fig. 3 is less satisfac- 
tory, principally because the assumed deflections constrain the 
bending-moment distribution to be composed exclusively of 
straight-line segments. No exact results were available for com- 
parison with Fig. 4. 

Note that an additional check on the accuracy of the present 
solution may be obtained without reference to an exact solution, 
by making use of the reciprocal relations discussed previously.' 
Thus the variation of the velocity due to an applied end moment 
(with » = 0) should be the same as that of the moment due to an 
applied end velocity (with M@ = 0); the curves in Fig. 1 showing 
these variations are in fact quite close. 

It is of interest to note that considerably less computational 

* ‘Some Solutions of the Timoshenko-Beam Equations,”’ by B. A 


Boley and Chi-Chang Chao, Jovurnat or ApplieD MecHANICS, 
Trans. ASME, vol. 77, 1955, pp. 579-586. 
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Beam, 
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Fic. 1 Variation ALONG «a Semt-INFINitt 
Vetocity Dur To aN AppLiep ENp MomeENT 
MomeENT Dve To aN AppLiep ENb VeLociry 


} 


A 
V/ 
-_ V 
BeAM, AT + 
With MV 


4 Semi-INFINITE 
Enp VELOCITY 


ALONG 
APPLIED 


VARIATION 
DvE TO AN 


Fic. 2 
VELOCITY 
labor is required to obtain the present results than the exact 
ones... Roughly speaking, one may perhaps state that the work 
necessary to obtain only one exact point on a curve such as that 
of Fig. 1 will give the entire approximate curve by the present 
method. 

The behavior of the coefficients a, and 6; for large 7, 
needed for analyses at long times, may be determined on the 


Ww hich Is 


basis of Equations [15a], in the following manner: For simplicity, 
consider the case of WM, = 0; then all even a; and all odd },; are 
The coefficient 6) is the same as before, and the remaining 


zero. 
15a 9 


coefficients are obtained from the last two equations of Set 


which may be simplified as follows 


hoR 


For large i, these equations can clearly be approximated by 


faoj4(t + 1/4 + 2) + Robo = O 
[17a] 
: 


4bos(2 + 1)? + bok? = O 


The second of these gives 
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PRESENT SOL 
=—-== EXACT SOL 


Beam, AT r = 5, OF 


VARIATION ALONG «A Semi-INFINiIT# i 
WITH vo = 0 


Moment Due To AN APPLIED END Moment 


Fic. 3 
BENDING 


Fic. 4 VAaRIaTion ALONG 
DispLaceMENT Due TO AN Appltiep ENp 


Semi-InFinite Beam, aT +t 
Moment (WitH 


this ratio equals 1843.2, and agrees 
ith the 1853.3, ot 


For = |1, for 


aout per cent 


example, 
within correct value of 
tained from Equation [164]. Recalling now the series expansior 
Jessel function of order zero, one ma write 


for the 


integer 


ficiently large (and NV = 11 has been seen to be satisfactory 


which is identical with Equation [176]. For any 


may then write 


The function B(7t) may now be written as 


[Sec 


Approximating the second summation in accordance with Equ i- 
tion [18], adding and subtracting the quantity 
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the following ap- 


Equation [18] is very convenient for purposes of numerica 


Similar results may be 


Ib 


putations obtained for the other s¢ 


of Equations t 
the Timoshenko beam « quation 


of J 


oscillations approaches, for long times 


The oscillatory nature of the 


exact 


s is clearly shown by the 


in Equation [18d Furthermore, the period 7° of 


name] 7 


the 


he period of thickness-s 


| imoshe nh o the or 
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Finrre-BeamM EXAMPLES 


Solutions for simply supported finite beat 


by 
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to the method of images.* 
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Appendix 


DERIVATION OF EQuATIONS [7] AND [8 


spect to time 
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th 


total differentiat 


ave fronts moving with veloci 


2, respectivel is for any function F(z, ¢ 


hex 
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rations |S! follow immediate! 


tions 14 


nd from Relations [6a], [66 


The additional conditions of Equations 
those pertaining to the wave front moving 


now derived At this wave front 


ty 
Dw 


nd the differential equation 


Fo 


corresponding to 
ition [2], combined with | quation |6a 


Ely pl 


Elimination of from Equations 


El /e,)Dw = (El 


Note 


wW 


that FE] isa 


front D,2u 


function of z alone. The condition 


ave = () reduces to 


Di Dy dD Ve,/El Dw 


VD 


E]|)ND\M 


0) 


El 
With the expression for Dw given by Equation 
lowing differential equation is obtained 


DM I 
Ff 2 


D(e,/El 
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Integration of tlus equation gives the re lation between the 
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applied bending moment ./,(0) and the bending moment M(cit, ¢ 
at any position of the wave front moving with velocity ¢ as 


M(ceit, t (EI /c:)sme,e |'/* 

M,\(O0 (EI /ci)sq0 
From D,w,,;' = 0 at x = et and from Equation [26a] it follows 
that 


{26a} 


acyl, l 


M,(0) 
3 M(cit, t) 


- [265] 
w(0 sta 


[7b] follow directly from Equations [26a] 


t 


Relations [7a] and 
and [26)], respectively, with the aid of Equations [3]. 
and [7d], pertaining to the 


The derivation of Equations [7c] 
wave front moving with a velocity c, is carried out in a manner 
analogous to that just outlined for Equations [7a] and [7)]. At 
this wave front 

(97) 


Daw, = Ws" Ce + te” 


and the differential equation corresponding to the second integral 
in Equation [2], combined with Equations [66], requires that 


Q:’ + pAw:” = 0; Q = —(GA/N)w2’ [28] 


Elimination of w,"" from Equations [27] and [28] gives 


(GA/Ne2)Dowe = —DQe.. 


Note that (GA/N) is a function of z alone. The condition the 


this wave front D,*w, = 0 reduces to 
DA Dav) = D,f{ — Qo Neo/GA 
= Dye — (Ne2/GA)D2Q2 — Q2Do Ne2/GA). . [30] 


+ ws | 


With the expression for D.ws° given by Equation [29], the follow- 
ing differential equation is obtained 
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D.( Ne2/GA) 
(Ne2/GA 


DQ: a 1 


Qe 2 


Integration of this equation gives the relation between the initial 
applied shear force Q,(O0) and the shear force Qoe(c2t, t) carried 
by the wave which travels with a velocity c, as 


(GA/Ne2) set 1/2 
~ L (GA/Nes) sm 


Note that the denominator of the left-hand side is obtained from 


Qe( cot, 0) 
Q,(0 


[Sla 


the relation 


r~t=—0 


[31b) 


Q(0) = Q(0,0) = 


—(GA/N)(w,;' + w,’ Ws)’ Wp2 


Q.(0, 0 


= —(GAw,' N rot) = 


From Daw, = 0 at x = et and from Equation [31a] it follows 
that 
Qo(0 


Relations [7c] and [7d] follow directly from Equations [3la] : 
[3lc], respectively, with the aid of Equations [3)}. 

Relation [3la], [3lce], or 
7], which describes the variation of certain quantities along the 
studying 


such as Equations [26a], [26], 


appropriate wave fronts, is usually derived either by 
the properties of the governing differential equations by the 
method of characteristics,’ or by investigating the nature of the 
solution of these differential equations in the transformed do- 
main.’ It is interesting to note they were derived here from con- 
siderations arising entirely from the principle of virtual work and 
from the kinematic conditions [6]. Furthermore, the present 
derivation emphasizes the phy sical aspects of the propagation 
of disturbances, 








Bending of an Elastically Restrained 
Circular Plate Under Normal 
Loading Over a Sector 


by W. A. 


The complex variable method is used to find the deflec- 
tion, bending and twisting moments, and shearing forces 
at any point of a thin circular plate normally loaded over 
a sector and supported at its edge under a general boundary 
condition including the usual clamped and simply sup- 
ported boundaries. In this way separate treatments for 
these two cases are avoided and a single treatment is 


available. 


NOMENCLATURE 
enclature is used in the paper: 


= boundary of plate 

deflection of plate in Z-direction 

flexural rigidity 

transverse load intensity 

thickness of plate 

ares of orthogonal curves in mid-plane 
of plate 

bending moments per unit length of 
sections of a plate perpendicular to 
n and s-directions 

twisting moment per unit length of : 
section of a plate perpendicular to n- 
direction 

shearing force parallel to Z-axis per unit 
length of section of a plate perpen- 
dicular to n-direction 

Q, — OM,,/0s = intensity of vertical 
reaction at boundary of plate per 
unit length of arc 

curvatures of mid-surface of plate 


x iy = complex variable in mid- 


plane of plate 
radius of circular plate 


2/¢ 


polar co-ordinates in mid-plane of 
plate 

r/c 

ratio between bending moments at any 


point on C = M,/M, 
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= Poisson’s ratio 
—m/(l+n 
= restraining parameter defining the type 
of constraint at boundary of plate 
= (uw — 1)B/(u + 1) 
= (1+A)/11 — A) = (Hh + 9)K(1 + wn) 
= positive integers, s’ = s + 2 
‘; = dimensionless quantities defining de- 
flection, bending and twisting mo- 
ments, shearing forces, and vertical 
reaction at any point of plate 


= (1 


Other symbols are defined in the text 


INTRODUCTION 


Methods of complex-function theory to solve boundary-value 
problems of two-dimensional elasticity were introduced originally 
by Kolossoff and developed later by him in collaboration with 
Muskhelishvili (1). These methods were then applied to iso- 
tropic and anisotropic plate problems by Lechnitzky, Sherman, 
Stevenson, Lurie, Morris, and several others. An English ex- 
position of Lechnitzky’s results is given in Sokolnikoff’s notes (3). 

A general form of the boundary condition defining certain types 
of constraint at the boundary of a thin plate has been introduced 
by the authors (4). This assumes the constancy of the ratio be- 
tween the boundary bending moments ,, M,, and has the ad- 
vantage of including the usual clamped and hinged boundaries as 
well as other special cases. The introduction of this boundary 
condition is of practical importance since neither rigidly clamped 
nor simply supported conditions can be realized exactly under 
actual physical conditions, and thus any case met in practice must 
lie somewhere between these two limiting cases. A short account 
of this boundary condition will be given in this paper. 

Solutions of the problems of thin circular plates bent by uni- 
formly distributed normal pressures or concentrated loads have 
been known for a long time (5, 6). When the plate.is concen- 
trically and symmetrically loaded the solutions also are found 
easily, but the problem of a thin circular plate under an arbitrary 
distribution of normal thrust has not received much attention. 
It is clear that this problem is not without practical interest since 
we may have various nonuniform distribution of thrusts at points 
of contact when heavy bodies of different shapes are placed on the 
plate. For nonsymmetrical loadings there are the solutions of 
Fliigge (7) for a linearly varying load over the whole simply sup- 
ported circular plate and of Schmidt (8) for a clamped circular 
plate uniformly loaded over an eccentric circle. The complex- 
variable method was applied by the authors (4) to obtain solu- 
tions for a circular plate with an eccentric circular patch sym- 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

4 References to the work of some of these authors and others are 
given at the end of (1). Other references for aeolotropic and iso- 
tropic materials are given in (2 


5 Reference (5), p. 68 





metrically loaded with respect to its center and subjected to the 


general boundary condition introduced. The authors (9) also 


. . . - cos ) 
found the solutions for loading of the type por™ n@ over the 
sin 


whole plate or over a concentric circle under the same boundary 
condition. A summary of these solutions when the load is dis- 
tributed over the complete plate will be given in this paper. By 
the principle of superposition we can thus obtain the solution 
corresponding to any loading over the whole plate, which can be 
expressed as the sum of a finite or infinite number of terms such 
cos 
as por™ ” nO. In this paper we use this method to obtain the 
solution for a circular plate under the boundary condition men- 
tioned before (4) and normally loaded over a sector. Expressions 
for the bending and twisting moments, the shearing forces, and 
vertical reaction at any point on the boundary and at the cen- 
ter of the plate are obtained. We also give tables for the 
numerical valnes of the deflections at 
diameter of symmetry of the plate and for the bending moments, 


various points on the 
shearing forces, and vertical reaction at one end of this diameter. 
All these values were calculated for different types of boundary 
constraint and various angles of the loaded sector in the case of 
a uniform load over the sector, and curves showing these results 
ure given. 
PRELIMINARY RESULTS 

Consider an isotropic homogeneous thin plate of thickness h 
and flexural rigidity D, bounded by a closed curve C. The trans- 
verse displacement w, measured positively downward, of the 


10 


middle surface of the plate at any point z = rz + iy = re” satis- 


fies the biharmonic equation 


DVtw = 
Ww here 
o? ra) 0? l & 0? 


vVe= — 4 ” 
or? ’ - OV r? of? Oz02 


and PU, 0) is the transverse load intensity at the point (r, @). 


The general solution of Equation [1] may be represented in 
terms of two analytic functions ¢(z), ¥(z) of the complex variable 


: and a particular integral W(z, z 


w = 36(z) + 26(2) + Wz) + WE Wz, 


where bars are used to denote conjugate complex quantities. 

If s and n are arcs of orthogonal curves in the mid-plane of the 
plate, then the bending and twisting moments per unit length 
M,, M,, M,,, and the shearing forces Q,, Q, per unit length at any 
point z may conveniently be expressed (10, 11) in terms of w as 
follows' 

O*w 
11 + )D 
Oz02 


1 + UI DV *u 


11 — n)De 


re) 0 
= —/j) ( = ) Vw 
On Os 


€ The relations between the notations used here and those of A 


1 ¢. 


Stevenson (10, 11) are M, = —hA ns, M, = h.sn, Mans = h ss = 

h.rn; Qn = —h.nZ, Q, = 
plate. Notice that in Stevenson's work 
upward and 2h is the thickness of the plate. 


—~h sZ. h being the thickness of the 
is measured positively 


JOURNAL OF APPLIED MECHANICS 
where @ is the angle which the normal » at the point considered 
makes with the z-axis, and 7 is Poisson's ratio. Using Equations 
1.18}—[1.23] of Stevenson’ and noticing the difference in notation 


we easily find 


M.+M, = 


v here 


cr = 
Os 


Equating the real and imaginary parts of Equa 


tain 


now reduce to the 
rs 


Equations [4] and [6] 


co-ordinates.’ Substituting from in 


r 


nib |? 


where the accents on @, 


spect to 2 


GENERAL BOUNDARY CONDITION 


The boundary conditions used in this paper were discussed by 
the authors in a previous paper (4), but it is helpful to give here a 
tained in a 


short account of these conditions as thev were o 


different notation and as we need to refer to them frequently 
We shall assume that the plate iss ipported so that w = 0 along 
C and we take the second boundary condition along C as 


V./M, = const, MM Sa\ 


and hence 
(M, 
Since w = 0 along C, we have 


11), pp. 107, 108. 


eference (5), p. 259. 


Reference 
5 R 
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along ¢ 


Substit 


al 


LAR PLate UNpbER GENERAL Lo 
PLATE 


ur 


Let C denote the indary of a thin cir 
ind radius ¢ & the normal load intensity 
We assume that p 


inhnite number ol! terms 


point 


nO an tusd nine the particular integ 
sin 
, 2) and the analytic functions @(z), (2) corresponding 
load por*~? cos nO, (s > 2) distributed over the entir 
for the sake of later convenience we have written s 


! Solutions corresponding to the load per sin 


obtained by putting 7/2n 6 inste 
With the abbreviations s+ dé,l 2/C, p 
ticular integral W(z, 2), the analytic functions @, y, and def 


given by (9 


2p* log p 


where primes m¢ erivatives with respect to z 
: . : = 2" + 2°’ log t 
It is now easily seen from Equations [15], [16], and [18] that 
the boundary C is cl impe d or simply supporte d according as the 


imeter A eq tals 1 or 3, resp ctive ly ForA =8 


restraining pit 

M. = 0, and for A = 0 we have M, + M, =0 
Along a circular boundary of radius c, subjected to the Bound- 

arv Condition [9), Equations [15], [18] 19], and [20] give : “ ; + 2 log p 


ou 197 
2% 


where the principal value of the function log ¢ is taken It can 
be checked easily that the Solutions [23], [25], and [27] satisfy 
the biharmonic Equation [1] corresponding to the loadings 
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por*~? cos nO, por*-* cos sO, and por** cos s’8; and also satisfy 
the boundary conditions w = 0 and Equation [21a] along C. 

Substituting from Equations [23], [25], and [27] in [210], [21c] 
and using Equation [8c] we find that, for the load por*~* cos n@ 
over the entire plate, the bending and twisting moments and the 
shearing forces at any point on the boundary are given by 
; M, ace Me ~~ Mv 
(n — v) cos nO (1 — nv) cos né ~ n(l — n) sin né 

Qe 


n(v — 1) sin n@ (n + s)\(n + 8’)(2n + v + 1) 


Poc* 
rant 
[28] 


while the intensity of the vertical reaction on the boundary is 
1 OM, 
Q- = 
c 06 
poc*-! cos nO n(n — nn +v —1) 
melee RET Ta + 7 oe 


n+s n + 8’)(2n +v +1) 


[9Qg] 


2 


CrrcutaR PLaTE UNDER Norma LoapinG Over a SECTOR 

Let us now find the small deflection w of a thin circular plate 
with center O, radius c, and boundary C when it is subjected to the 
boundary conditions w = 0 and the Condition [9] along C, and is 
acted upon by the load whose normal intensity is 
p(r, 8) = por’? cos k, s > 2 


| 
s 
over the sector —a < 6 < a 


p(r, 8) = 0 over the rest of the plate 


where s and k are positive integers. The solution corresponding 
to the load intensity por*~* sin k@ over the sector can then be ob- 
tained by changing 6 to 7/2k — 6. 

For reasons of symmetry it is sufficient to obtain the solution in 
regions 1 and 2 defined by 0 < 8 < a, a< 6 < =, respectively, 





Fig. 1. It can be shown easily that the function p(r, #) defined by 
Equations [30] has the Fourier series expansion 


1 be) 
- por*~? E + 2 Doan cos no | 


n=1 


P(r, 8) = 
where 
ie 

k , 


sin (n + ka 
n+k 


sin (n — k)a@ 


Gor #Onk 


n—k 
and hence 
sin na 


do = a, an = 


n 

\pplying the principle of superposition we see, using Equa- 
tions [22]-[27], that for the supported circular plate loaded as in 
Equation [30] and subjected to the Boundary Condition [9] 
we have 


Po ? sin ka 


W = + 4r°/S*(1, 0) 


2xD ks*s’? 
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a, 
—_ 22(z* log 7? + 2* log ¢) 


’ 


4s(s + 8s’) 


a g 7 r © 
is (z*’ log ? + &’ log » | . [33a] 


» 4s'(s + s’) a 


+ N*(t) — P,,’"(t) 


Pot*z E — sX\) sin ka 
o=- 


27D 4ks's? 


+ 


is(s + 


sin k@ 


pect’ | (s’ +2—s'd 
27D 4kss"? 


pect’ | sinka fl 
aD | ks*s’? (4 - 


a la ltl Dl 
r p*P, Pp, 6 rs ri . Pp, 7) 


jl —2logp 1+21 
) a,, cos s6 + 
$s 


where 


N*(t) 


= Re S*(i 


and the prime on means that the terms corresponding to n 
orn = s’ or both are not included in the summation 
We shall now study in more details the case k = 0, ie., 


7 , 
p = por*~? over the sector —a@ [ 4 \ a. In this case we have 


aid . 
-_ P SIN na cos n@ 
S%1, 0) = > ——— - 
n(n? — s? . : 


n=1 "Aa ~~ « 


and it is shown in Appendix 1 that S11, 6 
closed form 


S(1, 0) = F(8) + Fy(8) + G,,,(8 
where 
8s's*%(s + s’)F,,(@) = s’ sin sa cos s6 — 4a 


— @sinsa sin 2 


1 s’)G,,’(9) = a cos sa cos 88 


1 3 q : 
— T sin sa@ cos sf 
s+ 3s’ 2s 


r(1 — cos $’a@ COs 8) 


4s*(s 


@ sin s@ sin sf 


according as @ lies in regions | or 2. 
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Putting k = 0 in Equations [33] and then substituting from 
Equations [32] and [35] we find that the particular integral 
W(z, 2) can be put in the form 


. Wi(z, 2) 
~ ee Welz, 2) 


where 


os \a'/2 


2s ’ 


2 3 
| (oe t+1- ) sin sa 
8 s + 8 


27 cos sa 
+ 2a cos sa — 


27i sin sa 


3 

= sins @ 
27 cos s'a@ 
277i sin s‘a 
be added to 


@(z) and ¥(z), respectively, so that the particular integrals and 
analytic { 


W2(z, z 


2a cos s‘a 


It is now clear that the functions f(z) and g(z) 


may 


inctions @ and y in the case k = 0 take the forms 


T cos sa { 


Ti sin sa@ { 


Substituting from Equations [36] and [37] [2] or from 


Equations [35 0 we obtain 


e = 
Po 
w= (1 
7D 1 


] in [33d] after putting k = 


where 

sin s@ cos sf 

9.2 og Pp 
2s7(s + 5’) 


Np, 9), 


Q.. 


2G,,.(0) + 


p, 6) = 


and the functions P,,~p, 9), Pup, 0 


are given by Equations [34] while G,,,(@) is given by Equations 
12 


35]. Equation [38] can now be written in the form 


w= Kpet'/D, K = K, + Ke 
where 


p? 


s 


rk 


) + pPA%p, 8) — Pri, 8) 


1] 


p, 0) — Q,,,(p, 8); 


“ale 


[39] 
| (Cont.) 
fs 


rKy = (1 — pt) 45 


Np, 6 

and it is to be noticed that only the part A; depends on the type 
of constraint at the boundary and that, when A = 1, v = and 
N = 0 so that Ke = (0 for a clamped boundary. 

The deflection at the center of the plate is obtained by putting 

p = Oin Equation [38] and we get 
a pol 140] 
mw 4ss"*D 

which equals a/w of the deflection at the center had the plate 

been compl te ly loade d. 

In Tables 1 to 5 we give for the case of uniform loading over 
the sector (s = 2 s’ = 4) the numerical values of the coefficient K 
at different points ol the diameter of 
(@=0, 6 


symmetry of the plate 
= 7). Computations were carried out for different 
1/s, O, 1 of 


Poisson's ratio being taken as 1/3 


angle a 


values of the and for the values 1, 
the restraining parameter A, 

We also give in Figs. 2 and 3 systems of curves with A as 
abscissa and the deflections at the center of the plate and at the 
point p = '/s, 6 = 0 as ordinates. The value of the deflection at 


estimated for 


the same points ean therefore be other cases of 


004° 


— 
wax © 
D 


-1 7 


Fic. 2. Deriection Factor A at CENTER OF A CIRCULAR PLATE 
UnitrorMuiy Loapep Over a Sector oF ANGLE 2a; Poisson's Ratio 
7 = 1/3 











0 


Fic. 3 Deriection Factor K at Point 6 = 0, p = 1/2 or a 
CrrcutaR PLate Unirormiy Loapep Over a Sector or ANGLE 
2a; Poisson's Ratio » = 1/3 
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TABLE 1 
» (Clamped 
VALUSS OF 10°A ACROSS DIAMETEK OF SY?MSTRY IN THE CASE }=1+,A= 1 Boundary) 
- 





e-T7 Oo 





0.50 De 295 0.50 


4 15 
8 28 
12 . 38 


17 47 
£2 54 


27 7 61 














TABLE 2 
VALUES OF 10° ACROSS DIAMETER OF SYMMETRY IN THE CASE ” =4, A= 
© 


6 = | 








6 
oe 0.50 0. 25 0 0.50 





15 41 18 26 
30 22 37 92 
45 33 56 78 
60 45 76 104 
75 9¢Y y7 130 
90 73 119 156 165 











TABLE 3 
VALUES Or 10°A ACROSS DIAMETER OF SYMMETRY IN THE CASE ” = se 





e@=7 | 





f 0.50 Oo 





19 39 

39 718 

59 117 113 

79 156 144 
101 195 172 
116 234 198 











TABLE 4 
b : , (Hinged 
VALUES OF 10 ACROSS DIAMETER OF SYMMETRY IN THK CASE *)=1 , A= -5 Boundary) 


@=7 L 6 =0 


fl 0.75 0.50 0.25 0 0.25 0.50 














14 28 41 52 57 52 
28 56 83 104 113 101 
42 85 125 156 168 146 
57 115 168 208 220 187 
73 146 260 270 225 
90 179 312 318 . 260 














. TABLE 5 
VALUES OF 10 A ACROSS DIAMETER OF SYMMETRY IN THE CASE ”) 





e=7 
C.75 0.50 0.25 Oo 0.25 
19 o7 ek) rots) 70 
3& 75 107 130 139 
sé 113 161 206 
78 152 216 260 270 
99 193 272 331 


121. 235 330 393 
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Fic. 4 Dertection Prori 1N AMETER OF SYMMETRY 


UniroRMLY Loapep Over A ! E 2a 60 Dea 


G=rsc 


K 
Ea 


Fic. 5 Deritection ‘ or SyMMrI 
UNrFORMLY Loapep i Its p oO Ds 


martial fixation rresponding to other values of the restraining . ' 
I ' “ and we notice that i cag = 2a pol & = total load on the 
u 
. 


parameter \ Sima irves mav be drawn for any other point 
Figs. 4 and 5 show the leflection profile along the diameter of sector as it should It mav be useful to note that. since 1 


symmetry of the plate orresponding to the angles a 30 deg and 1+A I A) and 8 = I ” 1+»), the first of I 
a OO deg of the loaded sector takes the form 

The bending and twisting moments and shearing forces at any 
point 2 re’”’ of the plate are obtained either by substituting from 
Equations [36] and [37] in [8] or by substituting from Equation 
38] in the well-known form las in polar co-ordinates,’ and the sin na cos n# 


results n ye expressed in the forms ; Qs’ ' 8 s'‘)(n —nAX + 1 
Me = dune The summation of the series appearing in Equations [42] and 

43} will be dealt with in Appendix 2 

Vo = —YsPoc** From Equation [21] and the first of Equations [41] and [42 


we find that the normal slope over the boundary 8s given Dy) 


where 6;, 62, 63; 1, Y2. and ¥3 ure dimensionless quantities Using dw /dr = —pectt'B,/(p n)D 
the Fourier Series exp insion [31] and the results, Equations 28 D)I 
' » ” lt } s ‘ 

and [29], for the boundary values due to a load pyr 2 cos nO over Po e ° i 
the whole plate we obtain the following results for the boundary Substituting from Equations [36] and [37] in [8] we find that 


values due to the load por*~*? over the sector -—@ <6 JS a at the center of the plate (z =U 


7. . sin na cos n@ -_ sin na cos né 


— nin +8 8 + s’)2n +v+ 1 


n sin na cos n@ 


s\(n + 8'(2n +v +1 


sin na sin né 


s)(n + 8')(2n+y 
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Fic. 7 OF THE VerticaL React 


Porsson’'s Ratio 


Putting @ = Oin Equations 15) we get at the 


M, Puc* a 
(1 
V ss’ 2s 


§ CURVES d, CURVES 


- 0.04 L— 1 1 : +. 
, The values of 6,, 6:, y:, and yz at the point A (one end of the 
» 0 diameter of symmetry of the plate) for the case of uniform pres- 


= 0, ; ); sure over the sector (s = 2, s’ = 4) are listed in Tables 6 and 7, 





Fic. 6 Benpinc-Moment Factors at Point A (8 
> lio Maeen a ist : ‘ 7 : e 
Poisson's Ratic 1/3 Poisson’s ratio being taken as 1/3. 
Fig. 6 shows the bending moments at A as functions of the re- 
ns’ N straining parameter A. Curves showing the intensity of the 
+ n)(s' — 8/ é , * : 
2s vertical reaction at A are plotted in Fig. 7. 
! 
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cos 0 
TABLE 6 
; 4 - ; \ 
VALUES OV 106 AND 104, aT THs rOINT A (f= 1, ¢*0).7*5 
10*§, 10” 4, 








oO 
. 
uO 


-1 ¢) ie) 0.5 1 -1 0 


- 56 68 166 490 167 68 
-105 124 294 619 314 Z 124 
—14f 171 392 761 443 
—186 210 471 853 558 

<2 245 536 940 663 


ihe 


—<53 275 592 1003 799 





oo°oo0°0 














. TABLE 7 

VALWES OF 10 YAND 10° Yi. THs +OINTA (f= 1, @* 
10° 5, 

-1 -0.5 fe) 9.5 1 -1 -0.5 











2272-23440 4S4 3089 2470 
3046 «= 31400 3318 2S 3807 3205 
3504 3600 3773 4157 3624 
3618 48693910 = 4066 4365 3910 
40955 4138 4274 4514 4125 
4.44 4317 4432 4622 | 4298 
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4 “Bending of a Circular Plate With an Eccentric Circular Patch whose sum is obtained from Equation [48] by putting @ = 2a 


Symmetrically Loaded With Respect to Its Centre,"’ by W. A. Bassali ao . . . 140) 

; : Me, 0 < <7. Treating Equation [49] in a similar way we get 
and R. H. Dawoud, Proceedings of the Cambridge Philosophi al e — = . E 
Society, vol. 52, 1956, pp. 584-598 


5 “Theory of Plates and Shells,”’ by S. Timoshenko, McGraw- —~ sin na cos ni 
Hill Book Company, Inc., New York, N. Y., 1940, pp. 58 and 266 r & 

6 “A Treatise on the Mathematical Theory of Elasticity,’’ by 
A. E. H. Love. Cambridge University Press, fourth edition, 1927; 
reprinted by Dover Publications, New York, N. Y., 1944, pp. 489 
491 
7 Circular es Under a Linearly Varying Load,” by W. 


1 n 
l 


Flagge; see reference (5), p. 260 
8 “Ein Beitrag zur Theorie der Biegung homogener Kreis- 
platten by H. Schmidt, Ingenteur-Archiv, vol. 1, 1930, p. 147 
9 “Bending of a Thin Circular Plate Concentrically Loaded 
under a General yur Condition,”’ by W. A. Bassali and R. H 


; Substituting 50), (51), (3! ‘471. noting 
Dawoud, to I i d in Proceedings of the Mathematical 


j 


Physical Societs >’ means n = t s’ are both omitted and that 
: Sita le \ 
10 “On the Equilibrium of Plates,’’ by A. C. Stevenson, Philo- 
sophical Vagazine vo : 1942 pp. 639 HH 1 
11 “The Boundary Couples in Thin Plates,’ 
} rir 1. 34, 1943, pp. 105-114 


we see that S%1, 6) may be written in the closed form given by 
(35 


-quation 
Appendix 2 


Appendix | 


To sum the series rT: . , } " 
To facilitate numerical evaluation of the bending and twistir 
moments and shearing forces on the boundary from E-quatior 


[42] we require the summation of series of the form 


where the prime on 2 indicates that n = s andn = s’ are omitted, 


we write it in the form 


S11, 0) = 


: —~ sin n@ sin nf 
S (6) = S , 


n + 
n=} . 


and it can be verified easily by Fourier analysis that 
sin m@ > , 2n 


sin n@ at if an integer gre > thar ' » have 
2m Lat 2 m? at if m is an integer greater than zero we have 


T @) cos mo 0O< @o«~ | ] — sin n®d ; : 
> =< . ? moO + sin m@ log 


,ntm 
where m is an integer different from zero, while 


— sin n@ 


any n 


0 < ¢«< [49] 


Putting @ = a + Gand a — 6 successively in Equation [48) and 


adding we get 


m 


7 cos 
sin ma cos m@é , 2 _ > 
T = : sin na COs nO 


m n=1 


Following similar lines as in Appendix 1, and introducing the 


wr ven, function 59 defined by 6g = 1if 0 < 6< @ and & = 1 if 
Os <~ @.. . .. [00] < A 


a) cos ma cos m@ + @ sin ma@ sin mA, 
m, we finally obtain 


Again putting @ 8+ aand 6 a in Equation [48] and sub- 
£ I £ 1 \ , ‘ 7 . 
tracting we get i’ o<«—U de) ¢ sin ma sin mé 


‘ x P m-—1 
sin ma@ cos i 4 , , ) sin na cos n@ 
(1 + d¢)x ¢ cos ma cos mO + 2 
2m ‘ { m n 
1 n 0 
. oa A ; . . %% . on a 
= (9 — m) sin ma sin mO — acos ma cos m6, a<@6< 7. [51] + sin ma cos mO log 264 (cos 8 cos a) 


, l 
When 6 = a sin (a + 6) 
9) 
« + cos ma sin m@ log d9 — 


2n : ’ n , 
, Sin na@ cos nO = > : ; sin 2na sin (a — 6) 

n 1 oo — & 9 
n 
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m— 


sin na sin nO 
(1 + bt cos ma@ sin m@ — 2 > 


n=0 


dort sin macos m@ + t _ 


— sin ma sin m6 log 269 (cos 8 — cos @ CAO 
AV) = (7 


' l 
sin 
+ cos ma cos mO log b¢ If m is not an integer, the integral in Equation [53] can be 
. evaluated in certain cases. If, for example, m = '/, we find 
S1D 

I " 
m(da cos B + d + sin A log tan 


l 
+ sin B log (6 tan 5 B) 


l ‘ l 
m(da sin B — sin A) + cos A log tan 


l 
cos B log (6, tan 5 B) 


6. In particular we have 


If m = 0, then 


(see Appendix 1 


In particular we have where 2.4 
I ; 
(tT a) cos m@ + sin a log tan 
9 ‘ ‘ ‘ 
a log tan 


Y 


in Equation [42] can be expressed in 


> & 
(—1)"* » & cos ma sin ma log | 2 cos > { | 
se eS ‘wa r S,(0) where m = O, 8, 8, i + v) and 


"sin na ‘ 
60 
n 








On the Dynamical Behavior of Rotating 


Shafts Driven by Universal 


Hooke) 


By R. M 


The system considered here is a massless, uniform elastic 
having mass) and 


The 


shaft carrying at its mid-point a disk 


supported at the ends by universal (Hooke) joints. 


purpose of this investigation is to examine the effect of 


Hooke-joint angularity (as obtained by design, or from 
faulty alignment) on the bending stability of the rotating 
shaft. It is found that separate investigations are required 
for shafts not transmitting axial torques and for those re- 
Each gives rise to instabilities 
In the 


absence of axial torques, the shaft develops unsuspected 


quired to transmit torques. 
which are absent when the Hooke joint is straight. 


mild critical speeds at odd integer submultiples of the 
Hooke 


When the shaft is required to transmit moderate 


“familiar’’ critical speed found with a straight 
joint. 
axial torques, the joint angularity produces true instabili- 
ties near all integer submultiples of the familiar critical 
speed. Surprisingly, these instabilities vanish for suf- 
ficiently large axial torques. 


NOMENCLATURI 


The following nomen lature is used in the p iper: 


functions ol time 


constant of integration 
= shaft bending stiffness 
function of time 


constants 


poly nomials in az 


torque applied to Hooke-joint driver 
end 
torque at Hooke -joint driven end 


Greenhill’s critical torque 


constants in Mathieu's equation 
distance between shaft center and disk 
mass cente! 
shaft spring rate measured at mid- 
point 
shaft length 
= disk mass 

n,r = sequence ot integers 
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Engineering Mechanics, 


Couplings 


ROSENBERG,' TOLEDO, OHIO 


time 


o-ordinate ong shaft 


eo-ordinates of shaft 


normal to x-axis 


nondimensional torque 


nondimensional disk ma 


Hooke-joint angularit 


polynomial in y? 


« 


disk mass center co-ordinates normal! 
to 7,e-AaXxis 

perturbation on ¢ 

shaft critical with straight 

Hooke joint 


nondimensional 
shaft 


8} eed 


co-ordinate ilong 


radial shaft displacement at = mid- 


point 
= a transformation of G(t 
= angular displacement of driven shaft 
= phase angle 
angular velocity of drive 
Hooke joint 
driven 


angular veloctiy of 


Hooke joint 
INTRODU« TION 


irom one 


and the 


When it to transmit rotational motior 
shaft (the driving shaft 


axis of rotation of the driven shaft is tilted by moderate amounts 


is desired 
to another (the driven shaft 
with respect to the driving shaft, the coupling used to connect 
these two shafts is frequently a so-called Hooke or universal joint. 
Two such joints in series may be used to achieve a combination of 
tilt and translation of one rotating shaft with respect to another 
4 common example of the use of universal joints to transmit rota- 
tional motion and torque from one shaft to another is found in the 
‘drive line’’ of the conventional automobile. 

As is well known, the universal joint is not a ‘‘constant-veloc- 
Expressed more precisely, the angular ve locity &, Of 
that of the 


itv’’ device. 
the driving shaft is not at every instant equal LO Wo, 
driven shaft. In fact, these two quantities are connected by a re- 


lation of the type 


where ¥ is the angle subtended by the projection of the center lines 
of the shafts on the plane common to both. We shall call this 


angle the “joint angularity.’’ 
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Similarly, the universal joint is not a “constant-torque’ device. 
If the torque on the driving shaft is denoted by 7’, and that on the 


driven shaft by To, these two quantities are connected by 

To =? r E t 

T, WY; 
If the velocity w, is constant, the functions f(y, é) and g(y, ¢) are 
periodic functions of time and both tend to unity as y — 0. 

These are well-known properties of the universal joint which 

can be deduced from the kinematic relations governing the mecha- 
nism, and their derivation is easily accessible (1, 2).2 Since rela- 
tively long shafts are frequently driven through universal joints, 
it becomes of interest to inquire into the effect which the nonuni- 
formity of velocity and torque transmission through the universal 
joint has on the dynamical behavior of the shaft. This is the sub- 
ject of our discussion. In particular, we should like to disclose 
the mechanism of a one-half order instability observed with non- 


vanishing joint angularity, but absent otherwise. 
Tue System 


We shall discuss in this paper a massless shaft of uniform bend- 
ing stiffness EJ. It is of length /, and it carries at the mid-point 
a thin disk of mass m. The distance between the shaft center 
and the mass center of the disk is e. 
line of the undeflected shaft, and at z = O and x = / the shaft is 
supported in universal (Hooke) joints of joint angularity y # 0. 
The y and z-axes are orthogonal to each other and to the z-axis, 
and they intersect the latter atz = 0. A constant torque 7» is ap- 
plied at the driving end of the joints. This system is illustrated 


The z-axis lies in the center 


in Fig. 1. 
The nonuniform velocity transmission may be deduced from 
the well-known relation 


cos y tan wt.... aaa sean 


tan ¢ = 


where ¢g(Z) is the angular displacement of the driven shaft, w¢ is 
the angular displacement of the driving shaft under constant 
angular velocity w, and y is the joint angularity. Equation [1] is 
a valid relation connecting the angular displacements of driving 
and driven shafts provided the orientation of the y and z-axes with 
respect to the universal joint fork has been suitably chosen (1 
We may write 


' r)) 
g(t ) ie eee {2 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 


Fic. 1 Sesartr Suprportep in UNIVERSAL JOINTS OF NONVANISHING 
Joint ANGULARITY y SuBJECTED TO a TorRQUE, AND CARRYING 
a Disk or Mass m at THE Mip-Pornt 
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and for sufficiently small |y!, the quantity Oy, t) is of 


turbation magnitude since ¢ is everywhere continuous in y, and 


per- 
gatas y— 0 
Combining Equations [1] and [2] 
tan (wi + 8) = cos Y tan wl 


Now, it is 
and it 


in which both sides may be expanded in Taylor series 
evident from this equation that @(y, 4) must be even in ¥, 
follows from 

lim @y,t) = 0 


y> 0 


that when @ is expanded in a power series in y, there is no term 
independent of y; in other words, this series begins with a term in 
y*. Therefore retaining linear terms in @ when expanding the 
left-hand side of the foregoing equation must be accompanied by 
the retention, at least, of a term in y? when expanding the right- 
hand side Accordingly 


tan wl 6 sec? wt +4 


which vields after some trigonometric manipulations 


| 


ro 


a? ; 
Yy? sin 2w 


Retention &f more terms in the expansion would have resulted in 


a Fourier series of fundamental frequency 2w, but containing 


only Fourier terms of 


more terms than one. The reason why 
9 


frequency 2nw, (n 1, occur is that the Hooke joint is so 
constructed that ev ery event repeats itself after one half of a shaft 


, ee 


revolution 
Suart Srasitiry Wrrnovur Torevt 


In this section we examine the question to what extent non 
vanishing joint angularity influences the shaft critical-speed 
phenomenon when no torque is transmitted by the shaft. 

Consider the system of Fig. 1 with 7) = 0 and denote by (n, € 
the co-ordinates of the disk mass center measured parallel! to the y 
and z-axes, respectively. Let it require a force of magnitude kp, 
applied to the disk in a plane normal to the z-axis, to deflect the 
shaft center by p. Then, if the distance between mass center 
and shaft center is denoted by e, and the angle of the line con- 
necting mass and shaft centers with respect to the horizontal by 
¢, the equations of motion of the disk are given by (3 


v*n ve cos ¢ 


f+ vit = 


vresing 


where v? = k/n 


Since ¢ in Equations [4] has, clearly, the same meaning as in 


Equation [1] we find for the equations ol motion 
n + vn ve cos [wi + Ay, t 
& + vt = ye sin [wt + O(7,¢ 

where 6(¥, ¢) is defined by Equation [3]. When the trigonometric 


terms in Equations [5] are expanded in powers of y and powers 


higher than ‘y? are rejected, there results 


(: + / ) cos wl — : cos 3wl } 
8 8 } 


2 2 
z ) sin wt — z sin 3wt 


iad ) 


cos [wi + Oy, t)] = 


sin [wt + Ay, t)] = (: _ 


If higher order terms in y? are retained, it can be shown that 








Pr. cos rw 


YY, sin rwt 


where the is evident 


that the e« 


ure polynomials in 7? It 


I motion are 


P. cos ral 


Q, sin rot 


and whe nev uiyv-state sol itions are 


P,. cos ret 


mes unstable whenever the driving speed is 


Di cinsctinive ace ace a 


The effect of nor 
duce 


\ inishing joint ingularity ¥Y 1s, therefore, to pro- 
shaft instability whenever the driving speed is an odd- 
integer submultiple of the critical speed, found when the joint 
angularity vanishes 

It can be shown, however, that the new instabilities, i.e., those 
with 3, 5, ..., are very mild com- 
sv 

In order to demonstrate this, we make use of Equation [6] by 


t 


given by Equation [10 
pared to the critical speed whenw = 


writing the equations of motion as 


n + v?n ve( P, cos wt + P; cos 3wt) 


ve (Q, sin wt + Q, sin 3wl 
P, = 1 
Q=1- 77/8 


with + ¥?/8 


P; =Q, = - 77/8 


=v/Zandw =», 
os : 

ind m, £1, respectively. 
nstability of each is, then, the time deriva- 


and we solve these equations for the two cases w 


resulting in solutions my, €: A measure 
of the violence of the 
tive of p n> + ¢? 


that 


Carrying out these steps it is found 


evy?/16 


From these results, it is evident that the rate of amplitude increase 
at the new instability is only y?/8 that of the “resonant’’ insta- 
+yv. In interpreting this result, 
it must be remembered that yy? is se small that its higher orders 


bility which occurs when w = 


may be ignored. 

We conclude that joint angularity produces mild instabilities 
+y/r, (r = 3, 5, 
critical speed with zero joint angularity. 


at angular velocities w = ...) where pv is the 
Suarr STABILITY IN THE PRESENCE OF ToRQUE 
We consider now the dynamics of the shaft described in the 


foregoing when a torque of constant magnitude 7'p is applied on 
the driving shaft, and the joint angularity is y = 0. 


then 


The equations of equilibrium are similar to those given by 


and are, in terms of our nomenclature 
_ O%y — a 
El - 

or or 


OY 
El 
Or 


where 7 is the torque on the driven shaft. 
If we introduce the transformations 


PY: 


It is of interest to note that we are compelled to write the partial 


] 
was abie 


differential equations of the problem, while Gramme! (4 


to start from the ordinary differential equations which result when 


a product solution is introduced. The reason for the increased 


complication is that the torque 7’, or the parameter a, is a function 


of time. In fact, it is known (2) that the torque on the driven 


shaft is of the form 


T = Ty, + 6 cos (Wut + ¥ 14 


where the phase angle Y can be made to vanish through proper 


choice of the co-ordinate axes orientation, and 6 = 6 ¥?) is a fune- 
tion of y? which is continuous at zero and vanishes with y*. If 
Equation [14] is substituted in the second of Equations [12] and 


the axis orientation has been so chosen that Y = 0, there results 


a(t) = a + € cos 2wt... [15] 


ay = Te /( r1) 


/ 


jut /( rt) 


Before discussing the equations of motion, we remark that one 


may differentiate the first of Equations [13] once with respect to & 


and substitute in it the second. If the resulting equation is then 


integrated once with respect to &, it is found that 


, . Oy ali 
+ a’y = f= — [16] 
2 Ol? ¢=1/2 


F 3 - 


O*y 
o£? 


where f(t) is an arbitrary function of time. 
The boundary conditions are those given by Grammel (4); 
they are 
y(0, t 


ou ( i) =0 
vo \2’ J } 


Equations [16] and [17] constitute the boundary-value problem 


[17] 


It may be ascertained readily by a trial that a product solution 
y = F(£)G(t) fails to satisfy the differential equation. The 
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physical implication of this observation is, of course, that the 
This 


seems unexpected in a vibration problem which possesses the 


system does not respond in the form of standing waves. 


symmetries of the one in hand. These symmetries are that an 


examination of the problem in the interval '/, < & < 1 would re- 


sult in the identical formulation as the one in 0 < & < !/», ex- 


amined here. Moreover, special initial conditions which might 
destroy standing waves have not entered the problem; in faet, 
the failure of a product solution is quite independent of boundary 
or initial conditions and resides altogether in the constitution of 


the differential equation of motion. 


SoLuTION OF BOUNDARY-VALUE PROBLEM 
If a solution of the form 


y= Ot [é a + A sin ast + B cos at + f(t)/a? IS} 


is proposed, where A and B are independent of &, but not of ¢, it 
ry 


will be seen that one set satisfying the bounda conditions is 


(a? cos 


sin @¢é 


. a 
a* cos 


and G must satisfy the equation 


l d? 
Ca = B E ( 21) 
2 dt? 2a ; 2 


with @ as defined in Equation [15]. 

It will be remembered that a(y¥, ¢) is a function of y? by virtue 
of €, and that j€ is small with y*. Therefore we may expand 
a in powers of € and, for sufficiently small y?, power of € higher 
than the first may be ignored. 

When Equation [21] is expanded in powers of € and only line: 
terms are retained, there results 


2. ee 
— sin 2wtG 


G" — 4ew 


l 
) cos Xx “|e = () [22] 


where primes denote differentiation with respect to time, and 


kK, (po tan po) 4p? 


k, H tan po + tan? py 
Po 


pi 
This equation can be somewhat simplified by the transformation 


Gi t ( ) RK, 
nt) = T(t) exp =—_ — 
K 


2), K2/K\| # 


It goes, then, over into the Mathieu equation 


T’’ + 4Jw%a + b cos Qwi)r = O 


where 4w*a = —4po/BK, 
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Before discussing the stability of the sy 


1 A 
OK 


nd we obsery 


that, by virtue of Equation [23], instabilit tT is identifi 


with that of G(/ 


, and in view of Equation {20}, “( &, t) become 


unstable with G(t).. Therefore instability of 7(¢) implies shaft in 
stability 


Tue INSTABILITIES 


Equation [24] is easily transformed inte 


the Mathieu equation 
dr 
du? 


with a and } defined as in Equation [24 1 
solution depends on the magnitude o§ the parameters a and b and 
is normally found from the set of curves in the ab-plane which 


divides that plane into stable and unstable regions. If a point 


a, b) lies in the interior of a stable re gion, the solution is stable 
If the 


boundary of an unstable region, the solution is 


point (a, b) with b # O falls into the interior or on the 
nstable (5 
Now it is evident from the equations defining a and > that, in 
general, b is small of order €. Therefore the region of interest 
in the ab-plane is normally a small strip in the immediate neigh- 
borhood of the 


neighborhood of the a-axis occur near the values (5 


a-axis. But the only instable points in the 


26 


If the value of a as given in Equation [24] is substituted into this 
equation, and use is made of the fact that the critical speed of the 


shaft without torque and without shaft angularity is given by 


vy? = 48EI/ml? 


the unstable points are defined by 


2 | p 
n? 3(tan p 


Now, it can be shown that approximatel) 


9 ° 
2p 

“ee ( ) 
T 


O, 7. 


po? [3( tan p 


and this relation is exact for ao Introducing this approxi- 


mation into Equation [28], that result becomes 


( Go 1 )?) ’ 


[ “ (1./ = re) | 
\ l 
For sufficiently small torques, a@o? < 7?, one may 
l a : 
2 T 
1 , Fe EI 2 a 
9 To) l . ’ dhe 


It is evident from Equation [31] that 
, ete., times the critical speed v, when a shaft is re- 


instabilities occur very 
near '/», } 
quired to resist moderate torques, transmitted through a universal 
joint with small angularity. 

It also may be concluded from Equations [28] or [30 
instabilities vccur when ap (rw /IET. 

A rather curious feature of the solution is that there seems to 
exist a critical torque of magnitude (7//)E7 (when ao = 7) suf- 
This is, however, not 


that no 
> Tt or when 7° 


ficient to reduce all critical speeds to zero. 





irns out that A A 
rified from Equation 22 


mation from G toT is no! 


specia 
To find the divide |] puatior 


the value 


yratior Since iquator >| IS 


periodic implitude we conelude that the shaft 
torques 7 n/ljEI 

deduce that the 
ities decreases with the speeds at which they 


is Ty) — (4 El. 


inalysis which includes 


is stable for all < 7 r for all 
From ecedin nalvsis one may wio- 
lenes 
OC MK es to o with them as @ — 7 o1 
rved that our prese nt 

reduced the case of 


the i nor ‘ rue cannot he 


vanishing torque sin by putting 7 0. Such a procedurs 


0 implies a 0, and for vanishing a, the 
Thus the 


inaly Sis, iil d 


tion [20! is not admissible 


ing torque is intrinsic to this 


examined in the first part of this paper, is 
not merel se of the results obt ined here 


The qual T EE] is exactly one half 


1 hich is sufficient to cause a 


is the critical 


is large 


tora iniform shaft to become 
, 


instable (by be leflected into a helix This torque 7 


EI : found by Greenhill (6 


i combination of a I ther 


who investigated the he- 
column load 


d that torque added to column loading 


tical column ‘oad, and the critical torque is 


e the eritieal column load to zero 


<o was found in two other analvses. Gram- 


issless rotating shaft with a single 


mass at 
t torque (and also by a column 
torque reduces the critical speed and the 


critical 


loud 
lous 


Greenhill criti jue is that sufficient to reduce the 


examine the uniform 


speed to z¢ ‘ nb and Rosenberg (7 


rotating sh stributed mass and acted Ipon by a tor pue 


They find tha ical spees 


| the torque, ind 
the Greenhil suffi 


ient to reduce the first of an in- 


finity of crith 


One may, ! the present investigation has not also 


vielded the Greenhill torque Actually, it is not to be expected 


the Greenhill problem. It will 
Greenhill 


coefficients, 


that our analvsis should contain 


be seen that a inalvses producing the torque are 


igenvalue problems with constant whereas our 


problem has periodic coefficients. Thus our problem would 


produce the critical torque only if a shaft were to become unstable 


when subjected to a which oscillates about the value 


2(9 /I)EI 


our analvsis has showr 


torque 
This is, however, not an unst ible state of a shaft as 
SUMMARY 


The subject of this paper is the influence of Hooke-joint angu- 


larity on the eritical-speed beha { ift support 
ends 


phenomenon is investigates 


such joints at the model on 
iniform shaft 
equal bending stiffness in 

trated mass at its mid-pol 

ot required to tra 


It has been shown tha 


mit torques, develops mil nst ilities at odd-ordered 


vhict yould oct 


subm iltiples of the critica 
straight Hooke joint, as we 
pre sent in the usual stre ngtt 


When the 


through Hooke joints with nonzero angul 


moderat 


there 


shaft is required to transmit 
rity ippear 
instabilities near, but below lintegers ibmultiy les of the fami 
These vanish when the 
ge. In addition, there exists the familiar critical speed 
Hooke joint, and which 
sufficient! 


ind im the 


iar critical speed torque becomes suf 


ficiently lar 


which is also present with the straight 


does not vanish with joint ang or for 


torques Its behavior with zero joi ingularity pres- 


ence ot torque has been inalvzed for a svstem with one degree ol 


freedom by Grammel (4) and for a svstem with infinitely man 


degrees of freedom by Golomb and Rosenberg (7 


The mechanical model chosen is that normally emploved whet 
the critical speed, and it is generally 


disclosing the mechanism of } 


considered adequate for a shaft carrving a single large mass at the 


It possesses the san deg of realism as the single- 


mid-point 


degree-of-freedom mass-spring which the mas 


spring has been ignored 


} 


It is likely that the results presented here can be generalized 


without further analysis to include svstems with infinitely man 


degrees of freedom For instan investigation of reference 


7) has shown that the effect « on all critical speeds ola 
iniform physical shaft is essentially the same as that on the singl 


onsidered in reference (4 
= 


critical speed of the idealized mode! 


and here There is no evident reason W a similar generalizatior 


should not be made in the present ease 
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On the Bounds of Eigenvalues of a Clamped 


Plate in Tension 


By R. K. KAUL' ano S. G. TEWARI,? NEW DELHI, INDIA 


In this paper, use is made of Temple’s generalizations of 
Kato’s theorem for the determination of close lower bounds to the 
fundamental frequency of oscillation of a clamped square plate 
subjected to uniform biaxial edge tension. The success of the 
method depends upon the solution of an auxiliary problem govern- 
ing the residual mode shape; and in the present case, this mode 
is determined by using the variational method of Ritz. The 
principle of computation of the number €,? (which corresponds to 
the ratio of the elastic energies in the residual and the tentative 
mode) is explained, and the value of the lower bound is deter- 
mined by using the inequality (1 — p/3)(p/a@ — 1) < «2. The 
results are compared with those obtained previously by Weinstein 
and Chien, and it is shown that the present method leads to 
much closer bounds. 


Introduction 


AYLEIGH'’S energy method | 
termination of the natural frequencies of an elastic system 
is quite well known, and problems defying exact solution 


1)’ for the approximate de- 


can be solved easily by using this technique. This principle, how- 
ever, shows that it always leads to an upper bound to the lowest 
natural frequency and a lower bound to the highest one, and that 
first-order errors in the assumed mode shape produce only second- 
order effects of small quantities in the estimation of the natural 
frequency. The one major drawback of this principle is that it 
does not provide any information of the magnitude of error in 
the estimation of the natural frequency, and therefore the results 
cannot be considered as completely satisfactory. To perfect this 
method of calculation, all that is required is a means of calculating 
an approximation which necessarily should be lower than the 
true value for the lowest natural frequency and must err on the 
high side in the case of the highest frequency. Simultaneously, it 
should yield as accurate a result as Rayleigh’s stationary princi- 
ple. 

A formula for obtaining close lower bounds was given by Kato 
(2) and has been extended recently by Temple (3) to systems with 
both elastic and inertial couplings. It is found that Temple’s 
theorem yields lower bounds for the natural frequencies to the 
same degree of accuracy as Rayleigh’s method gives upper 
bounds. As a matter of fact, from an examination of a number 

1 Junior Scientific Officer, Division of Applied Mechanics, National 
Physical Laboratory of India; at present, on University Fellowship 
at Columbia University, New York, N. Y. 
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National Physical Laboratory of India. 

3’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Division, July 2, 1956. Paper No. 57—A-32. 
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found that 
the lower bounds are even closer to the exact eigenvalues than the 
thod. 


‘ms to have 


of problems which can be solved exactly, 


upper bounds derived by using the Rayleigh-Rit 
Except for two recent papers 4, 5) no atten 
been made to apply this theorem to problems in vibration of thin 
plates. In the present paper, the solution to the auxiliary problem 
governed by the Euler-Lagrange equation | R, representing 
the elastic mode v corresponding to the residual | ?, has been 
arrived at by using the variational method of Ritz. The results 
Xtension are 


and 


lue problem 


for the lower estimate obtained by using Temple's ¢ 
compared with those obtained by Weinstein and Chien (6), 
it is shown that much narrower bounds to this eigen) 
can be obtained by using this theorem. 

The theory of the principle has been taken 
from reference (3), and only relevant portions of t] 


discussed here. 


Temple’s theorem for determination of lower bound 


Kato’s theorem originally applicable to systems with no 


inertial coupling, was extended by Temple to general Lagrangian 
systems of the type Vw = AT'w having both elastie and inertial 
couplings. 


tayleigh’s upper estimate p to the eigenvalue 
corresponding to an approximate eigenvector 


p(w, Tw) = (w, Vw) 


where V and 7 denote the bounded differential operators which 


specify the potential and kinetic energies and the symbol 
denotes the scalar product of the two vectors. 

The use of Temple’s theorem for the determination of close 
lower bounds necessitates the knowledge of two numbers @ and 
8 (corresponding to two distinet normal modes of vibration which 
by convention are normed), selected such that @ f B; while 
no eigenvalue \ of the system lies in the interval a < A < B 

Then the generalization depends upon the lemma, that if the 
1d 8B be A 


residual forces corresponding to the two eigeny alues @ 
and B, respectively, such that 


- alw 


Vw BT'w 
then by using the theory of normal modes, it can be shown that 


Ky(u (A, TB) 2 0 


(4. V 2 0 


K,(w) 
where 7'~! and V ~- are the matrices of influence coefficients which 
specify the mobility and flexibility of the system 

The generalization of Kato’s theorem follows from this lemma, 
for if 
Rayleigh’s ratio p = (w, Vu ,, 1] 


and residual force 
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then 


non-negative, we 


ape, 


These In 


terpreted geometrically in n-dimensional vector space. 


3+] as shown by Washizu (7) can be in- 


juaiities 
In order to determine a ciose lower bound Lo p which 1s Ray- 


leigh’s approximation to the smallest eigenvalue A,, we select 


a n ind £B 7m 


where uw is the smallest eigenvalue greater than A,, and a lower 


bound to the next eigenvalue A». Since, for any reasonably good 


Rayleigh’s approximation p < y, it follows that 


€r’ 8 p 


Be,?/(B — p) 


s 


or p Ay — 1) 


Knowing that p the bounds to \ are given by the in- 


equalities 


pP p 


rand BA 


Determination of upper bound 
Let S be the domain of a plate of arbitrary shape and C its 


boundary. The equation of motion of such a thin plate of thick- 


ness 2A and under uniform biaxial tension 7’p is governed by the 


partial differential equation 


07 wW9 : 
Qhea ie 0O in S 


Ol 


DV tu Tu 


In the case of normal mode of free vibration 


w sin (@t + 0 


and hence the transverse displacement w satisfies in S the dif 


ferential equation 


Viw — TV *w Aw 


2Eh?/3(1 v 
thickness of plate 
T'o/Do = (10m? /a?, in present « 
density of plate material 


flexural rigidit 


, 
LAM ple 


2ahw?/Do = eigenvalue 

2rf = 

»*/Or* + 
Vv‘ )*/ Or" 


circular frequen 
0*/Or 
20'/Ox*0y 
Since the plate is rigidly clamped, 


are 


yw 


On 
\ formal solution of the differential eigenvalue | 
difficult ; 
determined by 


the eigenvalue p 


howeve r, a ¢ lose upper bound to the « ig 


treating this as a minima problet 


A is given by the variatie 


far 


minimum 


condition 


ind the boundary conditions 


on C of S. 
For minimizing the expression U(u 

If the loc 

rectangular co-ordinates is such that 

ind y = 0, y = 


mode for the dynamie deflection u 


of the 


6 coincide with the rectiline 


rs a, 


clamped plate, then the most suitable choice 


wave shape is to represent it in the form of 


double series 


where a,,, are the arbitrary 
ind (2 and y,,( y) constitute the set of characterist 


ola clamped-clampe d beam and ire the solutions o 


parameters to 


tial pre »blem 


oy n/ OY 


on each of the two clamped ends of the respective bye 
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Owing to the symmetry of the dynamic deflection of the plate 
with respect to the lines 2 = a/2 and y = 6/2, for the fundamental 
mode, only odd values of m and n will occur in series representa- 
and 


tion for w. Substituting for w in the expression for | 


using the properties of these functions we obtain 


to = JJ. AD Denon + toate 
vem EELS 


| 
' dardy 
V1 


¢,'¥ vy, rT ¢ oy, 


» 


where the svmbol 2’ excludes the combinations mn = rs Mquat- 


ing to zero the first variation of [ with respect to @,,,,, we get 


tT ra a 
(k,,* + 2:4 _— 27 2 | [ Cn F vy,” 
L 70/70 
ew a 
1 “({ onncite4 [ Yu'Va'dy 
/7 VU JV 
Dw. 2 ff 
r 8 J0 J70 


1 va 


ol uw 
Oa,,,, 


vy, drdy 


where the svmbol 6 q denotes the Kronecker delta and is 


= tor pd 


= |] tor p=q 
In the foregoing equation the values of the ty pical integrals for 
odd integers 1) and ” are 


ka tan k,a/2 


ax(k,* — k,,* 


mn 


K,,a tan k,,a/2 — k,a tan k,a/2 


where k,a is the mth odd root of the transcendental equation 


tan k,,a/2 = (—1)" tanh k,,a/2 
or its equivalent 


cosh k 


a= sec } - 


The successive roots (8) form = 1,3, and 5 are 


1.7300408, 10.9956078,  17.2787596 


and for m 


ka = (2m + 1)7/2 


Numerical values of these integrals have been calculated and are 
given in Table 1. 


a 
Table 1 Values of f, CmOn ar 


l 3 5 
—12.30262 73079 7.61544 
9.73079 2.90480 24. 34987 
7.61544 34987 — 263. 99798 
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Using these values in Equation [12], a system of simultaneous 


equations in coefficients a and eigenvalues p is obtained for 


each of the a s-combinations ol m,n The characteristic v ilues 


p < p p p 


are found from the condition of compatibilit vhich requires the 
evanescence of the determinant of homogeneous equations. In 
order to compare the results with those obtained by Weinstein 
and Chien, the present calculations have been carried out for 
tension 


lOmr? Dy a 
A six-term series corresponding to the combinations 


as Bat 38: @2 ind 5.1 


is used; and this in effect leads to a svstem of only four equations 


The 


fundamental eigenvalue ealeul ited on this basis for a square pl ite 


since @ = a for the symmetric fundamental mode 


(a * a) is found to be 


S5OS8.20041 a* 
36.039 L530 * /at 


and the amplitude coefficients are given in Table 2 


Table 2 
l 3 5 
1.000 000 000 


0 OAS 937 O02 
0 OOS USO SO] 


Values of coefficients « 


0 O48 437 O02 0 00S GSO SOI 


0.001 302 a) 


Determination of elastic mode 


Having estimated the Rayleigh ratio p and the amplitude co 


efficients @,,,,, it is now possible to determine close lower bounds 
The accuracy with which the approximation vector w represents 
the normal mode of oscillation is measured by the residual fric- 
tionless forces 2? required to maintain oscillation in the trial mode 


w with eigenvalue p These forces are given b 


R=Viw—r¥ pu 4 


Corresponding to the residual force PR, there is an elastic mode 


governed by the differential equation 


J R 
where 


v TV 


In order to determine the number €,? it is necessary to first find 
the elastic mode v of the clamped plate corresponding to the 
residual force R. The boundary-value problem, the solution of 


which is to be found, is therefore 


Vier — rv? ’ 15) 


subject to the restraints that the deflection v and the slope Ov / on 
vanish on each of the four clamped-erd boundaries of the square 
plate 

The exact solution of this equation 1s almost impossible, and 
Corre- 
the 


therefore use is again made of variational principles. 


[15], 


sponding to the Euler-Lagrange differential Equation 
variational problem is 


af ftom LC) + CY] 


' dx dy 


J(v) = 


— 2h . [16] 
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itnons, It Is expedient to use characteristic 


deflection In 


considet 


ind 


On similar 


t the form of a 


beam functions represent the 


Series 


double 


maditions of symmetry p and gq again occur only 


From 


powers In the foregoing deflection series Substitutin 


J and using the minimizing conditions 


obt un 


o Re,W,ds dy « 


where the residual load # for the tentative mode w is 


Re Vtu TV 2u pu 


have 


and therefore 


"a fa 
| Ry, Vda dy = 
0 


/7V « 


bapWn Wy dy 


The numerical values of this integral have been calculated for the 


nine combinations corresponding te taking both p and q equal to 1, 


}, and 5, with given six variations of m,n. These values are given 


in Table 3 
. f, Rewer dy 
3 


Table 3 Values of a‘ 


0” 

—0.000 151 
0.007 276 

212.613 695 


l 
—0 000 OO! 
—() 002 690 
—() 000 151 


690 490 
107 971 
276 476 


—(). 002 
—0.192 
0.007 


652 
190 


759 


The set linear simultaneous e« 


1S! are solved by using Crout’s method 


nts B., and these 


ons oefficients 


Table 4 Values of coefficients 10°.3 


l } ) 
220 OO7 003 101 496 O.024 399 
lO) 496 003 630 348 0.046 428 
90 150 046 428 094 O.4579 469 


Oll 
OO8 
O24 
Knowing the coefficients 8 » we get the 
| R ind 


responding to residual load 2 


therefore the equation 


Evaluation of lower bound 


In order to determine the lower bound to 


»X we 


now require the knowledge of 


Vu 


energies in the modes 


il moue 


9: 


Knowing the coefficients a,,,, = k,,*, k,4, and with the help of 


table of integrals, it is now quite simple to determine the number 


On substituting in the foregoing eXpressions, we find, for a 


€y? 
square plate in tension 
204 5341/a* 


(R, v) = 0.123 


3616.887 221/a‘ 


Vw) = 


and therefore 





e,? = (R, v)/(w, Vw) 0.000 034 063 692 


In terms of the Inequality | we therefore write 


\ 


(1 — p/B\(p/a — 1) < 0.000 034 063 692 


For the eigenvalue 8, the next symmetrical mode (1,/3 4+ 


is considered. It is evaluated from the same set of simultaneous 
Equations [12] from which the fundamental is first eliminated 
by using the orthogonality relationship. In the present case 
using the same six term series, we get for the next symmetric mode 
B = 28339.13776/a*. Knowing the values of 8 and p, we get 


from the Inequality [26] a lower bound 
a 2 3598.069020/at = 36.93771279*/a* 


Hence, for a plate size (7 X m) and rt = 107?/a? the brackets to 


the fundamental eigenvalue are 


36.93771 27 < Ay < 36.93915 39 


This gives a mean as 36.93843 33 which deviates from the lower 
estimate by 0.00195 per cent only. 
Comparative results 


Using modified minimal principle, Weinstein and Chien de- 


termined for the same tension 7, the lower bound A; 2 @ = 36.862 


Ti /a*. 
a very close upper bound, and using characteristic beam functions 


It is well known that the Rayleigh-Ritz method gives 


and six-term series the value for 
36.93915 397r'*/at 


To have an idea of convergence this value also was calculated 
with a 36-term series (based on taking m and n varying from 1 to 
6), and the value is 


p > Ai = 36.93902 427*/a‘ 


The comparative results for plate size (t X 7m) are given in 
Table 5. 

It is therefore quite apparent that use of the inequality based 
on Temple’s generalizations leads to much closer lower bounds. 
In principle, the relative closeness of the lower bound depends 
primarily on how closely the assumed mode shape approximates 
the exact mode of vibration, so as to make the components of the 


residual force ? as small as possible. The only difficulty lies in 
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calculating V~'R; i.e., in determining the residual mode shape 
which, however, can be overcome by using the variational ap- 
proximation as illustrated in this paper. 


Table 5 Comparative results of the bounds of eigenvalues of a 
clamped square plate under tension r = 10 


(x = 3.141 592 654 


Per cent 
deviation of 
lower bound 
from mean 


Harmonic 
mean 


Upper bound 
(Rayleigh’s) 


Lower 
bound 
Weinstein 
and Chien. .36. 862 
Authors... .36.93771 


36. 939022 36. 90047 0 
36. 93915" 36. 93843 


10426 
O OO1L95 


* Using 36-term series in Ritz method. 
* Using 6-term series in Ritz method. 
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Natural Frequencies of Nonunitorm Beams on 
| 
Multiple Elastic Supports 


By R. A. 


A method is presented for the determination of the 
natural frequencies of nonuniform beams on two or more 
torsionally and linearly elastic supports, including the 
effect of rotary mass moment of inertia. The method 
employed is an extension of the Myklestad method.’ 
The cases of two supports with varied end conditions and 
three supports with a torsional and linear restraint at each 
support are formulated. It is indicated how this method 
may be used for problems concerning forced vibrations of 
beams on multiple elastic supports and for the determina- 
tion of critical rotor speeds including gyroscopic effects. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


n station number where mass and mass moment of inertia 
are concentrated 
station number of last station to left of beam 
station number of center support 
concentrated mass 
mass moment of inertia 
length of beam between station n and 7. + 1 
average stiffness between station n and n + 1 
deflection of mass n from equilibrium 
slope of elastic curve at station n 
shear to left of station n 
moment to left of station n 
slope at station 1 
deflection at station 1 
shear at right support 
shear at center support 
shear at left support 
slope coefficient of ith unknown at xth station 
deflection coefficient of ith unknown at nth station 
moment coefficient of ith unknown at nth station 
shear coefficient of ith unknown at nth station 
an operator which multiplies the shear and moment reac- 
tions at each support. It is zero if station under con- 
sideration is to right of jth support, and is | if station 
under consideration is to left of jth support 
Jp = mass moment of inertia about diameter of a disk 
M, = external restraining moment at right support 


1 Engineer, Defense Electronic Products Division of Radio Cor- 
poration of America. Assoc. Mem. ASME 
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M, = external restraining moment at center support 
M, = external restraining moment at last support 


INTRODUCTION 


The problem of determining the natural frequencies and for« ed 
response ol nonuniform beams including the effects of rotary 
mass moments of inertia and elastic supports is a problem in 
which the idealized picture occurs In many applied situations. 
The cases of the fuselage of a helicopter or airplane on the ground, 
or the rotor of a turbine, are examples of this situation. 

Myklestad and Prohl have developed methods for determining 
the natural frequencies of nonuniform beams. These methods 
are tabular methods well suited for hand or digital-computer 


Extension of these methods to include elastic sup- 


machines. 
ports and results for specific cases form the basis of this paper. 
The specific cases presented are: 
1 Beam on two supports with various end conditions 
2 Beam on three supports with torsional and linear spring at 
each support. 
GENERAL FORMULATION 


It is desired to determine the natural frequencies of a nonuni- 
form beam having external reactions (normally at supports), with 
no damping in the system and having mass moments of inertia 


along its length. Such a beam is shown in Fig. | 





Fie. 1 Nonunirorm Beam on ELAstic SUPPORTS 


In order to make this problem amenable to solution, the non- 
uniform beam is simulated by a beam having .V-stations with 
concentrated masses and (.V — 1) uniform weightless beams be- 
tween the masses.**+4 A suggested procedure for obtaining this 
simulated beam is as follows: The original beam is divided into 
(N — 1) sections with stations located at each end and at each 
support. The mass distribution is carried out so that the simu- 
lated beam has the same total mass, and the center of gravity 
(CG) of each section is the same as the equivalent section of the 
original beam. A method for obtaining the stiffness E7, of 
each uniform section is to average the actual stiffness within each 
section. 

For each of the uniform beam sections, deflection and slope 
coefficients are obtained considering the beam sections to be can- 
tilevered at one end. These deflection and slope coefficients are 


defined as follows: 


***A General Method for Calculating Critical Speeds of Flexible 
Rotors,”” by M. A. Prohl, Trans. ASME, vol. 67, 1945, p. A-142. 

4**Matrix Solution for the Vibration of Nonuniform Beams,"’ by 
W. T. Thomson, JouRNAL oF ApPLiep Mecnanics, Trans. ASME, 
1950, p. 337. 


vol. 72, 





deflection at tip due to a unit load at tip 
deflection at tip due to a unit moment at tip 
slope at tip due to a unit moment at tip 
slope at tip due to a unit load at tip 


These required data may be tabulated as shown mn Table l 
The beam of Fig. 1 for only three supports can be simulated by the 
beam of Fig. 2. If a section of the beam is taken out, and placed 
in dynamic equilibrium, the forces and moments are as shown in 
P,and Vi, are, respectively , the shear and moment reactions 
3, the de- 
flection, slope, moment, and shear on the left side of the section 


Fig.3 
to the right of the section. Using the notation of Fig 
may be written in terms of these quantities on the right side of the 
section. These equations lead to a set of recurrence equations 
To develop the recurrence equations, a section between stations n 
and (n + 1) is analyzed. This typical section, with sign conven- 
tion for the deflections, slopes, moments, and shears, is shown in 
The externally applied shears and moments are positive 
The 


From Fig. 3, we may W rite the de- 


Fig. 3 


up and counterclockwise, respectively beam is assumed 
vibrating at a frequency w. 


flection, slope, moment, and shear, respectively, as 


L,.Qint S,dr, — M,dy, 


a S,1 


, 
= } mY yw 
i l 
n—1 
= ) [S, + 
1 


Fr 


1 


l, c, b for 3 supports 


1, >) for 2 supports 


The y; 
support j when station n is at or is to the left of the support 7 
If these four quantities are written in terms of the unknown 


is an operator which adds in the shear or moment at a 


initial slope, initial deflection, and unknown moments and shears 


| 






























































P. ‘go 


IDEALIZED NONUNIFORM BEAM ON ELASTIC SUPPORTS 
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Fic. 3 Typican Beam Section—SHowinG SiGN CONVENTION 


JOURNAL OF APPLIED MECHANICS 


TABLE 1 
DATA SHEET 





| €1 


+— 








Lt — } 
[eT 


at each support to the right of the section, a set of linear equations 


in these unknowns may be written as 


95,0 


Jon? 


where 
@ = unknown slope at station | 
6 = unknown deflection at station | 
P, = unknown shear at support j 


M, = 


unknown moment at support 7 


Placing these last. relationships in the original deflection, slope, 
moment, and shear equations, Equation [1] leads to a set of re- 
currence equations for the coefficients of the unknown initial dé 
flection, initial slope, and unknown moment and shear reactions 
This is explicitly done for the deflection in Equations [3] and [4 
as follows: 

Inserting the relationships of Equation [2] into the deflection 


Equation [1] there results 


Jointty® + Garnsrd 4 1; > dP 
J 
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Shear coefficients 


deflection coefhicients 


Substituting equation ! 7] into kequ 


we obtain 


>. Jw “Iu ty 
1 


In a like manner, the slope, shear, and moment are rewritten 
ind coefficients of like terms are ¢ juated, The resulting re- 
currence equations are 


Slope cot fhic ents 


vyu,G; 
Iu j) (n+ J UerGu vali 


The set of recurrence equations ol the coefficients for each of 
the unknowns is essentially the same The general form of the 
recurrence Equations [6], [7], [8], and {9} has been tabulated in 
Table 2 (a) for all of the unknowns. The specific initial conditions 
are shown in Table 2 (), (c), (d), and (¢ Thus by use of the 
tables, the coefficients of the unknowns can be computed from 
station to station until the last station is reached. With these 
last values, the determinant of the coefficients of a set of linear 
homogeneous equations may be set up and evaluated. The set of 





TABLE 2 
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linear homogeneous equations expresses the boundary conditions 
which must exist when the beam is vibrating at one of its natural 
frequencies. This set of equations, and so the determinant, 
varies as the boundary conditions vary. Specific boundary con- 
ditions and the determinantal relationship which must exist are 
given in the following. 

It is noted that the @ (unknown initial slope) table and 6 (un- 
known initial deflection) table are computed from one end of the 
beam to the other for all cases when there exists an initial slope or 
deflection. The Af and P tables are carried out for each support 
where a torsional or linear restraint, respectively, occurs. Each 
table is started at the support and computed to the end of the 


beam. 
Tue Two GENERAL Cases 


Two Supports—Torsional and Linear Spring at Each Support. 
For this condition the @, 6, P, and M tables are started at Sta- 
tion 1 with the following initial values 


= fan 
go = Jean = Juan = 0 
Gran = Gy | ie C5," = Gpan’ = 0 
G5, = mwas 


Gor’ = J wf gr 


Complete these tables to Station h. 
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The other boundary conditions to be satisfied are 
Kiy, = P, 
K.y, = P, 
Cia, = M, 
Cry = M, 
Py, = Good + Gad + GrapPi + GaayM, 
My = Ges’ + Gud + Gran'Pr + Guan’, 
y, and a, we 


Substituting y = 6; a, = @ and the relations for 


obtain 
K.6 = P, 
Cid = M, 


gray? + gaawM,) 
= Gad + G56 + GpaypPs + GayrayeoMy 


K2\gen@ T [11] 


fap] 
G5,'6 pay Py Gyr 


T te 1 Ps 
Gon’ 


'M, 


Substituting the first two equations [11] into the second two of 
[11] we obtain 


Ge b> Gara 
Sica * an : } ee : = MM, 
CK: C; RK, 


GC» 9 5» 
K, Ry kK, 


; Cue “| M, 
C2 


fs 


If we let 


Gos + om 
C\K C; ky 


J» Gaya 
= yan 
Gs, 9d: Gp 1)> 

= (ras ~ > ; - 
KK, Ky Kk, 

Go» Se» Grays 


+ == 
CC; C 


’ = fap — 


Gy" Sos 


D = fray — 
Seas — kc, + K, 


We then obtain 
AM, + BP, = 0 | 
CM, + DP, = 0 


For a nontrivial solution 

AD — BC =0.. [15] 
A plot of the value of Equation [15] against assumed values of w 
will indicate what values of Equation [15] equal zero. These are 
the natural frequencies. The mode shape is 


Yn = Jon® + Gon0 + gral: + gaan [16] 


where the deflection at Station 1 is normalized to 1. Then 
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RESULTS OF VAROVS Fwo SUPPORT 44ND Con o- TIANS 
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DEFLECTION ~ Fad * 4,9 * 3,5" Ja" fa,/7 


tesuLTs or Varrovus Two-Support ENp ConpbiITIONS 


The other boundary conditions are 


Kk, 
C; 
) 
This general flexible two-support beam can be specialized to a 
number of normally encountered end fixities for beams. The re- 
sults are shown in Fig 4. M, = fan’ @ 4 1 , _4+ Gy , »'M, 

Three Suppo fs Torsional and Linear Springs at Each Sup- 1 G; P. 4 Guien’M 
port. The @, 4, P;, and M;, tables are started at Station 1 with the : ? ; 
GuapM, 

GreewP. + GyienM 


following initial conditions 


Substituting the last two of equations [18] into the other six and 
making use of the initial boundary conditions, Equations [18 


=fuan = 0 
: may be written as 


= ivan = - . : 
Kz[go-b + gs + grayed’: + GaayMi 
= Gray’ = 0 
C2[ foc + S56 + frard’s + fuayeMi] 
= Guan = 0 
Tootf Kalgeo@ + go + gral: + guaeMi 
wW : ’ 7 ’ 
— + gpropP. + GmiewM -] Good — Gy0 — GrapP 
myw*gs _ Gy 1 »M, - Gp sf’, _ Gu. »M. = (0 
[19] 
Complete these tables to Station b. Also start tables P, and M, — C,{ fos + fund + frawPi + fuawMi + frepP. 
at Station c with the following initial condition + furenMl — Ge'd — Gu'd — Gran’Pr — Guan’M, | 
'=0 Sice = GMicre = Garcye = 0 - Gprey'P- — Guren’M. = 0 
Gye ae = —1 


Complete these tables to Station } 
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Substituting the last two of Equations [19] into the other four, 


he six equations reduce to 
1M, 
CM, 
EM, 
LM, 


where 


= { ‘Gy 1 


V = l ‘sifu “ (Gy “yg 
R ‘ : tp ina C1G; ‘y 


For a nontrivial solution of Equations [20] the determinant of 


the coefficients must equal zero. 
A B 0 
dD 
E F 
LM N 
Thus for a natural frequency to be obtained 


A|DHR — JM + FR — DIN} 
— BICHR — JL + ER — CIN] 
+ [CFN + DHL — EM + FL 

— DEN — CHM] = 0 


Special cases of this general case may be obtained by placing 


limits of 0 or © onto the torsional spring constants C; or linear 
spring constants K: 


1 For no torsional restraint 
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Tables 1/7, and .V/, are not required. 

2 For no torsional restraint and linear spring constants infinite 
(simple supports 


Tables 1/7, and M, are not required. 
For the general case, the mode shape is 


pnP + G50 + Graylr Guay 


ee 


Then 


where the deflection at Station 1 is normalized to 1 


E+ HC + 
HD + JB ; 
: Ay 
CH + AJ 


CM, 


HBC if — HAD P 
, JA ‘] 


Dk, 


(pDDITIONAL USES FOR THE METHOD 


1 Forced Vibration 
to determine the forced response of a 


The method presented herein can be used 
nonuniform beam, with 
varied end conditions when subjected to a harmonically varying 
force or harmonically varying moment. The procedure is the 
same as that used for determining natural frequencies with the 


following additions and/or exceptions: 


(a) Astation is located at the position of the impressed force ot 
moment 
b) The tables are calculated only once 


ising the frequency o 


excitation w. 


up In a set ol 


(c The boundary conditions are set linear 
equations for r unknowns which can be solved in terms of the 
magnitude of the exciting force or moment 

(d) After solving the equations for the unknown @ and/or 6 and 
support reactions, the deflection, slope moments, and shear may 
be evaluated at each station 


This method also 


2 Determination of Critical Rotor Speeds 
may be applied to determine the critical rotor speeds including 
The 


ployed is the same as for determining natural frequencies of non- 


the gyroscopic effect of the rotating disks method em- 
uniform beams except that the actual mass moments of inertia 
J,, are replaced by: 


a) —Jp for forward precession 
(b) 3Jp for backward precession 


when disks are being considered.® 

3 Determination of Natural Frequencies of Beam With Over- 
hangs. The natural frequencies of beams with overhangs may be 
found by completing @ and 6 tables from end to end, and applica- 
ble P and M tables from each support to the end of the beam. 
The conditions at each support and at the left end of the 
beam must be satisfied in a set of linear homogeneous equations 


in a manner similar to that shown above. 


& “Steam and Gas Turbines,”’ by A. Stodola, P. Smith, New York, 


N. Y., vol. 1, 1945, p. 434. 








Irequencies ol nomunilorn multiple « 


1 De , Beam-S epport System to a Given Natural Tre 


quen rhe method allows for the 
elastic Supports toa given natu il frequenes 


lesign of an elastic beam on supports has been presented 
This is wecomplished The special cases of various end fixities ol two-support bear 
three elastic torsional and linear supports have 


for w in the table and comple t- and a beam on 

been formulated The natural Irequencies [or these ses miu 
be obt ined b computing the bpp ible Qo é, P. ind V tabl 
ndary conditions in the form of 


by inserting the desired frequenc 


Ing the necessiul tables once, to obtain the coefficients of the un- 


knowns at Static 
The sprir each support may then be varied to and satisfving the remaining 
Siutistyv thre t I il re itlonship i set of linear homogeneous equations 
This systematic procedure lor ca iting all tables, and ther 
is well suited to computation on ar 


CONCLUSION ' 
evaluating a determinant 


klestad method for electronic digital compute 





The Pressure for Indenting Material 
Resting on a Rough Foundation 


By W. JOHNSON! ano D. M. WOO? 


To indent a material on a rough foundation under 
conditions of plane strain, a slip-line-field solution is pro- 
posed and a general expression obtained for the necessary 
pressure. For extreme values of friction, calculated values 


are given. 


INTRODUCTION 


HE indentation of material resting on a plane foundation 

using a flat punch has long been the subject of many 

theoretical investigations. When the material is deeper than 
it is wide it has been treated, principally, by Prandtl (1),* Hill (2), 
and Bishop (3), for the case of plane strain and by Hencky (4), 
Ishlinsky (5), Shield and Drucker (6), and Shield (7) for the 
cases in which a circular or a rectangular punch is employed. If 
the punch is wider than the material is deep then analyses have 
been made by Prandtl (1), Hill (2), Green (8), and Shield (9). 
In this paper attention is restricted to the plane strain instance 
when the supporting plane is rough and the material deeper than 
the punch is wide. 

It is well known that when rigid, perfectly plastic material 
confined under conditions of plane strain and resting on a smooth 
foundation is indented by a smooth flat die, the plastic zones 
originating at the corner of the die fuse and spread through the 
material, the final plastic zone touching the foundation in one 
point only (2). While it is easy to calculate the necessary inden- 
tation pressure given this condition, it is considerably more 
laborious and somewhat more devious when the foundation is 
not smooth. As in Hill’s analysis, it is assumed that a false head 
of metal attaches itself to the punch, but further, that a footing 
or zone of dead metal is developed in contact with the rough 
foundation. 

With these assumptions the slip-line field may then be con- 
structed as in Fig. 1. 

For small values of the coefficient of friction, an approximate 
method due to Hill (2) may be used. However, when these co- 
efficients are no longer small this modified field must be used for 
further calculations. 


Surp-Lineé Fie.p 


The analvsis takes account of all values of friction, and for-this 
reason the slip lines of the field meet the foundation at angles dif- 

1Senior Lecturer in Engineering, Manchester University, Man- 
chester, England. 

? Lecturer in Mechanical Engineering, Sheffield University, Shef- 
field, England. 

’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, September 6, 1956. Paper No. 57—A-24. 
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Fic. 1 Suip-Line Fretp ror PLANE STRAIN INDENTATION OF A 
Biock or MATERIAL RESTING ON A ROUGH FOUNDATION 


ferent from 45 deg. In Fig. 1, if W is 45 deg, then the coefficient of 
friction yu is zero and there is no footing; for all other values of yu, 
y is greater than 45 deg and the size of the footing increases as u 
increases. 

As noted, the field proposed is an extension of that given by 
Hill (2) and the method of analysis is substantially the same as 
his. An account of the theory of slip-line fields is easily availa- 
ble, see (2) and (10). The @ and §-lines for in connection 
with the Hencky equations are (Hill’s convention 
Fig. 1. 


se 


as labeled in 








F-F’ 


Fic. 2. Forces on a Riaip Biock or Marertar 


Referring to Fig. 2, if the indentation force is F, then part F’ is 
carried by the footing and the remainder, '/.(F — F’), must be 
distributed over the foundation on either side of the footing. 
When indentation occurs, two rigid blocks of material are dis- 
placed sideways as indicated, and the force necessary to do this, 
Pr, must be such as to overcome the frictional force, see Fig. 2; thus 





MARCH, 1958 


| 
9 


u(F — F’) = Py [1] 


/ 


By use of the Hencky equations, and in terms of the quantities in- 
dicated in Fig. 1, it may be shown that 


Pp/k = h(pg/k — 2¥) + 27 — (a — a’) [2] 


where] = { yp’ sin yp’ 
line E-B-C and where pz is the hydrostatic pressure at FE, and k 
the yield shear stress of the material in pl une strain. 


The indentation force is then given by 


ds, the integration being performed along 


us 


F/4ak 
4 


20 -— y+ 


= pp/2k + 
The force taken by the footing is 

/ T 
k+2(¥-F)a 21’... .. [4] 


where’ = f° sin W’ds ,the integration being performed along 
line E-D. 


apy 





Fig. 3 Novation ror Stresses at Point E or Foorine 


DIAGRAM FOR Stresses at Point E 


FOOTING 


4 Monr-Circut 


The stresses at point E in Fig. 1, are shown in Fig. 3 and repre- 
sented by means of the Mohr-circle diagram in Fig. 4. It is seen 
that uw and w are related thus 


w= tandA q/t = —cos 2y/(2zr + sin 2y) [5] 


where p,/2k is denoted by z. In terms of the geometry of the 


situation it is found that z is the positive radical of the equation 


sin2y 2a + 2(a — a’) cos 2p 


2 th 
1 


+ rv ; a sin 2 








SHOWING VARIATION OF INDENTATION Pressure WITH /’ 
FOR EXTREME VALUES OF FRICTION 


Fic. 5 


in which a=2]/ —-2y+a’—-—a 


If x is determined from Equation [6], indentation pressure 
F /4ak follows from using Equation [3]. 

Che drawing of a hodograph for this particular type of stress 
field is not difficult. 
half of the stress field for h/a = 2 and in Fig. 6(b) the correspond- 


; 


In Fig. 6(a) is shown a scale drawing of one 
ing hodograph, lettered to correspond with Fig. 6(a). The graphs 
are drawn using 5-deg equiangular nets. 


REsvULTS 


When y is 45 deg, the foundation is perfectly smooth and the 
variation of F'/4ak with h/a has been calculated and given by Hill 
(2). For the range of cases in which W is 90 deg, the variation of 
F'/4ak with h/a has been calculated by the authors using a 5-deg 
equiangular net of slip lines drawn out on a large scale; the result 
s given in Fig. 5 


/ 


- 


/ 
/ 
/ 
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Dy 
) Dy 
(@) (b) 


One Hatr or a 5-Deo EquiaNGcuLaR Net or Sup Lines 
FOR THE CASE IN WuicuHh/a = 2 


Fic. 6(a@) 


Fic. 6(6) One Har or HopoGRaps CORRESPONDING TO FIELD IN (a) 
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When the indentation pressure reaches a value of 2k(1 + 2/2) 
an alternative mode of deformation becomes possible and instead 
of the rigid blocks of material being forced out sideways, plastic 
material is forced up at the sides of the punch. From this it ap- 
pears that the mode of deformation, shown in Fig. 1, which holds 
for a perfectly rough foundation applies only over the range 


The curve Fig. 5 is of course an upper bound for the necessary 


indentation pressure because no suggestion is made as to how the 
slip-line field may be extended into the rigid regions. 
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The Bending of Pretwisted Thin-Walled 
Beams of Symmetric Star-Shaped 
Cross Sections 


The customary method of determining the elastic bending de- 
flections of pretwisted beams predicts that the deflections of a 
uniform beam with a cross section having equal principal mo- 
ments of inertia will be independent of pretwist. Experimental 
deflections of a thin-walled pretwisted beam with a doubly 
symmetric cruciform cross section have been found, however, 
to be significantly larger than those thus predicted. Based on 
energy methods, an approximate analysis is developed for pre- 
twisted thin-walled beams having symmetric star-shaped cross 
sections, which takes into account the effect of interactions be- 
tween pretwist and distortions of cross sections. An equivalent 
bending stiffness is derived which is a function of pretwist. The 
principal theoretical and experimental results are shown in Fig. 
4. 


Nomenclature 
The following nomenclature is used in the paper: 


l sin? & cos? @ ‘/2 
— 
I idius of solid core of cross se¢ tion 
width of beam 
coefficients of mid-surface strain 
Young’s modulus 
coefficients of variations 6K, 6 
thickness of helicoidal sheets 
moment of inertia of cross section of untwisted 
beam 
effective moment of inertia for pretwisted beam 
coefficients of bending strain 
component and resultant curvatures of axis of 
beam 
component and resultant bending moments 
total number of helicoidal sheets 
designation of a particular helicoidal sheet 
distance from axis of beam 
= pretwist per unit axial length 
= component displacements of mid-surface 
= component displacements of axis of beam 
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distortion function for nth sheet 
distortion parameter 

Ofor0 <r<b,andw&, forb<ors 
strain energy of beam per unit length 
potential energy per unit length 


Cartesian co-ordinates 
influence coefficients corresponding to M,, My 


el 

deflection of pretwisted beam 
deflection of untwisted beam 
mid-surface strain components 
bending strain components 

total strain components 

distance from mid-surface in w-direction 
angle between ./-vector and y-axis 
w,/K) 

Poisson’s ratio 

tan~ '(0z/Odzr) 

tan~ '(02z/ody 

b c 

m(r — b)/2c b) 


Gh, We rotations determining bending strains 


Introduction 

Problems of static bending of pretwisted beams, such as turbine 
and compressor blades, are often solved by means of conventional! 
beam theory, pretwist being taken into account only in finding 
the components of bending moment which act about the principal 
axes of a cross section. Bending stresses and components of 
centerline curvature then can be determined in a manner similar 
to that discussed by Timoshenko (1) with reference to unsym- 
metrical bending. One obvious and interesting consequence of 
the application of this approach to a pretwisted beam having a 
cross section with equal principal moments of inertia is that curva- 
tures and hence deflections are predicted which are independent 
of pretwist. This follows from the consideration that if the two 
principal moments of inertia of the cross section are equal, then 
all moments of inertia about centroidal axes are equal. How- 
ever, in conducting bending tests on the rotor of an Elliot-Ly- 
sholm compressor, consisting of a symmetric arrangement of 
twisted lobes, W. A. Wilson and J. W. Crocker found that the 
measured deflections were appreciably larger than the predictions 
Subsequently (2) similar effects were observed during bending 
tests on a pretwisted beam of thin-walled cruciform cross section. 
These results are referred to by den Hartog (3). 

In a previous paper (4) an explicit solution was obtained for the 
bending of pretwisted plates, based on the theory of slightly 
curved plates as developed by Marguerre (7) and Reissner (8). 
The analysis shows that the bending stiffness and the stress dis- 
tributions associated with bending about the shorter principal 
axis of a cross section are influenced by pretwist in a manner 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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which is not predicted by beam theory. The physical cause of 
this effect is an interaction between pretwist and anticlastic 
deformations. Effects of a similar nature are discussed in the 
present paper with reference to pretwisted beams having thin- 
walled star-shaped cross sections, to which the previous analysis 
does not appear to be applicable. 

Zickel (5, 6) develops a general analysis for bending of thin- 
walled pretwisted beams and for buckling of thin-walled pre- 
twisted columns which follows an approach similar to that of Love 
(9) in his “Theory of Naturally Curved Rods.’’ By taking ac- 
count of the inclinations of helical fibers to the axis of the beam 
and also of the greater length of those fibers farther away from 
the axis, the author shows that the bending stiffness about a 
principal axis of a cross section is not expressed accurately by the 
product of Young’s modulus and the appropriate moment of 
inertia, but is instead a decreasing function of pretwist. This 
analysis also points out that the deflections of a beam having a 
doubly-symmetric cruciform cross section, contrary to the pre- 
dictions of beam theory, will increase with pretwist. 

The experimental results for a beam of this type, Fig. 3, con- 
firm that its deflections increase with pretwist. Quantitatively, 
however, the experimental deflections are not only appreciably 
larger than the predictions of beam theory but also are larger than 
those of the previous analysis. This suggests that there is a 
further effect of pretwist on the bending characteristics of such 
beams, and strain measurements, Fig. 5(b), show that it is due to 
the interactions of pretwist with distortions of cross sections. 
Such distortions include anticlastic effects, but since the beams 
considered are thin-walled, further distortions are suggested by 
the stress redistributions thereby produced. 

Fig. 1 illustrates that both primary tensile and compressive 
stresses can be relieved in this way. From an energy standpoint, 
it can be said that the strain energy associated with the primary 
bending stresses has been reduced at the expense of adding strain 
energy associated with the transverse bending of the helicoidal 
sheets of the beam, and that the latter will occur such that the 


transverse 
_ distortions 










d 


Distortions of a single sheet of a multisheet beam. Tensile 


Fig. 1 
stresses along ab and compressive stresses along cd can be relieved 
by distortions of this type. 


total potential energy of the system is a minimum. The present 
analysis assumes a form of transverse distortion governed by a 
single free parameter, which is then determined by minimum prin- 
The results may be applied to thin-walled beams of any 


ciples. 
When compared with 


symmetrical star-shaped cross sections. 
experimental results for the beam of cruciform cross section, there 
is fair agreement up to the largest experimental values of pre- 
twist, where the deflections exceed the predictions of beam theory 
by 50 per cent. 


Analysis for beam of cruciform cross section 


(a) Strains and Displacements. Fixed orthogonal axes are 
chosen as shown in Fig. 2 with Oz directed along the centerline 
of the undeformed beam and Oy along the mid-surface of one 
helicoidal sheet. This sheet is assumed to be represented in the 
region (tzr)< _ 1 by the equation 
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z= (ry [1] 
where ¢ is the pretwist per unit axial length. Component dis- 
placements (u, v, w) of any mid-surface point P are defined to be 
in the directions Oz, perpendicular to Ox along the mid-surface, 
and along the mutual perpendicular to these directions, respec- 
tively. With the displacements described in this way it will be 
possible to make use of the known displacement functions for an 
untwisted beam. The mid-surface strain at a point can be ex- 
pressed in components having mid-surface directions parallel to 
the z,zand y, z-planes. These directions are perpendicular when 
z = 0, and it is shown in the Appendix that the corresponding 
linearized components of strain are expressed by the following 


’ 


& = (uu, tT + #22 (1 124? 


tyw, 


€,’ =v, 


l | 
= pie ; vy 2.2 
= lu, +o, + (yw, — u ( l > ty ) 


where €,’ and €’ are extensional strains, Y;2' is the shearing strain, 
(ty)* and higher powers have been neglected compared with 
unity, and literal subscripts denote partial differentiation. 

The additional bending strain at a point not in the mid-surface 
is found by consideration of an element which has its corner 
edges defined by straight lines in the directions of the w-com- 
ponents of mid-surface displacement. The mid-surface of such an 
element is shown in Fig. 2 as PQRS and projects into the rectangl 
dz, dy on the z,y-plane. It is assumed that after deformation each 
corner edge, such as that at P, remains straight and contains the 
same angles with the corresponding mid-surface lines, such as PQ 
and PR. The components of bending strain at a point in the 
cross section z = 0, whose distance from the mid-surface meas- 
ured in the w-direction is 7, are shown in the Appendix to be 
represented by the following 


to 


od 





€" = —nlw,, — tyu,, + Ul — Uy*), 
+ tty*w)(1 — 2t%y?) | 
G2" = —MNWy, 
| 
2” = ~n| 2,4 — Py") + Xe, — yu,, , 13) 


2 - | 

0 ‘ | 

(1 = rv) — tu, (1 “+ ry) 
— By(2 — by?) - eve, | 


from which the total strain components at a point are found by the 
addition of corresponding quantities in Equations [2] and [3]. 
Let the component curvatures of the center line of the deformed 
beam be represented by perpendicular vectors of magnitudes KA, 
and K; directed oppositely to the local v and w-displacement com- 
ponents of the sheet containing the y-axis. This sheet will be 
counted as the first of the four helicoidal sheets which comprise 
the cruciform beam. The assumed displacement functions are 
derived from the corresponding functions for an untwisted beam 
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(10) except that as described in the foregoing additional w-dis- 
placements are introduced and are represented by the function 
wv, for the nth sheet. In terms of the component curvatures, the 
assumed displacements for the mid-surface of the first sheet are 


then expressed as 


where 


is the distance from the axis of the beam, and v’ and w’ are the 
component displacements of the axis, The latter are chosen such 
that 0 remains fixed, and thus 


an axial element at z = 


K 16) 
and bending strains at the cross section z = 0 are 
[4] into Equations [2] and [3], 


The mid-surfacs 
found by substituting Equations 
with the result that 


A considerable simplification is obtained by noting that the 
centerline of the beam bends entirely in the plane of the applied 
bending moment. This follows from consideration of a horizontal 
length of the beam, one end of which is supported such that the 
tangent to the centerline there maintains a fixed direction in space 
on application of a pure bending moment to the other end. If the 
applied bending moment has components 1, and M, about hori- 
zoutal and vertical axes, respectively, then the component rota- 
tions of the tangent to the axis at the free end may be written 
+ ayoM>) and (a4, + a@2M;), respectively, 
Considera- 


generally as (a,,M 
in which it follows from reciprocity that ai. = a. 


tion of the separate application of the component bending 
moments shows, however, that the biaxial symmetry of all cross 
sections requires that @j2. = —Q@. It follows that ay» = a, = 0, 
application of which to an infinitesimal length of the beam leads 
to the conclusion that the curvature of the axis occurs entirely in 
the plane of the resultant bending moment. If the vector repre- 
senting the re sultant bending moment is inclined at an angle 6 
counterclockwise round Or from Oy, the component curvature 


vectors may therefore be expressed as 
K, = K sin (0) + tz 
Kk, K cos (05 + tz 


where, in the case of pure bending, AK, the magnitude of the 
sultant curvature vector, is a constant 
The distortion 


function w; is assumed to be represented 


+ ty 


for O 


for b 


and i, is a constant, c is the width of a helicoidal sheet (0 < r < 
c), b is the radius of the solid core of the cross section in which dis- 


assumed to be zer , and 


y r Wp 4 


The variation of w, with z is thus such as to satisfy all the require- 


tortions w, are 


ments imposed by the symmetry of the problem and will provide a 
maximum relief of strain €,’ at the most highly strained points of a 
cross section, as will be seen by substitution in the first of Equa- 
tions [7]. It will be noted from Equations [11] that the variation 
of w; with r will not satisfy exactly the requirements of a stressless 
r = c; however, the term contributing the major 


boundary at 


stress at that boundary, namely (w,),,, does vanish when r = c¢, 


while the residual nonvanishing stresses involve the small quan- 
tity (ty). The selection of a more exact variatior? with r does not 
appear warranted at this stage, and thus the form [9] is retained 
as a reasonable and simple approximation. Substitution of the 
Equations [8! and [9] into Equations [7] allows the components 


of total strain at a point in z 0 to be expressed as 


é; sin A + nk; cos 4% 


2 Sin 6 nkz cos A, 


€:2 COS Ay + ki sin Ay 


7 sin | 


a 


in which a = 
unity, (ty)? has been neglected compared with unity in the co- 


(b — c), (ty)* has been neglected compared with 
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efficients of #, and Aé?y* has been neglected when compared with 
w. It will be seen in what follows that retention of the latter two 
terms will, within the limits of the analysis, affect the results only 
by quantities of secondary magnitudes. 

The strain functions for the remaining three sheets of the beam 
of cruciform cross section can be expressed ii: a similar way. The 
mid-surface of the second sheet is perpendicular to Oy at x = 0, 
which allows new axes to be defined having a common origin with 
the first set and derived from them by a clockwise rotation of 90 
deg about Or. The directions of the component displacements (u, 
v, w) are defined relative to the second sheet in the same way as 
the corresponding quantities were defined for the first sheet. It 
follows that the new displacement functions can be derived from 
the corresponding functions for the first sheet, as given in Equa- 
tions [4], by the replacement of the angle @ (which determines 
the magnitudes of A, and K: according to Equations [8]}) by the 
angle (6) + 2/2), and also by the replacement of the distortion 
function w; for the first sheet by w. for the second. However, sym- 
metry requires that w, be derived from w, by the same substitution 
of (0) + 3/2) for %. Hence all components of strain in the second 
sheet are obtained from the corresponding quantities for the 
first sheet by the formal replacement of @ in the latter by (A + 
7/2). The components of strain for the nth sheet at the cross 
section z = 0 are, similarly, expressed as 


€, = ¢, sin [A + (n 1) /2] 
+ nk; cos [09 + (n 1 )w/2] 
€o = 2 sin 6 T " | )r 2) 12 
+ nkz cos [A + (n — 1)r/2] 4 
Viz = €1;7 COs 6 + un — 1 )w/2] 
+ ki sin [09 + (n — 1)r/2] 


where e; .... . ky: are as defined in Equations [11], 4 remains de- 
fined as the angle between the resultant bending-moment vector 
und the mid-siirface of the first sheet at z = 0, and 0 < y < ¢ for 
ll sheets 
(bh) Minimum Potential Energy. 
sheets is assumed to correspond to a state of plane stress, the total 


Since the state of strain in all 


strain energy of the beam per unit axial length at z = 0 is ob- 
tained from the expression 


4 ° 
; E . 
U = > — — { €1? + €:? + Qe.€: 
n=1 oJ Ay» 2(1 — v?) 


| 
F = 4Eh yu" E -= t2y°(3 


_ 4Eh £7 
él = €; + Ve 
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{ 
cos ar 
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where dA, is an element of cross-sectional area of the nth sheet. 
Insertion of Expressions [10], [11], and [12! gives the results in the 
form 


or ae 
l = = (. 2+ e,? +4 2 f 
] vy? \ 
( ] 2Eh be ; 
1 + ry) dy + ee 2 + Qvkike 
2 3(1 vy? - 
l vy. ; 
; :) (1 t (7 ) ly 14 
2 - 


where 2h is the normal thickness of the sheet The total potenti il 


energy of the system per unit axial length is expressed by 
V=U-MK 15] 

where M is the applied bending moment. 
The principle of minimum potential energy states (10) that the 
potential energy of the equilibrium configuration of an elastic 
svstem under the action of given external loads is less than that of 
all other geometrically admissible configurations. The varia- 
tion in potential energy corresponding to smal] variations of dis- 
placement about the equilibrium configuration is therefore zero to 
terms of the first order. If variations 67 and 6K are introduced 
into the system considered, the resulting first-order variation in 
potential energy can be expressed from Equations [14] and [15] 


as 


V6K 16) 


to 
~ 
& 
> 
eT 
, 
+ 
No a 


where the variations de; ... 6k,. are found in terms of dz and 
6K from Equations [11]. Substitution of the latter in Equation 
16] and collection of like terms allows the result to be expressed 
in the form 
=e 


6V -| F8K + Gbw)dy 
0 


San | 


VWék li 


where 


f 1 3 + 1lv + 9v? 
K(1 — vw?) {1 + t?y? ) 
4Eh3 2 l » 
tt) | : Ty . yey? ry. 

| + wt?] (1 — v2) (1 — cosy — gin v) . — cos WY + (1 v)(2 + 3v sin y | |} 

2a 4a? 2a 
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wy 2, | 1Eh? ’ tT* cos? y 
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issumed, the sheet is sufficiently thin for (A/c)? to 
18] reduce to the 


If, as is now 


he neglected compare d with unity, I-xpressions 


following 


F = 4Eh Jxvt[ 


Since the variations 6K and 6/ are independent and 6V = 0, it 


follows that 
{ (dy 


The first of these eq iations gives the distortion parameter t in 


0 and | Fdy Vv 20 


terms of A as 


Ker {ti ( ) 
h 


0.21001 - 3.47p + 4.08p? 1.57 p* 


1 + 0.056(1 ) (1 + 2.39p 2.43p? — 6.32p° 


21) 
where p b/c, and p* and higher powers are neglected compared 
with unity. With the notation #, = A*A, Expression [21] may 
now be introduced into the second of Equations [20] to determine 
the moment-curvature relationship, with the result that 


M = (El),K 


W here 


(EI),/(ET)o = : %2 — 0.638A2? 


0.474p 0.3449? 0.182? 


tEhe 


> 
» 


El 


Thus (£7 )o represents the bending stiffness of the untwisted cross 
[23] represents the 
Substitu- 


section, and the right-hand side of Equation 
decrease in bending stiffness associated with pretwist. 


tion of the value of A from Relation [21] gives the final form of 


iy | () 
) pb? 0.134 
3 h 


2.49p' 


the result as 


(EI),/(El)o = 1 09 (1 4 


3.95p + 5.38 * 
cB /h)*(1 + 2.399 — 2.43p? — 6.32p' 


(1 y*)\(1 
1 + 0.05601 v 
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where 8 = ct is the tangent of the angle contained between the 
tangent to the extreme helical fiber and the center line of the 
beam, and is thus a nondimensional measure of the pretwist. If 
the core of the section is so small that p may be neglected com- 
pared with unity, the results reduce to 


. 0.21061 vy? 
Ke(cB/h)? 
1 + 0.056(1 — v 


ty 
) e 0.134(¢B2 h 
3 


eoch 


r ] yp? 
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1 + 0.05601 yieB/h 


(c) Interpretation. Three separate factors which contribute to 
the reduction in bending stiffness can be distinguished in Equa- 
tions [24] and [26]. The first, represented by the term 0.99%, is a 
purely geometrical effect arising from the inclination of the 
helical line elements of the beam to the beam axis and from 
the variation in length of the line elements with distance from the 
axis. The second, represented by the term 1.272, is a consequence 
of the anticlastic deformations of the helicoidal sheets interacting 
with the pre twist in such a way as to relieve the main bending 
The third, represented hy the last term on the right- 
hand side of Equation [24] is similar in effect to the second, 
Unlike anticlastic effects, 


however, the magnitude of these distortions is shown by the 


stresses 
and is 


due to distortions of the cross sections 


energy analysis to be substantially proportional to the product of 
the center-line curvature and the square of the pretwist, and the 
resulting effect on the bending stiffness varies almost as the fourth 
power of pret wist 

The approximations made in the analysis restrict the results to 
eases for which (i) 84< 1, (ii) (b/c)}*< 1, and (iii) (h/c)?< 1 
The last two conditions state in effect that the beam must be 
thin-walled; the first permits application up to comparatively 
large values of pretwist. From the result of Equation [21], it is 
seen that the additional approximation made in the analysis that 
Kt*ct<< w is justified provided that, with y = 0.3 


+ 0.048? << 0.2 27] 


(h/c)? 


which in view of condition (i) has the effect of replacing condi- 
tion (iii) by the somewhat more restrictive “‘thin-wall’’ condition 
that (h/c)? < 0.2. Although the moment-curvature Relation 
22] has been determined at the cross section z = 0, the result is 
independent of the choice of origin and will apply at any cross 


section 


Extension to multiple-arm cross sections 


The previous analysis can be extended to all pretwisted beams 
which consist of a symmetric star formation of thin-walled sheets 
Symmetry again shows that the centerline curvature of such 
beams will occur in the plane of the applied bending moment. If 
there are m helicoidal sheets equally spaced at angles (27/m), and 
are assumed to be identical 
4), then it follows 


if the displacement functions (u, v, w 
with those previously assumed in Equations 
immediately from Equations [13] that the total strain energy per 


unit length at the cross section z = 0 is expressed by 
m 2 
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where e, ... ki: are as defined in Equations [11]. The Result [24] 
for an equivalent bending stiffness (£/), therefore follows for the 
more general case also, where now the conventional bending stiff- 
ness is (mEhc*)/3. 


Experimental results 

Tests were performed on a mild-steel beam, 50 in. long, which 
had the cruciform cross section shown in Fig. 3. Pure bending 
tests on the untwisted beam showed that the bending stiffness of 
the cross section was 0.895 * 10* lb in.? which, with the calculated 
moment of inertia of 0.0293 in.‘, corresponded to a modulus of 
elasticity of 30.5 X 10° psi. The average value of Poisson's ratio 
obtained from strain measurements in bending was found to be 
0.30. 


T 
} 1503" 
7 

! 





Fig. 3 Cross section of experimental beam 


Pretwist was applied with a standard torsion testing machine 
in steps corresponding to an increase in 8 of approximately 0.02, 
and bending tests were conducted after each increase in pretwist. 
The beam was supported at points equidistant from its ends by 
two slotted steel rings which were attached to the beam at its core 
in order that the supported cross sections could distort with a 
minimum of constraint. Equal loads were applied at the ends of 
the beam with dead weights suspended from wire loops slung 
over grooved loading rings, and the deflections were measured 
with dial gages at three positions, one central and the others 
equidistant from the center of the beam. 

Three bending-deflection tests were performed at each value of 
pretwist. The rotational position of the beam relative to the 
plane of bending differed by 120 deg in each of these tests, but no 
significant differences in deflection were observed as a result of the 
different positions. Care was taken to insure that the residual 
stresses introduced by pretwisting did not result in plastic defor- 
mations during bending, and to check on the effect of residual 
stresses on the recorded elastic deflections, some additional bend- 
ing tests were performed at several fixed values of pretwist. In 
these tests, the residual stresses were varied by deliberately yield- 
ing the beam with high bending loads in between elastic bending 
tests at the fixed pretwist, and although overloading the beam in 
this way changed the residual stresses, it was found that the sub- 
sequent elastic deflections remained the same. The effect of the 
recovery of the elastic properties of the steel after cold-working 
during pretwisting also was investigated. Bending deflections 
were measured immediately after application of pretwist and 
again after an interval of several days. No significant differences 
were noted. 

A comparison of predicted and observed deflections is shown in 
Fig. 4. The deflection A of the pretwisted beam refers to the 
central deflection relative to the deflection at the outer gages. 
Average experimental values were obtained from linear load-de- 
flection curves, and the results are shown as a ratio of A to the 
corresponding quantity A, for an identical untwisted beam. The 
predicted values were calculated from Equation [24]. Since the 
experimental beam was designed with large fillets at the core in 
order to reduce stress concentrations during twisting, it is difficult 
to assign an exact value to the effective core radius as regards 





JOURNAL OF APPLIED MECHANICS 





DEFLECTION RATIO 





© EXPERIMENTAL F 


——— THEORY 








1°) ie) 0.2 03 OA (Oke) 
PRETWIST PARAMETER @ 
Fig. 4 Variation with pretwist of bending deflections of beam with 
cruciform cross section 
transverse bending of the helicoidal sheets. Accordingly, three 
predicted curves are shown which correspond to the probable range 
of effective core radius. 

Two principal groups of bending-strain measurements were 
made. The first group comprised measurement with wire- 
resistance strain gages of the helical and transverse strains €, and €; 
at constant pretwist, as the rotational position of the beam rela- 
tive to the plane of bending was varied through 180 deg. The re- 
sults are shown in Fig. 5. 

The helical strain varied almost sinusoidally with inclination 
0, the average experimental magnitude of 350 X 10~* in/in. re- 
corded at 6 = 90 deg agreeing closely with the caleulated value of 
346 X 10~* in/in. for a similar untwisted beam. Of main in- 
terest, however, is the variation of the transverse strain €. This 
shows that no transverse bending of the sheet occurred when the 
arm was vertical, and the strain — 72 X 10~* in/in. recorded at 
this position for gage 5 represents the maximum anticlastic strain 
of the mid-surface at the point corresponding to the location of 
the strain gage. The anticlastic strain at the gage position there- 
fore can be represented by the expression 


— (72 sin 6 + 10.9 cos 6) & 107% 


in which the second term appears in consequence of the distance of 
the gage from the mid-surface. Subtraction of this quantity from 
the total observed strain laves a remainder which represents the 
strain associated with the additional distortion of the cross sec- 
tion. 

As shown in Fig. 5(b), the variation of this additional strain 
indicates that the distortion takes the form of transverse bending 
of the sheets towards that side of the cross section which is in 
tension. It is a maximum at a horizontal arm and zero at a 
vertical arm, which agrees with the assumptions made regarding 
the form of w; in Equation [9]. 

In the second group of strain measurements, the variation with 
pretwist of the transverse strain € at a horizontal arm of a cross 
section was obtained, also with wire resistance strain gages. The 
results are compared in Fig. 6 with the predictions of Equation 
[10], based on a range of possible values of effective core of the 
beam. Additionally, a few measurements were made of the dis- 
tribution of helical strain €; at a vertical arm, using a Huggen- 
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Fig. 5(@) Experimental helical strains in bending of pretwisted 
beam; M = 500in-lb, 8 = 0.325 
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Fig. 5(b 
beam; V/ 





Experimental transverse strains in bending of pretwisted 
= 500 in-Ib, 8 = 0.325 
to obtain accurate definitions of 


berget extensometer in order 


gage positions. A typical result is compared in Fig. 7 with 
the linear distribution for a similar untwisted beam and with the 
predictions of Equation [10]. While the nonlinearities predicted 
by the latter are slight, it is believed that definite indications of 
their presence are shown. 


Conclusions 

Bending deflections of a thin-walled pretwisted beam of cruci- 
form cross section have been measured which are appreciably 
larger than those predicted by conventional beam theory. Strain 
measurements have shown that in-plane distortions of cross sec- 
tions during bending steadily increase with pretwist, and the way 
in which such distortions affect the bending stiffness has been out- 
lined. The approximate analysis, applicable to pure bending of 
pretwisted beams of symmetric star-shaped cross sections, results 
in an equivalent bending stiffness which decreases with pretwist 
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APPENDIX 


Before deformation, the length of the line-element PQ, Fig. 2, 
is dz sec , where § = tan~'z,,@ = tan~'z, and subscripts denote 
partial differentiation. After displacements u at P and (u + u,dr) 
at Q, the deformed length P’Q’ is 


dz(1 + 2u, cos® £)/? see & 


and thus the linearized strain component of €,’ corresponding to 
the u-displacements is u,/(1 + z,?). The strain components of 
€,’ corresponding to v and w-displacements can be found in a 
similar way, when addition and substitution of the mid-surface 
Equation [1] will give the first of Equations [2], provided that 
(tr)< 1 and (ty)*< 1. 

Similar consideration of the changes in length of the line-ele- 
ment PR gives the second of Equations [2]. The shearing strain 
is found from the change in angle QPR. After displacements u, 
the lengths of P’R’ and Q’R’ are dy sec @ and 


{(dx)*(2u, + cos? &) + (dy see @)? 

— 2dzx dy(u, + tan & tan d)]'”* 
respectively. Angle Q’P’R’ is therefore less than a right angle by 
the small amount 
u, cos & cos @ — u, sin € cos? & sin @ + sin € sin @. . [29] 
and hence the decrease in angle QPR due to u-displacements is 
represented by the first two terms of Expression [29]. 

Similar calculations for the v and w-displacements and addition 
of results gives the total reduction of angle, which equals the 
shearing strain at z = 0. Substitution of Equation [1] gives the 
third of Equations [2]. 

The lines shown in Fig. 8, in addition to the mid-surface lines 
PQ, PR, are as follows: PN is perpendicular to PR in plane y, z 
and hence is the direction of w-displacements; PL is perpendicular 
to PQ and PN, and hence lies in plane RPx; PM is perpendicu- 





lar to PQ and PL, and hence is coplanar with NPQ. Direction 
cosines of these lines are 
PQ(cos £, 0, sin &) PR(O, cos ¢, sin d) ) 
PN(0, — sin ¢, cos d) 
> .. [30] 


PL(—sin & sin ¢, cos & cos ¢, cos & sin @)/A 
PM(-—sin £ cos £ cos ¢, —sin ¢, cos* — cos @)/A } 
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Fig. 8 Geometrical axes for strain-displacement relations 


where A = (1 — sin? & cos? @)’? 

To satisfy the requirement that the line PN fixed in the shell 
shall contain the same angles with lines PQ and PR after deforma- 
tion, it is necessary that the rotation of PN be such that (i) its 
resolved part about PL equal the rotation of PQ about PL, and 
(ii) its resolved part about Pz equal the rotation of PR about 
Pz. Calling these small rotations w; and ws, respectively, and 
noting that PL, Pr are not perpendicular, it follows that the re- 
sultant rotation of PN about an axis in the plane PLRz, to which 
PN is normal, can be expressed as the perpendicular components 
w, and (a, tan € tan @ + Aw: see &) about Px and PR, respec- 
tively. The additional u and v-components of displacement of a 
point on PN whose distance from P is n are, therefore, + n(a, tan 
E tan @ + Aw: see &) and —nw. respectively. The additional w- 
components of displacement are assumed to be zero. Insertion 
of these quantities in Equation [2] will give the strain compo- 
nents corresponding to bending of the helicoidal sheet. The 
quantities @, and w: can be found from the displacements of points 
Q and R relative to P, which are (u,, 0, O)dr and (u,, 0, O)dy, 
respectively. Resolution of the former in direction PM and di- 
vision by length PQ gives we, and resolution of the latter in 


direction PN and division by length PR gives w. Hence 
a, = 0, @:. = (u, sin E cos? E cos })/A 31] 


Similar calculations performed for v and w-displacement com- 
ponents, and addition of corresponding results, give the total 
magnitudes of w; and w2. Hence the bending displacements (u, », 
w) of points not on the mid-surface can be found as noted in the 
foregoing. Following substitution in Equation [2], the approxi- 
mation (ty)*<_ 1 will give Equations [3] for the bending strains 
atz = 0. 















Creep Deflections and $ 


~ 


tresses 


ot Beam-Columns 


By T. H. LIN,' LOS ANGELES, CALIF. 


A method of calculating the creep deflections and 
stresses of a beam-column is shown. The differential 
equation of equilibrium in terms of creep strain is solved 
by the method of integrating factors with Green’s func- 
tion. For restrained and built-in ends, the end moments 
are found from the end conditions. An illustrative ex- 
ample is given for a beam-column of an ideal H-section 
with built-in ends and subjected to uniform lateral load. 
The deflection-time curve and flange stresses at different 
instants are shown. 


NOMENCLATURE 

The following nomenclature is used in the paper: 
A= area, a constant 
A, = flange area 

constant 

Young's modulus of elasticity 

strain, compressive strain is considered positive 

creep strain 

average creep strain of section 

functions 

Green’s function 

function, depth of beam-column 


moment of inertia of column section 


Veo 
ial 


constant 
column lengt} 
moment 
axial load 
uniform lateral load 

time 

nondimensiona! ratio 

lateral deflection of column 

distance along axis of column 

distance from centroidal axis of cross section 
stress; compressive stress is taken to be positive 


Subscript o denotes centroidal axis of the section, and sub- 
seript b denotes bending. 
INTRODUCTION 


The recent increase in the use of structures at elevated tem- 
peratures, as in the case of high-speed aircraft, has made it neces- 
The 


growing importance of the creep deflection in columns has been 


sary to consider the creep effect in a number of structures. 
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number of studies have been made by 
5).2 The 


materials, 


recognized widely. A 
assuming the columns to be viscoelastic (1 stress- 


strain-time relations of some engineering metallic 
under constant stress, may be approximated by viscoelastic 
However, under varying stress the stress-strain- 


linearl\ 


models (5). 
time relations may deviate considerably from being 
viscoelastic. The stress variation across the different sections 
in the column increases with the column deflection. For columns 
with appreciable deflection, the assumption of linearly visco- 
elastic creep is rather unrealistic (6 

Studies of pin-ended columns with creep based on empirical 
stress-strain-time relations, have been made by different investi- 
gators (7-11). Hu and Triner (12 
calculating the end deflection of a cantilever column under ar 
In the present paper, creep deflections of beam- 


have shown a method of 


eccentric load. 
columns (with both axial and lateral loads) with restrained ends 
The equilibrium and compatibility conditions are 


The method given can be applied 


are analyzed. 
satisfied at all 
easily to beam-columns with pin ends. 


sections. 


THEORETICAL ANALYSIS 


The uniaxial strain rate under uniaxial stress at elevated tem- 
perature is a function of the stress, time, and total creep strain, 
and the history of loading. After following a stress-time curve, 
the material, at some condition of stress and strain, will have a 
strain rate under constant stress. If the material is given an 
instantaneous change in stress Ago, the instantaneous strain in- 
crement Ae will be Ag/E, where E is the elastic modulus of th 
material at the particular temperature (13). This implies that 
creep changes the curvature of the member but does not affect 
the flexural rigidity EJ of the column. 

For the following analysis, the smooth stress-time curve of 
different fibers of the column is represented by infinitesimal steps 
(8). 
followed by an instantaneous increment of stress do, Fig. 1 

With the rate of strain under constant stress denoted by @ 


Each step consists of a constant stress period of time d/ 


da 


de = odt + 
E 


This approximation of a smooth stress history by a series of in- 
finitesimal steps is the same as used in the previous analyses of 


column deflections [8, 11, 12] 


o = Ele * 


Ao = E( Ae — Ae, [2 


Instead of considering the equilibrium conditions for the total 
load and total moment at each section, the equilibrium conditions 
for the incremental load and moment are considered 


AP = Jf AodA = E JS (Ae — Ae,)dA 
AM = JS AondA = E Jf (Ae - Ae,)n dA {4 


With the condition that plane section before loading remains 


plane during loading 


2? Numbers in parentheses refer to Bibliography at end of paper. 





STRESS o 











TIME ft 


APPROXIMATION OF A STRESS-TIME CURVE BY A SERIES OF 
INFINITESIMAL STEPS 


Fic. 1 


e=e,+kn 
Ae = Ae, + Akn (5) 
Under constant load P 
AP =0 
JS (de — Ae, dA = S (Ae, + nAk — Ae,)dA = 0 
Ae,A + Ak Sf ndA = Sf AedA 
Let 7 be zero at the geometrical neutral axis of the section 


JS ndA =0 16] 


AM = ES [(Ae, + nAk) — Ae,)ndA 
= EIAk — E fn Ae,dA iS] 
For a beam-column with fixed ends and with uniformly dis- 
tributed lateral loads, Fig. 2 


aL gx? 
M=M,+2-"~+Py 9) 
AM = AM, + PAy... 10) 
The curvature is assumed to be small 
d?Ay 
Ak = - ; [11] 


dz? 


From Equations [8], [10], and [11], the condition of equilibrium 


gives 


f 9) 
_ [12) 


d*Ay + 
: . ES Ae,ndA. 


AM, + PAy = —El 
dz? 


where the term on the left-hand side is the external moment in- 
crement, and the terms on the right-hand side are the incremental 
moment due to incremental curvature and the relaxation moment 
due to creep in a given time interval At 

AM, 


d*Ay P 1 
ae ‘ o_—— dA — i 
das * BY 7 J Aeon EI 


. [13] 


Ae, varies from one section to another. Hence the right-hand 
integral is a function of z. With 


F(z) = 


1 
= S Ae,ndA 
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Fic. 2 Beam-Cotumn Notation 
the equation of equilibrium, Equation [13], becomes 
d*Ay P AM, 
= + — Ay = — —* + Fle 14) 
dz? EI EI 


SoLuTION OF DIFFERENTIAL EQUATION OF EQUILIBRIUM 


The differential equation of equilibrium is resolved into two 
parts 


aA 
Ps kt@Ay, = F(z 15] 
dz? 
Ay. V 
and -+k?*Ay = — “ . 16 
dzx* ; EI 
where k? = P/EI 
Ay = An + Ay: 117] 


Equation [15] contains no AM, and is solved as if the beam- 
column were pin-ended. 


can be solved by expanding y; into sine series 


It has been shown that Equation [15] 
11]. For deflec- 
tion curves close to half sine wave, as in the case of a pin-ended 
column with initial deflection of half sine wave, few terms in the 
sine series will give result close enough for practical purposes. 
However, for a pin-ended beam-column under arbitrary lateral 
loads, the deflection curve may deviate considerably from a half 
sine wave. More terms in the sine series are required and the 
method of sine series may be very lengthy. Therefore, in the 
following, the method of integrating operators with Green’s 
function (14, 15) is applied. 


cL 
Ay; = -f{ yx, a)F(a)da [18] 
» 
sin kr sin k(L — a . : 
g(x, a) = 9)(z,a) = - . re a 
k sin kL 
, sin k(L — x) sin ka a I 
(z,a) = 9,(2,a) =- —— » aS2zS Zk 
P k sin kL 
zr PL 
Ay —- g(z,a\Fla\da — | g,(x, a)F(a)da 
S * . . 
"= sin ka 
An sin k(L —z F(a)da 
k sin kL 
J 0 
L sin kL — a) 
— sin kz > Fla\da 19] 
k sin kL 
“tz 
dAy; : 7 dg{z, a). 
- = —y,(z,x)F(x) — F(a)da 
dz 0 dx 
e 
ete , “© doz, a), 
+ g,(z, x)F(x) — — F(ajda 
Ja dx 
with 9g,(z, x) = g,(z, x) 


z f °L ( 
day: s: — dg,(z, S? F(a)da — doz, a) F(a)da 
dz 0 dz 5 dr 
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(“") ek sin k(L —a P 
dz / 1.0 : , sin kL 


For a beam-col imn syminit tric lly loaded, the slopes at both ends 


a)da 20] 


Applying Green’s function as a linear 
integral operator to Equation [16] with equal A, at both ends, 
Ay: is obtained from Equation [19] with F(a) replaced by 
—(AM,)/(EI 


are numerically equal. 


sin A(L —a 
Sin kL 


AM PL 
: da 
0 


EI 


kKL—a 
sin kL 


[ sin k(L —a 
0 sin kL 


3A0, where 


da 


nds AM, 


as - (2) 


] iired at both ends to rotate the 
With 8 known, A@ and AM, can 


For built-in ends 


r=0 


and @ is the mom restrain- 
1dlan 


ing structure by or 
be found fron 


Equation [22] 


AM 
EI} 


L sin A(T a : 
7 F(a)da 
sin kL 


/ U 


The caleulation of the elastic deflection and moment at any 


} ly 


peam-coium 


section of a at the instant when the loads are ap- 


plied, is shown in several texts (16, 17 For uniform lateral 
load, the moment is given by Equation [9]. From the stress- 
strain-time relationship of the material at the particular tem- 
perature, Se, for the first time interval At are calculated at 
different points on different sections. 


the 


The more points and sec- 
smaller the time interval, the more 


Suitable numbers of points and 


tions calculated, and 
accurate will be the results 
itable time intervals can be chosen for the desira- 
Then AZ, and F(z) for different sections 
graphical integration. The values of AM, and 


ise of Green’s function as the integrat- 


sections and s 
le degree of accuracy 
are calculated by 
Ay are obtained by the 
ing factor. 
Considering a particular point on a section, in a small time in- 
terval At, the relaxation stress due to creep is EAe,, 
to the condition that AP = 0, the section has an average incre- 
mental axial strain of Aé, giving an incremental uniform stress of 
E2é,. 


moment. 


Owing 


This uniform incremental stress produces no incremental 
However, the relaxation stress causes a loss of resist- 
ing moment 


, i EAe,ndA 


and hence the equilibrium condition is disturbed. To restore 
the equilibrium condition, the curvature at the section is in- 
creased giving an incremental moment of E/ Ak to compensate 
the relaxation moment 


S Ede,ndA 


and to balance the increase of external moment due to AM, and 
PAy. This equilibrium condition is given by Equation [12] as 
EIAk = AM, + PAy + EJS Ae,ndA. 


The change of stress at a particular point in this time interval 


EA, 


Ao = Endk — Ede, ’ 


= E( Lz, 3 PAyt+ES Ae, ndA 24] 


— de, {[AM, 

With the stress and the history of the stress-strain-time path 
known, the incremental creep strain Ae, for the next time interval 
can be obtained either empirically by testing the material follow- 
ing the same stress-time history, or by using some stress-strain- 
time relationship. With Ae known, the process is repeated. 
By repeating the same process for successive time intervals, the 
stress distribution and deflections of the beam-column at different 
sections at different instants can be calculated. 

This method is applied to a 755-T aluminum-alloy beam-column 
it 600 F as shown in the Appendix. The calculated deflect 
time curve and stresses at different instants 


3 and 1. 


are shown l! I igs 
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Appendix 


ILLUSTRATIVE EXAMPLE 
A 758-T aluminum-alloy beam-column at 600 F with built-in 
ends is subjected to an axial load of 625 lb and a uniform lateral 
load of 2 lb/in. The column is 16 in. long and has two flanges 
of 0.125 sq in. each. The distance between the centroids of the 
flanges is 0.289 in. and the flange area is assumed to be concen- 


trated at its centroid. This gives a moment of inertia equivalent 





78 


x '/, in. The deflection of the 
column is assumed to be due to flanges alone (8). The Young’s 
modulus of elasticity E at 600 F is 5.2 X 10 psi and the stress- 
strain-time relationship for constant stress is taken to be repre- 
sented by (18) 


to a square section of !/2 in 


e=—-+ AeBet' [25] 
E 
where A = 2.64 X 1077 
R = 1.92 X 10 
o in psi 
tin hr 
K = 0.66 
] 
I=2X < 0.1445? = 
; 192 

w*EI : 

— = 1046 lb 
L? 
L P /e 
u=— ( - ) = 1.213 rad = 69.5°, cos u = 0.35 

2 \EI 


0.08r 


0.06 


0.04 
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For a beam-column with built-in ends subjected to uniform 
lateral load q (16) 


gL? 3(tanu — u 
M,= - J = —47.6 in-lb 
12 u? tan u 


The lateral deflection of the beam-column (16 


a. . ( ql? 2M, ) 
Y  SEhe {\2u? cos u cos u 
: (: 2z I : ( 
cos — L u— Cos u —- QHai-r-d ( 
init ( =) | ' ' 
= (). 17908 -« cos 1 — u — 0.35 — 0.00895 K (16 —2z 
\ L { 


M= 625y 


—47.6 + l6z — x? +4 
(26) 


Term @ is calculated at different points on a number of sec- 
With the first time interval At, Ac » is obtained from the 
empirical relation (18 


tions. 
Ae, = AeBe ( At) 


The values of F(z) = - ; i Ae, ndA 
at different sections, are obtained by graphical integration. 
AM, is caleulated from Equation [23], Ay is obtained from 
Equation [19], and Ay: is found by replacing F(a) by —(AM, 
(El 19). Ay is the sum of Ay; and Ay. Aé, is 
caleulated from Equation {7] and Ao is obtained from Equation 
24). This gives the stress o for the subsequent time interval 
In calculating the Ae, for the next time interval, the beam- 


in Equation 


column is assumed to follow Shanley’s engineering hypothesis of 
creep (8, 18). This hypothesis assumes mainly that the strain 
rate under constant stress is a function only of the stress and the 
strain, and not of the path of attaining this stress and strain. 
With given creep strain Cy» and stress o, the time required to ob- 
tain this creep strain under constant stress ¢ 


e, k 
tas AeBe 


The incremental creep strain in a time interval Af following t 


1 


eer - 
> = AeBe | = oy . [27] 


where e,, is the plastic strain at the start of the time interval At 
With Ae, calculated in the subsequent time intervals, Aé,, F(z), 
AM,, and Ay are calculated as before. By repeating the same 
process to successive time intervals, the stresses and deflections at 
The ealcu- 


lated center deflections versus time curve of the beam-column at 


‘ 


different sections at different instants are calculated. 
different instants are shown in Fig. 3. The variation of flange 
stresses with time are shown in Fig. 4. This present method can 
he extended to cases with different lateral loads and different end 
conditions 

The present me thod is based on the method of small deflections 
It is not applicable when the slope (dy) /(dz) is not negligible as 
compared to unity. Since excessive deflection is generally unde- 
sirable in actual structures, this method of calculating deflec- 
tions will be able to serve to indicate the practical life of the 
structure 


Carrying Capacity of an Elastic-Plastic 
Cylindrical Shell With Linear 
Strain-Hardening 


By P. G. HODGE, JR.,? anv S. V. NARDO,* BROOKLYN, N. Y. 


The approximate capacity of a thin-walled closed 
circular cylindrical shell, simply supported at each end 
and subjected to a uniform hydrostatic pressure, is de- 
termined. 
the latter are assumed to follow a linear law of isotropic 
hardening. The principle of minimum potential energy 
is used to determine an approximate solution for the stress 


In an 


Elastic and plastic strains are considered, and 


resultants, displacements, and maximum load. 
example, it is found that the carrying capacity is considera- 
that predicted by either rigid-plastic 
theory or elasticity theory. 


bly lower than 


1 INTRODUCTION 


HEN a rigid, perfectly plastic circular cylindrical shell 
is subjected to a combination of end load and radial 
pressure, the carrying capacity of the shell is its collapse 
load and may be easily determined (i, 2).4 If there is no end load, 
or if the end load is tensile, the collapse load so determined also 
will be a reasonable approximation to the carrying capacity of an 
actual shell which exhibits elastic strains and strain-hardening. 
However, if the end load is compressive, this no longer will be the 
case. The compressive end load will act on the elastic radial dis- 
placement to produce a greatly increased axial bending moment, 
the so-called beam-column effect. If reasonable answers are to 
be obtained, the elastic strains must be taken into account in 
the analysis 
This paper presents an approximate analysis of this problem 
The ap- 
plicability of this principle to certain elastic-plastic problems has 


based on the principle of minimum potential energy. 


been established recently by Hodge (3, 4, 5 

The following section contains an account of the basic equa- 
tions available for a circular cylindrical shell with beam-column 
effect. The next section considers the principle of minimum po- 
tential energy as it relates to this problem. The following two 
sections treat the problem of a simply supported circular cylindri- 
cal shell subjected to hydrostatic pressure, with Section 4 con- 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research. 

? Professor of Applied Mechanics, Polytechnic Institute of Brook- 
lyn. Now at Illinois Institute of Technology, Chicago, Ill. Mem. 
ASME. 

3 Associate Professor of Aeronautical Engineering, Polytechnic In- 
stitute of Brooklyn. 

4 Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., December 1-6, 1957, of Tut 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, November 14, 1956. Paper No. 57—-A-5. 


taining a general discussion and Section 5 a numerical example 
Finally, the conclusions of the paper are summarized in Section 6 
2 Basic EQuATIONS 
The axially symmetric state of a circular cylindrical shell under 
end load and axially symmetric pressure is characterized by the 
axial and circumferential direct stress resultants, the resulting 
axial bending moment, and the radial and axial displacements 
It is convenient to define these in the following dimensionless 
terms: 
Axial direct stress: n, = N,/No 
Circumferential direct stress: 
Axial bending moment: m, 
Axial displacement: U 
fadial displacement: W= 
Here No and M, are the fully plastic direct stress and moment 


No =2Yh, Mo = Yh? (2 


E is Young's modulus, and Y is the tensile yield stress. The shell 
dimensions are defined in Fig. 1. 

These five unknown quantities are to be determined from the 
two equilibrium equations 


a." = () 


m,"/2c? + 2n,bW" +no +P =0 4] 


and three stress-strain relations. In Equations [4], ? is the di- 
mensionless pressure 


P = pa/2¥h 


x= 0 
g=0 2 


STRESS 
Rincs 


Fic. 1 GEOMETRY OF SHELL. COoO-ORDINATE SyYSTEM, 
RESULTANTS, AND D1IsPLACEMENTS. Hyprostatic LoapIno. 
aT z = 0, 2L 
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b and ¢ are shell parameters 


b? = Ya?/2EL?, c? = L*/ah [5b] 
and primes indicate differentiation with respect to the dimension- 


less distance 


= a/fh..... : , [5c] 


The stress-strain relations are expressed in terms of the dimen- 


sionless extensions and curvatures of the middle surface, defined 
by 


U'+ Ww" 


ae E du a, (2) - 
“*"YLa 2\a 4 


E w } 
,=—|-—|=-wW 16) 

Eh d*w Ww’ 
“sory | dz? | 2c? 


Under the assumption that normals to the middle surface re- 
main normal after deformation, the stress and strain resultants 
may be computed in terms of the component stresses and strains 
If these latter are related by Hooke’s law, the resultants must 


satisfy 
€,° = Nn, — VNy 
eg’ = Ny — vn, [7] 
K,° = (3/4)(1 — v?)m, | 


where v is Poisson’s ratio. 

In discussing the plastic stress-strain law, the yield condition 
for initial plastic behavior must first be determined. 
ent discussion, it will be assumed that this consists of a collection 


In the pres- 
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of twelve linear functions, as determined by Onat (1) and Hodge 
(2). These may be represented conveniently by a polyhedron in 
a stress space with co-ordinates n,, nz, and m,. The quadrant for 
negative n, and ny of this polyhedron is shown in Fig. 2. 

In terms of Fig. 2, a given material particle will behave elas- 
tically so long as it remains in the interior of the polyhedron. 
Once it reaches the polyhedron it must then satisfy a plastic-flow 
law whose precise form depends upon the face, edge, or vertex of 
the polyhedron with which it is in contact. As the deformation 
proceeds, the stress point will move beyond the original polyhe- 
dron. According to the theory of isotropic strain-hardening, the 
polyhedron will expand uniformly about the origin so as to main- 
tain contact with the stress point.$ 

In the problem to be considered here, it turns out that each 
element of the shell either remains elastic or first encounters face 1 
(regime 1) 


' 


} 
No = —1 [3] 


of the yield surface. As the load increases, it may later move to the 
intersection of faces 1 and 10 (regime 1-10), originally defined by 
ny = —l, m,—n, = 1 [9] 
A stress point which moves only from the elastic region to a face 
and thence to an adjacent corner so that it never loses contact 
with a face once encountered, is said to “progress regularly.’’ 
Hodge has shown (3, 4, 5) that when the stress point progresses 
regularly the flow law may be integrated to yield a finite stress 
relation. In particular, it turns out that in regime 1 the plastic 
strains are given by the simple relations® 
‘Other theories of hardening have been discussed by Batdorf and 
Budiansky (6), Prager (7), and Hodge (5). 
* Details leading to the plastic stress-strain laws may be found in 
references (3, 4, 5, 8). 
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STRESS 


STRAIN - 


— = 


UNIAXIAL STRESS-STRAIN CURVE 


k,? = 0 [10] 


Here p is the ratio of the slopes of the elastic and plastic segments 


> 


of the stress-strain curve, Fig. 3 


On regime 1-10, one of the stress-strain relations is replaced by a 
relation stating that the stress point remains at the intersection of 
the two faces 


{lla} 


iations can be written in the form* 
- (0) 

(11b! 
= (p — 1\ny + 1) 


/ 


The total strain of a particle is the sum of an elastic part which 
[7] and a plastic part given by 


\ 


continues to be given by Equations 
Equations [10] or [11]. Thus 


tegime | 


PoTENTIAL ENERGY 


The principle of minimum potential energy is well known in 
elasticity, and Hodge has shown (4, 5) that for problems where 
the stress points all progress regularly it is also valid for piecewise 
In the problem to be considered the artificial 
stress distributions always satisfy this restriction and it will be 


linear plasticity. 
assumed that the actual state does so also. The significance of 
this assumption will be discussed in the final section. 

Expressed in terms of the dimensionless resultants of the shell, 
the strain energy of the shell is equal to 


Ve = 


1 
(2rahLY?/E) f, [2 S (n,de, + ngdeg + m,dx,)) dé. [14] 


Similarly, the external energy is given by 


V, -{ [pdAu],° 4 
end 


ei 
= (2ahLY?/E) I, PW 


. 


. | 
wdS | 
‘ ler pu . 


- U'jdé ! 


> [15) 


The total potential energy is the difference between these two 
quantities. Therefore, it is proportional to 


t= fi (e+ vot 


U 


S (n,de, T nydey 


m,dk, 


y = P(2W — U’ 


The quantity ¢ must be evaluated from the appropriate stress- 
strain law. The following results are easily obtained from Equa- 


tions [7 12}, and [13] 
J, [12], 


Elastic 


Regime 1-10 


Y = [sh s Nyl~e 


¥ 


Obviously, the appropriate stress-strain law must be used to 
write the expression for U entirely in terms of strains and, hene« 
displacements 

The principle of minimum potential energy states that among 
all displacement fields satisfying the boundary conditions on dis- 
placements, the actual field will minimize the quantity 7. As 
used to obtain an approxim ite solution to a problem, a displace- 
ment field containing one or more parameters is chosen, and these 
parameters are then determined so as to minimize 7. This proce- 
dure will be illustrated in the next section. 


4 Simp.iy Suprortrep Suectt UNperR Hyprostatic PrRessuRB 
Equation [3] 


shell 


terms of the dimensionless quantities, Equations [5] 


states that the axial force n, is constant along the 
If this force is caused by a hydrostatic pressure p, then, in 


[20] 


of n, is substituted into the 


If this value 


laws, along with the values of e,, e,, and x, from Equations [6], the 


s various stress-strain 
resulting expressions may be solved for the resultants No and Me, 
and the axial displacement U in terms of the radial displacement 
and [13], 


W. In view of Equations [7], [12], the resulting ex- 


pressions are 
Elastic 
U’ = —(1/2)(1 — v? 


no = —W 


¥ 


— vP/2 
m, = —2W°/[3(1 — v*) 
Regime 1 
U’ = —(1/2)(1 — v*/p)P 

+ (v/p)W — b*W’? + v(1 — 1/p) [215] 
—(1/pXW + 


yP/2) — (1 - 


1/p) 


—2W’"/(3(1 — v*)c?] 
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Regime 1-10 


° 


U’ = [(3/4)(1 — v?) + p] 
1((3/4\1 — v2?) + oy] (W +p - 1) 
(3/4). — vy?) + p]b2W’? + (P/2)|(3v/: 


+ (p — v)W"/2c? 


3/4)(p + 1)(1 — v?) + v? — pl} 
. [21e]} 
Ne = 3/4)(1 — v?) + p]™ 
\((W +p —1) — W"/2e 
+ (P/2)[(3/4)1 — v2? + v)} 
m, = [(3/4)(1 — v?) + p] “[W + p 1 W"/2c* 


| 
+ (P/2)(v — p)]) } 


Next, these expressions, together with the appropriate stress- 
strain laws, are substituted into Equations [18] and [19] in order 
to obtain the potential-energy kernel as a function of W and the 
load P only. After some computation this leads to 


Elastic 
g+y=K, [22a] 
tegime 1 
g+y=K,-K 225) 
tegime 1-10 
g+y=K, — Ki — Kz [22c] 
where 
K, = W? — Pb?wW’? + W"?/[3c41 — v?)] 
— (2 —v)PW — (1 — v*)P?/4 [23a] 
K, = (1 — 1/p)[W — 1 + vP/2]? [235] 
— (W +p — 1) — (2p/8c?)W"/(1 — v?))? 23c] 


For P sufficiently small, it is expected that the shell will be en- 
tirely elastic, hence the usual elastic analysis is used. Let W be 
any function which satisfies the displacement boundary condi- 
tions on the shell and depends upon n-parameters. Thus 


W = Wa, B,7,..., P, &)......--- [24] 


When the shell is everywhere elastic, Equation [22a] is applicable 
and Equation [16] becomes 


1 
I = f, K,dé [25] 


where K, is given by Equation [23]. Next, Equation [24] is sub- 
stituted into Equation [25] and the derivatives of J with respect 


to a, 8, y,... set equal to zero 


d/ee=0, dI/8=0, dl/dy =0,... ... [26] 


The n Equations [26] determine the n constants a, 8, y, .. ., so 
that the approximate elastic solution can be obtained. In particu- 
lar, if W is linear in a, 8, y, . . ., Equations [26] are linear and 
easily solved. 

With a, 8, y, . . . known, Equations [24], [21a], and [20] de- 


termine the solution for any value of P. In particular 


n, = —P/2, ny = n,(£), m, = m,(&) 27] 


Equations [27] determine a curve in the stress- 
In par- 


are all known. 
resultant space of Fig. 2, known as the ‘“‘stress profile.’’ 
ticular, since n, is constant, the stress profile lies everywhere in the 
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plane n, = —P/2. Now, for each value of P the stress profile can 
be plotted, as can the intersection of the vield polyhedron with 
the plane n, = —P/2. As long as the elastic stress profile is 
wholly within the resulting yield curve, the elastic solution is 
valid. However, when part of the elastic stress profile extends 
beyond the yield curve, the correct approximate solution is par- 
tially plastic and must be modified 

In the example to be considered in the next section, it is found 
that the stress profile first touches the vield curve on face 1 at the 
center of the shell € = 1, for some value P; of the load. There- 
fore, for P > P; it is assumed that the shell is elastic for 0 < & < n, 
and is plastic in regime 1 for 7 < § < 1. The value of 7 is de- 
termined so that the elastic solution just touches regime 1 at 
}, and [8] 


— = n, hence, in view of Equations [6], [7 


- »P/2 [28] 


W(a, 8, y,...,P,9) =1 


In view of Equations [22a, 6], Equation [16] may now be writ- 


aa | Pi 
I « I, K.dt — I Kt 20 


In taking the partial derivatives with respect to a, 8, ¥, a 
will be observed that 7 is a function of these quantities defined 
Thus, for example 


ten in the form 


implicitly by Equation [28] 


Ps 1 
7 (OK,/da)dt — f (OK; /daidt 
” 


+ Ky 


ol /da 


t= »)(On/Oa@) 


‘ 


However, in view of Equations [236] and [28), A, vanishes at 


Therefore 7 can be treated as a constant in taking the 


f= 
partial derivatives of Equation [29]. 
In this elastic-plastic state, 7 is an additional unknown; hence 
the total problem is to determine the n + 1 quantities a, 8, y, 
, and n from Equation [28] and the n Equations [26]. A 
difficulty is encountered here in that the equations are highly 
nonlinear in terms of 7. This may be partially resolved by re- 
garding 7 as independent and P as dependent. The entire solu- 
tion, including the load, is then obtained as functions of the 
parameter 7 by the solution of linear and quadratic equations. 
The solution so obtained will be valid so long as the stress pro- 
file does not exceed the initial yield curve for 0 < — < n, and does 
not extend beyond the limits on face 1 which are set by the other 
It turns out that for a value P2 of the load the stress point 
at E = For loads 
greater than P2, there are three possibilities to consider. The 
center of the shell may pass over to face 10, it may remain in the 
intersection of faces 1 and 10, or it may return to face 1. For the 
example considered, the second possibility is the actual one, so that 
for P 


faces. 


1 reaches the intersection of faces 1 and 10 


> P, it is necessary to postulate three regimes 


0<é&<>7 elastic 


7<&<€¢ plastic, regime | 30 
(<&<1 plastic, regime 1-10 } 


Here 7 is still given by Equation [28] | hile > is determined from 
* i 
Equation [lla]. In view of Equations °12] and [6] this latter 
relation becomes 
W(0) + [(2p/3c?)/(1 — v®)] W'S) 
— (P/2\p — v) +(p — 1) = 0 (31) 


The proper energy integral is now given by 


1 aa | ae | 
l= f K,dt — | Kt - J Ket. [32] 
0 ” c 


Here, again. 7 and ¢ are functions of a, 8, y, . . ., but by reasoning 
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similar to that employed following Equation [29], it is easily 
be regarded as constants for the purpose of 
[28], and 


shown that they may 
taking partial derivatives Therefore, Equations [31], 
are available for determining a, 8, ¥, ”, 
best method found was to solve Equa- 
B, y,..-, and 
then 
a com- 


the n Equations [26 
In practice, the 
31], [28 


and ¢ 
1 of Equations [26] for a, 
These 


the remaining Equation [26] 


tions and n 


P, regarding 7 and ¢ both as known values were 
substituted into to obtain 
ition between 7 and ¢. Taking, say, 7 as the inde- 


this equation could then be solved numeri- 


patibility equ: 
pendent parameter, 
cally or graphic illy for ¢ 


5 EXAMPLE 


As a particular numerical example, the shell dimensions and 


1 characteristics were chosen so that 


stress-stral 
= Ya?/2EL? = 0.1 
= 400 

For simplic ity ol computation a deflected shape of the form 


» 


W = asin (r&/2 


was chosen. The possible accuracy ol such a simple approxima- 
tion will be discussed in the conc luding section 
The elastic solu 


cal stress profile s 


tion is easily obtained in this case. Some typi- 


e shown in Fig. 4(a@), and some typical values 
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Fig. 4(6) Stress Prorice ror P = 0.867 
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DISPLACEMENTS FOR VaRtIous LOADS 


Regimes 


TaBLe | STRESSES AND 


n.(1) m,(2) 


.1 ©.20. 9.109 


0.2 0.437 0.227 


6.3 —©.681 0.356 


©.312 -0.713 0.373 


0.460 


0.527 | 
/ 


0.551 { 


—©.375 0.874 


0.417 -1,.000 


~0.433 -1.0000 


9390 0.435 -1.0000 0.565 } 


0.871 9.815 0.976 0.43% -1.0003 0.565 


-1.006 0.559 
0.566 | 


0.570 | 


0.887"** 0.6 0.660 1.070 Dobbs 


0.873 0.4 -1,002 


0.435 1.480 4.437 


0.868 93 0.327 1.920 0.434 —1.004 
Stress profiles plotted 


*Fig. 4(a) **Fig. 4(b ee] 


ig. 4(¢ 


are given in Table 1. From Fig. 4(a) it is evident that the stre 


profile first touches face 1 fo 


P = P, = 0.834 


For P > P 
as suggested in the ! 
Table 1, 
It will be observed that the 


, the stress profile is partly elastic and p irtly pl astic 


in regime 1 wrevious section. Typical values 


are given in and the corresponding stress profiles are 
shown in Fig. 4(5) amount of strain- 
hardening occurring in this phase is so small as to be imperceptibl 
in the scale of Fig. 4 

At a value of the load given by 


O.870 36 


P =P. 


the center of the shell goes into the edge regime 1-10, and for all 


greater values of P the scheme of Equations [30] must be used 


shown in Fig. 4(c) and typical 


Here 


Stress profiles for this case are 
Table 1 
strain-hardening is insignificant 

three 


values are again given in again the amount of 


Fig. 5 shows the stress resultants and the regime 
boundaries 7] and ? as functions of the maximum displacement 


7— 0.6 


~—_ —_ 
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Wmex = W(1) = a.... [37] that once P reached the value 0.887, the deformation would con- 


at the center of the shell, and Fig. 6 shows the load P as a func- 
tion of Wmax. It will be observed that P reaches a maximum 
value of 0.887, and then decreases. This phenomenon is due to 
the beam-column effect caused by the presence of end pressure. 
Its significance will be commented upon further in the final 
section. 

6 CONCLUSIONS 

The discussion of the conclusions available from the preceding 
paper is conveniently divided into two parts; namely, the physi- 
cal significance of the solution and the accuracy of the methods 
used. In order to separate these two viewpoints, it first will be as- 
sumed that the approximate solution based upon a sinusoidal dis- 
placement does, in fact, reasonably represent the physical be- 
havior of the shell. 

Under this assumption, it is evident from Fig. 6 that the most 
significant point is the maximum in the P — Wmax curve. If, by 
some mechanism, it were possible to carry out a test in which the 
displacement W was controlled and P was measured then the 
However, in the more 
Here it is evident 


curve shown in Fig. 6 would be obtained. 
usual situation P is given and W is measured. 





tinue and there would be no further equilibrium position for that 
load. In other words 


} 


= ().SS7 [38] 


Prnax 


is truly the maximum carrying capacity of the shell according to 
the present theory. 

It is of some interest to compare this value with other criteria.” 
For a rigid-plastic material, there can be no straining, and hence 
The 


collapse load in this case is easily computed and turns out to be 


no beam-column effect, until the collapse load is reached. 


P, = 14 1/(1 + 2c?)= 1.143. 39] 
{ comparison with Equation [38] shows that this theory which 
ignores elastic strains is completely unrealistic in this problem. 

If elastic strains only were to be considered, the shell would still 
have a maximum carrying capacity, which can be computed 
according to various assumptions. The simplest approach is to 
assume an axially symmetric mode of deformation; i.e., to con- 


tinue the elastic analysis described in the previous section without 
] repar- 


spiny : 


? The authors wish to thank Prof. J. Kempner for his h« 
ing this part of the discussion. 
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regard to the yield limit. In this case the shell deformations be- 
come infinite as P approaches the value 


Peas = 5.05 [40] 


asymptotically. 
However, nonsymmetric buckling modes are also available, al- 


Using a 


though the associated computations are more difficult. 
linear theory based on Love's equations, Timoshenko (9) obtains 


a buckling pressure 


P; = 1.68 


for the present problem. Batdorf (10) gives buckling 


based on Donnell’s equations which result in a value 


Ps = 1.56 


1 that the inclusion of certain nonlinear 
All of 


these values are considerably higher than the value Pmsx obtained 


has showt 


Kempner (11 
terms modifies Batdorf’s result by less than 3 per cent. 
in the present analysis, which indicates that the assumed elastic 
buckling modes involve stresses well above the yield limit, and 
hence they are unrealistic 

Other authors (12, 13 
problem from the viewpoint of assumed initial eccentricities. As 


have approached the shell-buckling 


far as initial deviation in the axial direction is concerned, such 
eccentricities are not particularly important since the lateral 
pressure produces radial displacements anyhow. However, initial 
In the 


first place, the concept of carrying capacity is not well defined in 


circumferential eccentricities have a more profo ind effect 


this case. In addition, if a definition related to the maximum 


stress in the shell is adopted, it is found that the carrying capacity 
Therefore, by 


entricities it is possible to obt 


depends upon the m iugnitude of the eccentricities 


} 


suitable choice of such ec« iin almost 


any value of P 
With regard to the reli ibility of the results here 
In the first place, there is no 


obtained, the 
situation not entirely clear. 


{ 


that the minimum principle used is, in fact, valid for 


guarantee 
this particular problem. As shown in (4) and (5), the principle 
of minimum potential energy is valid provided both the actual and 
In the present exam ile, 
How- 
ever, since the actual solution is unknown, no such statement can 


It follows that the mathe- 


assumed stress points progress regularly 


the assumed stress point certainly satisfies this condition 


be made for the actual stress point. 
matical validity of the prope ysed solution has not been established 

However, lacking any information to the contrary, the principle 
of minimum potential energy appears to be the most reasonable 
method of determining the coefficients to be associated with an 
This leads to the 
namely, the suitability of assuming a single half-sine wave. For 


assumed deflection shape. next question; 


the fully elastic shell, this is known to lead to reasonable results, 
but there is not sufficient evidence available to indicate whether 
or not it is also reasonable for the partially plastic case. Some 


were made using an assumed shape with two 


computations 
sinusoidal terms 


W = asin r£/2 + 8 sin 37 £/2 [43] 


For the fully elastic case and the partially plastic case involving 
only regime 1, the effect of the second term on the stress profile 


did not appear to be significant. However, the computations be- 


came too laborious for the case defined by Equations [30], and it 
was not feasible to continue them 
As an alternative approach to the problem, an approximate 


solution was obtained using the principle of complementary 


energy. However, even when rather complex functions were 
used to approximate the stress resultants, the results did not ap- 
pear particularly significant and have not been recorded. The 
one fact in which the two approximate solutions do appear to agree 


is that the carrying capacity ol the shell is achieved at rather 


small strains, so that strain-hardening is not particularly sig- 
nificant. 

Finally, then, it appears that for the particular shell investi- 
gated, plastic behavior and elastic strains are both vital in de- 
termining the carrying capacity of the shell, so that neither the 


rigid-plastic collapse load nor the classical buckling load is a 


reasonable approximation to the true maximum load. This con- 
clusion is further reinforced by the fact that consideration of more 
general modes of axial deformation or even nonsymmetric de- 
formation modes will probably serve to reduce Equation [38] 
and hence further increase the discrepancies. 

4 second conclusion is that the effect of strain-hardening 18 
Therefore, 
consider the simplifications ivailable in dealing with an elastic, 


negligible in future investigations it might be well to 


perfectly plastic material. Such a simplification must be made 


cautiously, however, since the issumed hardening ratio of 


E'/E = '/y 


was certainly not large 
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Thermal Stresses in Transversely 


Isotropic Semi-Infinite 


Elastic Solids 


By BRAHMADEV SHARMA,' MADHYA-PRADESH, INDIA . 
A general method of solution of the steady-state ther- Tye = CuYys 
mal-stress problem of a transversely isotropic semi-in- 
. . oo “e . . vn = Culex fe 
finite elastic solid is given in this paper. 2) 
NOMENCLATURE Tey = > (eu — C12) Vey 
The following nomenclature is used in the paper: where 
a a , 
a Cartesian components of stress bi = (¢1 + Ci2)O, + Crs, be = 2,30) + Ca: 
zy’? ‘ye? ‘ez 
u,v, w = Cartesian components of displacement In steady state 7, the temperature at any point in the body, 
Cu, Ci2z,... = elastic constants satisfies the differential equation 
€., €, € = unit elongation in z, y, z-directions ‘ 
: : . . ‘ 27 27 
Yey: Yy2 Yee = Shearing-strain components in Cartesian co- OT + or + 4 o*7 = [3 
ordinates ox? ody? dz? , 
a = coefficient of linear expansion in z-plane P : , - : 
“i ; : , A general solution of Equation [3] appropriate to our problem is 
@: = coefficient of linear expansion along z-axis 
k? = ratio of coefficients of conductivity along z-axis +e 
and in z-plane T = [ fae. q) exp} ipz + igy 
INTRODUCTION ode 


(p? . 3 q? '/s 


While the solution of problems of thermal stress in two di- 
k 


mensions has been considered in great detail, comparatively little 
work has been done on similar problems in three dimensions. The 
aeolotropic media have attracted even less attention because of 


» dp dq (4} 


In the usual notation, writing €,, €,, . . . in terms of displace- 
sii : : : : ment components, and substituting stress components from 
greater difficulty of problems involving more than two elastic : ‘ cal ? - agi ; 

. s Equations [1] and [2] in the equations of equilibrium in the ab- 
constants. Recently the solution of some such problems has been 


2 - patente : ' : sense of body forces 
discussed by Nowacki (1)? and Nowinski (2, 3). In this paper, : 


following the general analysis developed by Elliott (4), a general de, os. ie 
solution of the thermal-stress problem of a transversely isotropic a * “Oy 7 -<_ 0 
semi-infinite elastic solid is developed. The method can be ex- : 5] 
tended easily to solve the problem of an infinite elastic disk of 
similar medium. 
’ we get 
SOLUTION B 
; bam ‘ - . 2 2 2 
We take the origin on the plane boundary of the semi-infinite, fu 1 ie or eid ou + Cu Ohu 
solid and the axis z is drawn into the body. Assuming the axis z Oz? 2 ‘ oy? oz? . 
as the axis of elastic symmetry, we obtain the stress-strain rela- : 
as the re : y; Pt l ~~ — 
tions as + Cu + Cy) + (Ci3 + Cus 
7 , or | 2 oy ; dz 
O, = Cnu€, T Ci2€y T Cis€, — b,T , 
| ; o7 al ° 
7 —-— = 
O, = Crx€, T Cut, T Cis€, — iT i [1] oa v0 (0} 
| 
O, = Cius€, T Cis€y - Cs3€, — beT 1 ( o*% : O* 07» 
— (Cu — Cis) 7 > T Cu 
. 2 2 =2 
1 Assistant Commissioner, Saugor. - ox oy Oz 
2 Numbers in parentheses refer to the Bibliography at the end of 2 1 a ow 
the paper. . dd + — (Cy *+ C2) T (Cis Tr Cos 
Contributed by the Applied Mechanics Division and presented oy L 2 or oz 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of ma 
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Discussion of this paper should be addressed to the Secretary, . oy P 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted ; 
until April 10, 1958, for publication at a later date. Discussion re- dtw o*w ow a/ du a 
ceived after the closing date will be returned. Cu a. + ¢33 —- + (Gis + Cua) + 
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We ass e solution may be found in the form 
de / og oT 
Or cr Oy Oy ; 


Phen Eq lations [6 


( 0*o 
Now, to determine the stresses due to temperature in the semi- 
infinite solid we have to free the pl ine surface, that is 


when z 0 2% 


T 22 
To this end, as all the stress and displaceme nt components V anish 


and Equation [8] is satisfied if 
at infinity, assume 


‘ 
ba h i tT Meus) 


are satisfied if 


p? - q’ B=; 
16 Substituting for 7’, 7, @:, and @2 in the expressions of t 
i 


27] is satisfied if 


a constant 
components, Condition [2 


tion of Equations [11 13] can be found only 


\ nonzero solu | 

f they are identical; this occurs if fA Ae 
( C3 — C) + DP 

Vv, 


A ~ 
ACu 


Then, @; and @, are solutions of 
o? 0? 2? ; t 
= I ) | ) 0 p? + qh 
Oxr* oy* 2 
: - If the temperature distribution on the plane surface is known, sa\ 

where v,;? and v.? are the roots of 

T = f(z, y z= 0 
by Fourier’s integral formula (5 


, n a . 
4 f ‘ie | | 


£) 


+ hee 4 (2 ee 
(dr + Avbs + wl "I f (&,m) exp fip(r—§ 


or 


where A, and A: are the two values of \ corresponding to »,? and +« ; 
,. + FF p? + q3)'/* 
T = : { | exp ( - : :) dy dq 
i k 


v,*, respectively. The stresses are obtained as 


o, = 


>? . 
Or* +o 
. 
ff T(E, n) exp ip (x — £) + idly — 9 jdédn 
a — m 4. 





SS 


By comparing Equation [31] with Equation [3] A is determined 
as a function of p and q and hence all the unknowns are defined. 
This completes the solution of the problem in the general case. 

In the case of axisymmetric temperature distribution, we can 
solve the problem as a special case of the foregoing by transform- 
ing to polar co-ordinates. But the problem is simplified if we 
proceed from the beginning, taking an appropriate form of T 
We take T as 


- mz 

[T = A(m) exp | — Jo(mr)dm. [: 
Jo k 

ws ie mz cork 

i= A(m)B(m) exp | — — } Jo(mr)dm. [33] 
0 k 


Equations [11] to [27] remain unchanged except that we replace 
(p? + q?) by m* whenever it occurs. We assume 


” mz ; ) 
C(m) exp {| — - Jomr)dm | 
Jo 7 ( —_ 
™ mz . ; 
D(m) exp | — — ] Jo(mr)dm | 
0 V2 } 


The Condition [27] is satisfied if 


\ 


fA : 2 
Cie tr Gs i + D 7, an Cw 
v2 Ve j 


A | C33 ) ( [25] 
—<F- — —b> =O > do} 
m? ‘s ( k? es oa | 


1+): AE 
—_ Pa (i a pS 
mk 


we 
bo 


and 
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2: = 


1+. 


Vi V2 


C 
) 

As a particular case, suppose a circular area of the plane surface is 
kept at a uniform temperature V while the rest of the surface 


is at zero temperature. That is 
z=0 ) 
T=V rsa 36 
= 0 Se] 


By Fourier-Bessel representation 


oo 
[T].. = Va [ J,(ma)Jo(mr)dm 
/0 


, mz 
Va | exp (- “) Ji(ma)Jo(mr)dm..... . [37] 
. 0 v 


Hence 


T = 
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Comparing Equation [32] with Equation [37] 


A = Va J,(ma) [38] 
Hence from Equation [35] 
_ 
C= Ji(ma 
m? 
39) 
M : 
D = — Ji(ma 
i J 


where Z and M are constants independent of m. 

With these values of C and D it will be seen that ¢@, and @: are 
divergent at the lower limit. This can be avoided if we modify 
the functions as 


ot 
1 = . é 


— Mm2/ vi iP ) 
> i 
o ™ 


“ 


@ M 
» i.e A Jo( mr 
od: = Jo m?- 


With this modification no change is brought about in the expres- 
sions of displacement components as the additional term does 
Thus all the integrals used are conver- 


[40] 
— 1]J;(ma)dm 


not give any derivatives. 
gent and the stress and displacement components are uniquely 
determined. 

In the case of an infinite elastic disk of finite thickness we can 
introduce four arbitrary constants through ¢; and ¢:. Hence the 
stress distribution will be completely determined as we can satisfy 
four boundary conditions involving stresses and/or displacements 
at both the surfaces. 


ACKNOWLEDGMENT 


The author offers his grateful thanks to Dr. B. Sen for his kind 
help in the preparation of this paper. 


BIBLIOGRAPHY 


1 “Thermal Stresses in Anisotropic Bodies,”” by Wit 
I, Arch. Mech. Stos., vol. 6, 1954, pp. 481-492. 

2 “Thermal Stresses in a Thick-Walled Spherical Vessel of Trans- 
versely Isotropic Material,’’ by J. Nowinski, Arch. Mech. Stos., vol. 7, 
no. 3, 1955, pp. 363-374. 

3 “On Thermo-Elastic Problems in the Case of a Body with Arbi- 
trary Type of Curvilinear Orthotropy,”’ by J. Nowinski, W. Olszak 
and W. Urbanowski, Arch. Mech. Stos., vol. 7, no. 2, 1955, pp. 247- 


24. 

4 “Three-Dimensional Distribution in Hexagonal Aleo- 
tropic Crystals,” by H. A. Elliott, Proceedings of the Cambridge 
Philosophical Society, vol. 44, 1948, pp. 522-533. 

5 “Partial Differential Equations,’’ by A. Sommerfeld, Academi 
Press, Inc., New York, N. Y., 1949, p. 59. 


1d Nowacki 


Stress 





The Bursting Pres 


sure of Cylindrical 


and Spherical Vessels 


By N. 


The relationship between pressure and change of di- 
mensions for cylindrical and spherical vessels subjected to 
internal pressure is considered for a material having a 
stress-strain curve of the form ¢o = The equations 
obtained are analyzed further to obtain expressions for 
From these re- 


ove". 


the bursting pressure for these vessels. 
sults simplified expressions are obtained for the calculation 
of the bursting pressure for any vessel. Comparison with 
one set of experimental results shows excellent agree- 


ment. 


NOMENCLATURE 
* , ° 
following nomenclature is used in the paper: 


ratio (outer radius)/(inner radius) 
pressure 

bursting pressure 
radius 

stress ratio (a/d@o) 
wall thickness 

radial displacement 
ratio (displaced radius) /(original radius) 


ratio (current wall thickness) /(original wall thickness 
natural strain 

engineering strain 

true stress 

nominal stress 


parameters to define stress-strain curve 


‘ripts 

referring to cylinder 
initial conditions 
radial component 
referring to sphere 
tangential component 
at ultimate 
at yield 
inner radius 

= outer radius 


INTRODUCTION 


The rational design of vessels subjected to internal pressure 
requires the study of two modes of failure. The first possibility of 
failure occurs when the deformation becomes excessive and there 
is a possibility of permanent deformation. The second type of 

1 Lecturer in Mechanical Engineering, Imperial College of Science 
and Technology. 
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failure occurs at a higher pressure and takes the form of bursting 
of the vessel. 
sion for the bursting pressure of cylindrical and spherical vessels 
manufactured from work-hardening materials. 

The pressure which causes permanent deformation to begin is 


It is the purpose of this paper to derive an expres- 


that which is sufficient to initiate a yield zone at the inner sur- 
face If it is considered that A) ielding begins when the octahedra! 
shear stress reaches a limiting value the appropriate pressures for 
a long cylindrical vessel and a spherical vessel, respectively, are 


l 2 
Cy (= ‘) 
V3 K? 
2a, (* ') 
3 \ &* 


Py = 


Subsequent plastic deformation depends upon the variation of 
the octahedral shear stress over the thickness of the vessel wall 
For ideally plastic materials, this stress remains constant and 
bursting occurs when the plastic zone spreads to the outer surface 
For work-hardening materials, on the other hand, the octahedral 
shear stress rises as the octahedral shear strain increases and burst- 
ing may not occur until well after the entire vessel wall has be- 
come plastic. While the problem of predicting bursting pres- 
sures has been solved for ideally plastic materials (1), only 
numerical methods have been developed for work-hardening ma- 
terials (2). In this paper, the relationship between internal pres- 
sure and the increase in internal surface radius is derived for a 
material having a stress-strain curve of the Ludwik type, defined 
by o = oe". From this relationship the maximum, or bursting, 
pressure is obtained and expressed as a function of the common 
strength properties of the material 


DERIVATION OF PRESSURE-DEFORMATION EQUATIONS 
a) Thick-Walled Cylindrical Vessel. For any element of the 
tube wall initially at radius R but instantaneously at radius 
R + 


u), the equation of equilibrium is 


do, 
(R u) 
d R ” = 
Since large displacements are involved, the radial and tangential 
strains are defined as 


=| (1 = ) 
— dR 


By eliminating the displacement u from these equations the strain 
compatibility equation is obtained. When written in terms of the 
instantaneous radius this becomes 
oe de, 
(R + u) - - = 
d(R + u) 


ete 


1 — 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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For convenience, effective stress and strain proportional to the 


octahedral shear values are defined as 


9 
x7, , : , 
c= > (0 O:)* + (G2 — G3)* + (G3 — O)* 6 
v2 ; ' z 
ee =e €:)* + (€ Ge Fi ~— Gy ‘ 
o 


It will be observed that o and € are also the true stress and 
natural strain as determined in a simpler tensile test. 

In this problem the principal axes of stress and strain remain 
Thus a deformation law of plastic flow can 
One form of 


fixed and coincident 
be employed and o expressed as a function of € 
equation which has been employed to represent the stress-strain 
law for many materials is 


o = Oe" [Ss 


A family of curves of this power-law function is shown in Fig. 1 
while in Fig. 2 is shown the corresponding family of nominal stress- 
engineering strain curves. A suitable method for determining the 
constants o> and n is given in the Appendix. 

Crossland and Bones (3) in a series of bursting tests on smal! 





10 


aia 


° 
€ 
——-——— o& = $1.80 
—-——— a= 4910 


Fig. 1 Famiry or True Stress-NaTuRAL STRAIN CURVES 


(Stress-strain curve for 0.28 per cent C steel used by Crossland and Bones (3 
is shown for two different values of n.) 
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FaMILy or NoMINAL STRESS-E.NGINEERING STRAIN CURVES 
(Plotted until onset of necking.) 
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pressure vessels found that the axial strain in a closed-end vessel 
was small. If this component of strain is assumed to be zero, then 


since the material is incompressible we have 


 — i¢ 

¢ = €, [9a 

l 

%, = Go, +o JE 
9 

Therefore 

V3 ‘ 

¢= (Oo, o 10a 
2 
9 

€= =a 104) 
V3 


If the dimensionless numbers z and S are defined as 
R+u o 
z= — Ss = 1] 
R, 7 


then Equations [3] and [5] become 


dS, 2 
J me s 12 
dx V3 
de, 
a = | ” 1s 13 
dx 
This equation may be integrated and substituting Equation 


[105] leads to an equation giving the effective strain distribution 


l s* 
. log, :) 14 
V3 c + zx? 


over the wall thickness 


€ = 
At the inner bore 
I » ° 
q = . log, zr 15 
Vv » 
Therefore 
1 r 
¢ = —-log, : 16 
V3 1 — z,? + 2? 
The strain at the outer radius is then 
1 ' (= 1 + =") - 
@ = og — , 
V3 108 Ki 


By eliminating z,; between Equations [15] and [17], the effective 


strain at the outer surface can be expressed is a function of € as 


1 A 7 
_= ] 1 — ) IS 
€2 " 3 10g, kK? | 


Having thus determined the variation of effective strain with 
radius, Equation [12] may now be integrated to determine the 
variation of radial stress. By making use of the boundary con- 


ditions that 


S.=0 at t= 2? 19a 


—? [19h 


the internal pressure producing the inner bore strain is given by 


20 ” i ; 
Ss— 20) 


= ~~? 
, V3 x 


1958 


MARCH, 


By using Equation [16], this integral can be transformed to an 


integral in the strain plane; viz 


solution of this integral is 


lll numbers 


Berno 


In the case of a spherica 


Vesse 
vessel, the tangential stress is independent of the 


herica 


orientation ol 


the tangent and the equation of equilibrium is 
» 
4 


Assuming constancy of volume during plastic deformation it is 


found that 


Therefore 


Me 


26/ 


igh an analvsis which is similar to that car- 
the expressions for the various strains 


come 


Therefore 


2 . kK: 
. log ( 


K 3 


Whence, bv eliminating zx, between Equations [27] and [29 


[24] with substitution of appro- 


The integration of Equation [24] 
priate limits leads to 
ede 


1 3</2 


—_ @ 


whence 


! vessel diameter 


iNALVSIS Applies LO ANY prs 


iting when this ratio 


It is tl 


led-vessel proble m 


ratio, the computations 


becomes less than approximately 0.05 is convenient to 


alvsis of the simpler thin-wa 


nsider the an 


quillbrium equations lead to 


ise the ¢ 


j= t, is used to express the « irl 


If the dimensionless number 
ll-thickness ratio, then these equilibrium equations becom: 


pr, ( r 


DR, f 2 
a (5) 


s assumed that the radial stress is zero, then the axial strain 


efte 


If iti 


Is Zero 8§O the ome 


expressions tive stress and strain be 


Then from Equation expressed in 


r as 


n-Walle 
previous ¢ 


d Spher 


1) Th 


similar to the 


>I 


« = 2log,z 


Then, making use of Equation [8], the pressure may again be ex- 


pressed in terms of 7 as 


DETERMINATION OF BURSTING PRESSURE 


a) Thick-Walled Cylindrical Vessel By substituting Equa- 
22], it is possible to express the internal pressure as 


tion [18] in [22] 
The man- 


i function of the effective strain at the inner bore (¢€ 
ner in which p varies with €, is shown for a number of values of K 
ind » in Fig. 3. In this, it is noticed that the pressure required to 
strain the vessel increases to a maximum and then begins to di- 
minish as the strain increases. The nature of this variation de- 
pends upon the relative rates of work-hardening and reduction 
in eylinder-wall thickness as the vessel deforms. In this respect, 
the behavior is similar to that of the simple tension test where 
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Typicat Pressure-INTERNAL Bore Strain Curves 
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TABLE 1 INNER AND OUTER DIAMETER 
CORRESPONDING TO BURSTING PRES 


TRAINS 
URE 


s 
Ss 


the load-extension curve shows a similar maximum. In both cases 
the maximum corresponds to an unstable condition beyond which 
it is not possible to maintain uniformity of deformation. In the 
tension test, the maximum load corresponds with the formation of 
In the 
case of the pressure vessel, this instability takes the form of the 
development of a localized bulge which grows until cracks form 
and the vessel ultimately bursts. 

The bursting, or ultimate, pressure may be calculated from 
Equation [22) if the two strains €, and €, corresponding to this 
maximum pressure are known. By investigating Equation [21], 
the necessary condition that 


(#0) og 
dé, a=a 


is that €, should satisfy the equation 


a neck in which all subsequent deformation is confined. 


eV 3a 


sical V3a 
= )| 
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ac 
K 
Fic. 4 Variation OF BurstinG-PReEssurRe | 
RATIO 
where € is defined as a function of € in Equation [18 
Values of €, and € which satisfy this equation are listed in 
Table 1. 
sume €, and calculate €, for the given value of K from Equation 
[18]. These values were then substituted in Equation [41] and 
The values shown in the table were 


In computing these tables it was found simpler to as- 


the required n determined. 
then obtained by interpolation. The values of €, and € so deter- 
mined were then substituted in Equation [22] to obtain the burst- 
ing pressure ratio (p/ao). Values of this ratio for various values 
of K and n are listed in Table 2 and shown graphically in Fig. 4 


(b) Thick-Walled Spherical Vessel. In this case the 


condition that 
dp 
( P = 
dé, J a =i; 


necessary 


is that €, must satisfy 


where € is given in terms of €& in Equation [3 The bursting 


pressure ratio (p/do) is then given by 
Pp 


do 


“~ =. —1)"-1 a , [43] 
(2m)! (2m + ; : 


m=1 


(c) Thin-Walled Cylindrical Vessel 
ferential of p with respect to x to zero it is found that the critical 


After equating the dif- 
value of z is 
[44] 


Substituting this value in Equation [37] leads to the bursting- 
pressure ratio 
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TABLE 2 BURSTING PRESSURE RATIO p/a 


ti K 


[45 


Vessel 


ire ratio is given by 


ed Sphe 


‘s 
SimpuiFiep DesicN ForMULAS 


fa) Thick-Walled Vessel In 
derived, the results are not suitable for design calculations except 
By making some 


Cylindrical the form so far 
when purely numerical results are required. 
simplifying approximations, however, the results may be ex- 
pressed as relatively simple formulas which are much easier to 
handle in calculations 

If the value n = 0 is considered (ideally plastic material) the 
1 so that, for a thick-walled cylinder, the inte- 
ition [20} leads to the result 


stress ratio S = 


gration of Equ 


2 
- log, K [47 


V3 


This suggests that the bursting-pressure ratio for all values of n 
may approximate to a logarithmic function of K. In order to in- 
this, the values given in Table 2 were replotted as a 
funetion of log, A in Fig. 5. From this graph it will be observed 
that, ilculated values at K = 1 and 4, the logarithmic 
approximation slightly underestimates the bursting pressure, the 


vestigate 


ising the 


error becom increases. Since the error is on the 


“safe’’ side for design purposes it may be concluded that p/ao= 


ing worse as n 


log, K for all values of n 

Furthermore, if the ratio of the bursting pressure, at K = 4, for 
n = Oto that for any n is plotted against n, Fig. 6, it is found that 
this ratio shows a linear variation. Thus for values of K < 4, the 
results obtained for the thick-walled eylinder may be approxi- 


the expression 


pP 0.25 P , 
= - } log, A [48] 
Oo n + 0.227 


It is shown in the Appendix that the constant o may be re- 
lated to the u 


mated by 


ltimate tensile strength co,’ by the equation 
u 1 


; 
CO. 
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Thus the bursting pressure may be expressed in terms of a,’ 
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a similar manner the 
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Fic. 6 Variation or Burstinc Ratio With n at K = 4 
(pe is bursting pressure at K 


pa is bursting pressure at K 


(b) Thick-Walled Spherical Vessel. It will be observed from 


Equations [22] and [43] that the bursting pressure for thick- 
walled cylindrical and spherical vessels can be expressed as 
Pe 


V/ 3a) [5la] 


respectively 
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Also by comparing Equations [41] and [42] it is found that, if 
K2 = K,}, then Vv 3¢, = 3¢,/2, where the subscripts c and s refer 


to the cylinder and sphere, respectively. Thus, for this condi- 


( 2 n+l 
~ ‘ :) Pe 


Thus Equation [50] can be transformed to produce the following 


tion only 


=9) 
ve) 


approximate equation for determining the bursting pressure of 
thick-walled spherical vessels 


0.433 


Dp 2 é ag 
_ = ]- ~< ( log, K 5: 
C, n + 0.227 V3on 


(c) Thin-Walled Vessels. 
bursting pressure of thin-walled vessels are 


w 


The corresponding equations for the 


9 
) 2 t ema 
P _= rs : : 54) 
C. (V3)** R; 
for cylindrical vessels, and 
. Qn+ 
) a? £ — 
= > 
CO. o* R; 


for spherical vessels. 
DiIscussION 


The accuracy with which the derived expressions will predict 
the bursting pressure of the vessels considered depends largely on 
the validity of two assumptions: 


(a) That elastic deformations can be entirely neglected. 
(b) That the Ludwik law expresses the stress-strain relation- 
ship to a sufficient degree of accuracy. 


That the first assumption is valid can be proved by the follow- 
ing argument: Equation [21] shows that the pressure correspond- 
ing with any degree of deformation depends only on an integral in 
the strain plane between two definite limits. Since this integral 
is not dependent on prior straining, it is only necessary that the 
law should fit the experimental data over the range between € 
and €. If then & is greater than the elastic strain at yield, no 
account need be taken of elastic-stress distributions. 

The second assumption, however, is the one most likely to lead 
to errors in the prediction. A first essential, common to most 
methods of theoretical analysis, is that the material should be 
isotropic and homogeneous. Departures from these conditions 
will have some indeterminate influence on the correlation obtaina- 
ble. In so far as anisotropy is concerned, it is likely that errors 
would be reduced if the stress-strain data are obtained from ten- 
sile tests on specimens whose axes are tangential. Crossland and 
Bones made use of torsion tests where the axis of the specimen 
was parallel to the axis of the vessel. 

Of greater importance is the accuracy with which the Ludwik 
law defines the stress-strain curve for the material. As shown pre- 
viously, it is only necessary that this agreement extend over the 
strain range between € and €. In the Appendix, two methods 
for determining the parameters 0) and n are given. When applied 
to the published stress-strain curve for the material used by Cross- 
land and Bones, the two methods produce the following laws: 

The nominal stress-engineering strain curve for the material 
shows an ultimate tensile strength of 32 tons per sq in. (tsi) with 
the maximum load occurring at a strain of 0.16. 


nm = €, = log, (1 + 0.16) = 0.148 


(<) 

, 
- o,'’ = 
n 


Oo = 19.1 tsi 
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Thus using the first method given in the Appendix, the Ludwik 
law takes the form 


o = 49.1¢e-'* 56a) 
Using the least-squares technique of curve fitting, as shown in the 
Appendix, between the limits 0.02 < € < 0.35, the law is 
o = 57.80e-™*! 56d) 
Hence the ultimate tensile strength, if the material obeys this 
law, is 32.2 tsi. Using these two values of o» the stress-strain 
curve for the material is shown in Fig. 1, where the agreement 
with the theoretical curves for the appropriate value of n can be 
seen. It is observed readily that the second method produces a 
much closer agreement between experimental data and the power- 
law function. 
Using the two values of n so obtained, Equation [50] may be 
used to predict the (bursting pressure) /(ultimate tensile strength 
ratio as a function of K. For the law defined by 


this ratio becomes 


Equation [56al, 


P , a 
- = 1.022 log, K oa 
. 
while Equation [56b] leads to 
p = - ETB) 
> = 0.958 log, kK 57b] 
Cy 


These curves are plotted, together with the experimental results, 
in Fig. 7 where the good correlation with Equation [57h] is readily 
noted. Comparison of the experimental data with the predicted 
results shows the effect of the accuracy achieved in fitting the 
Ludwik law to the stress-strain curve for the material. This may 
be regarded as evidence of the fact that if the stress-strain curve 
for the material is represented by this law without error, then the 
bursting pressure may also be predicted without error 

Further comparison can be made with the results of experi- 
In these tests a 


range of materials was tested but the radius ratio was not varied 


ments carried out by Faupel and Furbeck (5 
appreciably. Since the stress-strain curves for the material were 
not published, it is not possible to make an accurate comparison 
However, values of the proof stress at two offsets were quoted for 
each material in addition to the ultimate tensile strength. By 
considering the stress at 0.2 per cent offset and the ultimate ten- 
sile strength it was possible to obtain a value for the exponent n; 
thus 
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ty - n ) 
When the value of n so obtained was substituted in Equation 
[50] and the appropriate value of a,’ employed, the calculated re- 
sults shown in Table 3 were obtained. It has been shown already 
that the manner of obtaining n has a considerable effect on the 
accuracy of the results. In this particular case then, the agree- 
ment between the calculated and measured bursting pressures 
further supports the accuracy of the analysis. 

Equation [50] shows that the ratio of bursting pressure to ulti- 
mate tensile strength is proportional to log, K where the constant 
of proportionality is a function of n only. Since for the ideally 
plastic material this constant is 1.155, it is of interest to observe 

Table 4 shows how the multiply ing factor 
It is of interest to note that for a 


the variation with n 
p/(o,' log, K) varies with n. 
given vessel made from materials having the same ultimate tensile 
strength, the bursting pressure decreases as the work-hardening 
This decrease in bursting 


capacity increases (i.e., as n increases). 


—Proof stress 
0.20¢ 


0.01% 
Material® 

Cr, Ni, Mo, V 
Cr, Ni, Mo, V 
SAE 3320 
SAE 4340 
SAE 4340 
SAE 4340 
SAE 1045 
SAE 1045 


47000 
141200 
74300 
99400 
83400 
119600 
57500 
76800 


S on Or be be be 


spa Grsasrsgsnss 


7 
8 


* See Ref. (5) for details of heat-treatment 


psi psi 

47800 
159800 
79500 
103900 
86500 
115600 
60900 
81600 


method for determining the parameters of the stress-strain law 
from the experimental data is given in the Appendix 

It is shown that, provided the material characteristics can be 
adequately represented by the assumed law, the theoretical pre- 
dictions show excellent agreement with experimental results 
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Bursting pressure on 
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Materiai subjected to bore quench during heat-treatment. 


TABLE 4 


0.05 0.10 0.15 


101 1.062 1.023 


pressure is due to the greater amount of deformation leading to a 
greater reduction in the vessel wall thickness before the bursting 
pressure is reached. One perhaps obvious conclusion which can 
be drawn from this comparison is that for vessels subjected to 
slowly varying pressures a material with a low value of n should 
be chosen for economy in material utilization. Such a material is 
one in which the ratio of yield to ultimate strengths approaches 


unity 
CONCLUSIONS 


Expressions have been derived for the calculation of bursting 
pressures for thin and thick-walled cylindrical and spherical pres- 
sure vessels by making use of an idealized stress-strain curve. By 
relating this ideal case to the results of a simple tension test on the 
material, the bursting pressure may be calculated from a simple 
design formula. If the stress-strain curve for the material is of 
suitable form, it is only necessary to know the ultimate tensile 
strength and the strain at the onset of necking in order to calcu- 


late the bursting pressure for any vessel. A more accurate 


0.20 0.25 


0.986 


0.30 0.35 0.40 0.50 


0.948 0.915 0.885 0.854 0.801 


Appendix 


DETERMINATION OF PARAMETERS OF StRESS-STRAIN Law 


The stress-strain law o@ = go e" relates true stress with the 


natural strain. In simple tension tests, however, the stress-strain 
curve for the material is generally given in terms of nominal stress 
and engineering strain. If the engineering strain is denoted by 
€’ and the nominal stress by o’ then 


e = log, (1 + € 


g=oa'(l + é’ 


It is assumed that deformation takes place at constant volume 
For ductile materials, the nominal stress reaches a maximum 
(the ultimate strength) when? 


* Reference (1), pp. 11-12. 





P do ( o . 50] 
— = —— 16) 
dé’ Jv =e’ 1 +e J fae’ : 
where ¢,’ is the engineering strain corresponding to the ultimate 
strength. If, in this equation, the engineering strain is replaced 
by the natural strain, and if the material obeys the assumed 
stress-strain law 


(61) 


n= € = log,(l + €,’) 
and 


[62] 


The method just derived agrees with the experimental data at 
one point and possesses the same slope at that point. Often, 
however, the stress-strain curve for the material does not bend so 
sharply as does the power-law function. This means that the 
two curves may be out of agreement by a considerable amount at 
some points. This position can be improved by a better method 
of curve fitting. It is usually regarded that the curve of best fit 
to agree with experimental data is obtained by the method of 
least squares.‘ In order to make use of this method the stress- 
strain law must be written as 


, : of of 
o = fle, F,n) + — (Ago) + -(An) | +. 
Go on 


where & and n are approximate values of a) and n obtained from 
& previous estimate, and Ag and An are corrections to these 
values. When the appropriate differentials are evaluated, the 
equation takes the form 
o = Ge” + €*(Aao) + Soe" log, €( An) [63] 

If, at anumber of points 7, the corresponding values of €; and o, 
are read off from the stress-strain curve, then the residual is de- 
fined as 

4“Higher Mathematics for Engineers and Physicists,"’ by I. S. 
and E. S. Sokolnikoff, McGraw-Hill Book Company, Inc., New 
York, N. Y., 1941, pp. 536-544. 
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vs = Ge" + €"(Aoo) + Soe,” log, €,(An) — o; 


}3 


The curve of best fit will be the one which is such that 


- 
" 
~ 


is a Minimum; i.e. 


o(Z0,?) ( Zv,? 
do( Ago o&( An) 


From these two conditions, two equations are obtained which 
enable the corrections (Aa) and (An) to be calculated; viz 


m 
(GeE" — oe” + > €,2"( Aap) 
=1 


M: 


t=1 
m 
+ z. ove," log, €,(An) = 0 164] 
1=1 
™m m 
= — 
> (GoE;" — o;)Goe," log, €; > Sve," log, €,( Ac 
=i +=1 
m 
+ 2 Ge," (log, €,)*( An) = 0 [65] 
t=1 


For correlation with the experimental tests cited in the paper it 
was decided to attempt to fit the Ludwik law to the stress-strain 
curve over the range 0.02 < € < 0.35 
stress curve, starting values for n and o> were chosen to be n = 
0.148, G = 49.1. 0.02, 
0.05, 0.08, 0.15, 0.25, 0.35. 
tions [64] and [65] lead to the values for the corrections; viz 


From the simple tensile- 


Six points were chosen such that ¢; = 
Substitution of these values in Equa- 


Ago = 8.49 and An = 0.100 


A second approximation was determined using the new values 
& = 57.59, n = 0.248. These corrections were then evaluated 
as; Agp = 0.21, An = —0.007. Thus the Ludwik law of best fit 
to the experimental data over the range considered is 


ao = 57.8024! {56d} 


Axially Symmetric Motions of 


Thick Cylindrical Shells 


By I. 


An approximate theory of axially symmetric motions of 
thick, elastic, cylindrical shells, in which the effect of 
transverse normal stress is retained, is deduced from the 
three-dimensional theory of elasticity. The present theory 
contains, in addition to the usual membrane and bending 
terms, also the influence of rotatory inertia and transverse 
shear deformation. Thus it may be specialized toa variety 
of shell, plate, and solid-cylinder equations. The propaga- 
tion of free harmonic waves in an infinite shell is studied 
on the basis of the present theory and the three-dimen- 
sional theory of elasticity. Excellent agreement is ob- 
tained for the phase velocity of the lowest mode of motion 
for a wide range of the parameters involved. 


INTRODUCTION 


Y ARIOUS theories have been established to describe mo- 
tions of shells, which include, such as the one of Love (1),* 
membrane and bending effects, and, more recently, such as 

the one of the authors (2), rotatory inertia and shear-deformation 
effects. However, these theories cannot be expected to hold for 
shells, whose thicknesses are large with respect to the mean radius 
of curvature. This is owing to the underlying assumption of all 
these theories; namely, that the average normal stress through 
the thickness is negligible. 

Previous work on thick shells, by Hildebrand, Reissner, and 
Thomas (3), and by Vlasov (4), dealt only with the derivation of 
the various sets of equations of equilibrium, and no solution of 
these equations was sought. 

The present theory of motion retains the effect of average 
normal stress, and is thus valid for thick shells. Attention is re- 
stricted to axially-symmetric motions of cylindrical shells. 

The development begins as in (2), with the specification of the 
dependence of the displacement con) ponents on the co-ordinate in 
the direction of the normal to the middle surface. The stress 
equations of motion and the appropriate boundary and initial 
conditions are obtained by application of Hamilton’s principle, 
and Neumann’s uniqueness theorem. The stress-displacement 
relations are deduced from Hooke’s law for a three-dimensional, 

1 This investigation was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and De- 
velopment Command, under Contract AF 18(600)-1247. 

? Development Engineer, Foster Wheeler Corporation. 

2 Associate Professor of Civil Engineering, Institute of Flight 
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* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, March 5, 1956. Paper No. 57—A-19. 
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elastic, isotropic continuum, making use of the standard strain- 
displacement relations. 

It is shown that the proposed theory can be reduced (a) to less 
inclusive equilibrium equations for thick shells established by 
Vlasov (4), (b) to Mindlin plate theory (5), and (c) to Mindlin 
Herrmann rod theory (6). 

Calculation of the phase velocity of the fundamental (lowest) 
mode of motion on the basis of the proposed theory and the three- 
dimensional theory of linear elasticity, reveals that even for a 
cylinder whose thickness equals the mean radius, the approxi- 
mate theory predicts practically the same velocities as the exact 
theory. In the extreme case of a solid cylinder, the discrepancy 
still does not exceed 15-20 per cent. 


DEFORMATIONS 


A cylindrical shell of inner radius a and outer radius } is con- 
sidered. The thickness of the shell, b — a, is designated by h and 
the mean radius, (a + 6)/2, by R. The shell is referred to a 
co-ordinate system z, 0, z; xz being taken in axial direction of the 
shell, @ in the circumferential, and z in the direction of the normal 
to the middle surface, measured positive outward from the middle 
surface of the shell. 

The components of the displacement in this co-ordinate system 
are designated by u,, us, u,. Considering axially symmetric 
motions only, ue = 3/08 = 0, the displacements will be approxi- 
mated by d,, %,, which are taken as 


u(z, t) + 2¥,(z, t) 


zy,(z, t) } 


[1] 


= w(z,t) + 


u and w are seen to be the displacement components of a particle 
on the middle surface (z = 0), ¥, is the angle of rotation of a 
cross section in the z-2-plane, W, is the transverse normal strain 
The elongations and shears 


Oty, Os | 
oz ” dz 


| 

ou, 

Go — 
dz 


are then approximated by 





ENERGY CONSIDERATIONS 
The strain-energy density 
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will therefore be approximated by 
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The strain energy of the shell is obtained by integration over the 
cross-sectional area, the element of area being dO(R + z)dz, and 
over the length / of the shell, say from —1/2 to 1/2, with the result 


Ww 1/2 a P) 
a | Rie if Vs 
T ~1/2 or oz 
Pe) Pe 
+ RNY, + RQ, (v. + = ) + RM,, ve) ae 
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The variation of this expression is 
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M,,= ra 
The expression for the kinetic energy density 7'*, according to 
the general linear theory, is 


l du,\? ( du 

=. 9 
2° I( at ) 3) | ” 
p being the mass density. It is used to obtain an approximate ex- 


pression for the kinetic energy T of the shell, employing forms, 
Equations [1], for the displacements with the result 


qT 1/2 \: aw\? 
Ea p| m (2) + en (22) 
7 -1/2 ot ot 


T* = 
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The variation of this expression is 


Rh* dy, . oy, Rh® dy, . oy, 
6 + 6 dx 
12 ot ot 12 of ol 

denote the z and z-components, respectively, of the ex- 
area acting at the boundary of the shell 
of work done by these forces will be 


Let f,, f, 
ternal force 
The increment (or variation 


= ff Sabu, + tiu,.as (12 
Ss 


the integration being extended over the whole surface of the shell 
This surface consists of the two cylindrical boundaries z = +h/2 


Using the form of the 


per unit 


and the two end cross sections, z = +/1/2 
displacements Equations [1], the approximate expression 6W, 


may be written therefore as 
” oY, 1 


ak fi, 
+ 2rR[N,,*bu + M,,*bY, + Q,*bw + M,,*6 


ow, = (Fs du + m OW: + gdu + 


where 
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6 f" iu 0 | (15] 


is now applied to deduce the equations of motion, as well as the 
appropriate boundary and initial conditions. 
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The variation of the approximate expression for the kinetic po- 
tential 
6L = 6T [16] 


after partial integration of all terms in 67 with respect to time, 
and of some terms in 617 with respect to z, may be put into the 


form 


1/2 *ls ah 
éL = 2n ( Rhpii e 
J —I/2 t I 
As 
RF,) 6 ‘ T ( - = 
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,z=1/2 
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2rR [(N,,* — N,,u + (M,,* 


Q.* — Q,)du M,, oy = 0 


tr 


(a 


where primes and dots denote differentiation with respect to « and 
t, respectively. 

This variation of the kinetic potential 62 must be equal to zero 
for arbitrary values of du, db¥,, and so on. We thus obtain the 
four stress equations of motion from the integrand of the preced- 


ing expression 


Noe/R + 4 


M.,’ — N., — Meoo/R +m, = 
and from the integrated part we identify the starred quantities 
with the corresponding unstarred quantities. 

An application of F, Neumann’s uniqueness theorem,' leads to 
the appropriate boundary and initial conditions, which are as 
follows: 


1 At each end of the shell one member of each of the products 


N54; M,.¥2, Q,w, M,, 
2 The initial displacements and velocities must be specified. 


+» must be specified. 


Srress-DisPpLACEMENT RELATIONS 


Just as in (2), the relation between the shell stresses defined by 
the Set [8] and shell displacements introduced by Equations [1], 
will be derived, starting from the stress-strain relations of an 
isotropic three-dimensional solid obeying Hooke’s law. It ap- 
pears at present, that the use of Lamé’s constants of elasticity, \ 
and uw, is more convenient than that of Young’s modulus F and 
Poisson’s ratio vy. The relations of the three-dimensional theory 


§ Reference (1), p. 176 


Or, = (A 


Cw = (A 


= MY: 


become those of the present shell theory by using the forms for the 
Displacements [1] and the definitions for shell Stresses [8], with 


the result 


{ A T Qu hi 
12R 


(A + 2uaw + By, 


(A + 2u)(Bw + ny, 


(A + Qujhy, + Ma (: + 


eun (Vv, + w' + 


uh? 
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where 


aR? — Rh 


x is a constant to be determined, as in Mindlin’s plate theory 
5) and as in the authors’ previous work on shells (2) 


DISPLACEMENT EQUATIONS OF MOTION 
Substituting the stress displacement Relations [20] into the 
stress Equations of Motion [18], displacement Equations of Mo- 
tion [22] are obtained, which may be put in the form of Table 1 
This proposed shell theory contains thus, aside from the usual 
membrane and bending effects, and in addition to the influence 
of rotatory inertia and transverse-shear deformation, considered 
by the authors in (2), also the effect of transverse normal stress 

The set of four Equations [22] may be reduced readily to the 
three equations of (2). This has to be done by keeping in mind 
that in (2) transverse normal stress has been neglected both in the 
equations of motion and in the stress-strain relations, while 
the transverse normal strain, presently y,, was neglected in the 
equations of motion only, but not in the stress-strain relations for 
N,.,No,and M,,. This was done to let Poisson’s ratio effect take 
place in an unrestrained manner in the z-direction. The proper 
process of reduction is thus effected by neglecting both N,, and 
y, in the stress equations of motion, W, in the stress-strain rela- 
tions, and, in addition, replacing 
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TaBLE 1 Equations [22] 
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E P 12R? 
(1 — pv? 
and a ) 
Rh 
Ev 
A= 7 Equations [8.2] of (4) specialized to the case of axial symmetry, 


(1 + »\1 — 2v 


_B» 
(1 — pv? 


in the stress-strain relations for V,,, Nee, M,.. 

It does not appear possible to eliminate y, from the stress-strain 
relation for, say, N,, directly, by using the stress-strain relation 
for N,,, a8 this was done with three-dimensional stresses o,, and 
d,,, because of the factor (1 + z/R) in the defining integral of 
4 a 
With the foregoing alterations, the first three equations of the 
Set [22] become identical with the three equations of the Set [42] 
in (2). The fourth equation of the Set [22], or rather of the Set 
{18], remains no longer an equation of motion. Since the shell 
stress M,, does work in y,, as is seen from the expression for the 
strain energy, Equation [6], M,, can no longer be determined 
from a stress-strain relation, if Y, is neglected. Thus the fourth 
equation of the Set [18] becomes a relation expressing M,, in 
terms of other shell stresses and may be disregarded in the solution 
of problems. 

Equations [22] also may be reduced to the more elementary 
equations of equilibrium of thick shells, advanced by Vlasov (4). 
If in the present theory the assumption is made, that the cross 
sections of the shell remain perpendicular to the middle surface, 
that is 


v5 = —w 


and the quantities a, 8, 7 are expanded, to give 


are found to be identical to the ones discussed here. 

Considering the limiting case of a solid cylinder, the proposed 
Equations [22] also may be specialized to the ones deduced by 
Mindlin and Herrmann (6). For a solid cylinder h = 2R, and 
letting Y, = 0 as was done in (6), the first equation of the Set [22] 
becomes identical to the first equation of the Set [20] in (6), pro- 
vided kx, = 1. The third and fourth equations of the Set [22], if 
added, become identical to the second equation of the Set [20] in 
(6). The second equation of the Set [22], or rather of Equations 
[18], becomes an equation relating M,, to other stresses 


Wave SoLuTIons 


The propagation of free harmonic waves in an infinite cylinder 
will be studied again to compare solutions of a problem on the 
basis of the exact three-dimensional theory and the present 


theory. The solution of the shell equations will be sought in the 
form 
u(z, t) = Uet(ot—az) 
V,(z, f) = Wetlot—az) 
; {24] 
w(z, t) = Weilot— a2) 
¥,(z, 1) = Detot—az) 


Designating by L the wave length, the natural frequency w and 
the wave number a are related to the phase velocity c by 


[25] 
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Introducing further the notations 


and substituting Forms [24] 


into the set of Equations [22], 
omitting any external loading, the characteristic equation is cal- 


culated to be 

Frequency Equation 
16 

F(6, s) = A’ 
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2 4 
= P*ym*A(4Pyv? — M)x? + x‘ (: M*maA 


= ; prema) t] [3454] 


— [s? — (M — 4Py?)] 16mPx™%Ma — Pm)[r*6?] = 0. [27] 


where 


P 
— 2p 

There are four roots for s*, corresponding to the four modes of 
motion contained in the theory. As in previous work (2), atten- 
tion will be given only to the fundamental mode, corresponding to 
the lowest root of s*. The phase velocity of the fundamental 
mode, based on the solution of Equation [27], is plotted in Fig. 
1. The calculations with 
The coefficient x? = 0.86 is the same as in the preceding 


The ratio m of shell thickness A to mean radius R was 


were carried out Poisson's ratio v 
= 0.3. 
work (2). 
taken as 0 (flat plate), */g0, ' 
Similarly as in (2), the limiting velocities may be evaluated 


« 7/3, 1, and 2 (solid cylinder). 
directly from Equation [27]. For very long waves, 6 — 0, the 
limiting velocity is 

s? = 2(1 + y)..... [28] 


which coincides with the exact solution, as discussed in (2). For 
[27] reduces to 


very short waves, 6 — ©, Equation [27] 


s* — x*)%s? — M)? = 0....,... [29] 


and has thus a double root s? 


do ible 


= iM belonging to the two higher 
modes and a root s*? = «x? belonging to the two 
lower modes. 

It may appear surprising, at first sight, that the two lower 
modes approach the same limiting velocity for short wave lengths. 
However, as may be seen from the equations of motion, Equa- 
tions [22], for very short wave lengths (or for a flat plate) the 
motion in u and y,, which are coupled through Poisson's ratio, 
becomes independent of the motion in y, and w, which remains 
coupled through the shear modulus. The phase velocity of each 
of these two independent motions will be the one of Rayleigh 
surface waves, (s = x), as the wave length approaches zero 

Letting m — 0, the shell approaches a flat plate and it would 
be possible to reduce the frequency Equation [27} to this special 
case. The predicted phase velocities would be closer to the exact 
values than those predicted by the Mindlin plate theory (5). 
However, since both the exact solution and the solution based on 
Mindlin plate theory predict practically the same values, the fore- 
going reduction would have no practical significance. 

The opposite limiting case of a solid cylinder is of greater in- 
Letting m = 2, it is noted that the integral a, defined by 
The frequency Equation 


terest. 
Equation [21], approaches infinity. 
[27] reduces to 


. 
m* 


oe ‘ ) fs 
+ | - PA 7114 rp gf — < 
k 3 m2) § ~ (3 


Ak ( s° 


4\, eal 
A (1 oe ) (s? — x*)(s? — M)?*[2*d*] 
A(MP - 
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1 
+ 3 MA(4MP — 16P% + 0 Jor 


— 4Px*[s? — (M — 4Pv*)][x3*] = 0 
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Fig. 1 Axtat-PHase VeLocity (Lowest Mops) as a Function or Wave LENGTH 


The limiting velocities for both short and long waves reduce to 
the previous results, Equations (28] and [29]. The phase velocity 
of the lowest mode calculated from Equation [30] yields values 
which are closer to the exact ones, than those calculated from the 
Mindlin-Herrmann theory (6), (with x, = 1). This is obviously 
due to the fact that in the present theory the axial displacement 
is composed of two terms, while in (6) only one term was con- 
sidered. 
SoLuTION BY THREE-DIMENSIONAL THEORY 

The frequency equation of axially symmetric harmonic motions 
in an infinite cylinder has been derived and discussed by the 
authors in (2), where a numerical evaluation has been carried 
out for a thickness to mean radius ratio of m = '/y. Results 
of calculations for m = '/,, 2/3, and 1 are given here, and, in addi- 
tion, those of the two limiting cases of a flat plate (m = 0) and 
of a solid cylinder(m = 2). The phase velocity s = c/c, versus 
6 = h/L is plotted for these values of m, and is indicated by the 
solid curves in Fig. 1. The two limiting cases were considered, by 
specializing first the general frequency equation as derived in (2). 

For a flat plate, both a > ~ andb— ~, but b — a = h re- 
mains constant. The frequency equation in the form of Equation 
[20] of (2) reduces then to 


2{1 — cosh Bh cosh Fh] 
+ (? + ;) sinh Bh sinh 7h = 0...... [31] 


which represents the Rayleigh-Lamb frequency equation for free 
motions of an infinite plate (7, 8). The notation is that of (2). 
For a solid cylinder, the inner radiusa-—>0. Employing the rela- 
tions 


2 1 
Ky(8) ~ 3 Ji(8b) log ( 3a) 


2 
Ko(B) ~ —— J0( 8b) 
Ba ; 
9 i [32] 
K,,(8) ae ~- J,(Bb) 
ra 


2 1 
Kw(8) ~ Jo( Bb) log (; 8a) 
T 2 


the frequency equation in the Form [14] of (2) reduces to 
(1 + B)J(Bb)Ji(yb) + FybJo( Bb)J:(yb) 
os ybd ol yb J (Bb) = 0 (33) 


which represents the Pochhammer frequency equation (9). 

A comparison of the curves plotted in Fig. 1, indicates that up 
to m = */, the approximate thick-shell theory of this paper pre- 
dicts practically the same phase velocities of the lowest mode of 
motion as the three-dimensional theory. For m = 1 the dis- 
crepancy does not exceed a few per cent and even in the extreme 
case of m = 2 (solid cylinder), the discrepancy is still not larger 
than 15-20 per cent. 
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Reflection of an Acoustic Step Wave 


From an Ela 


By RICHARD SKALAK®? ann M 


An elastic cylinder, circular in section and infinite in 
length, is considered in an infinite acoustic fluid. The 
object of this paper is the determination of the reflected 
and diffracted pressure fields at large distances resulting 
from a plane step wave of pressure impinging on the 
cylinder and moving in a direction normal to the axis of 
the cylinder. A formal solution is obtained for the general 
case of an elastic cylinder. Numerical results are com- 
puted for rigid, fixed cylinders, and for rigid, floating 
cylinders. Two different methods are used to achieve 
results in the different ranges of time which are of interest. 
A short time approximation is developed by the use of a 
double integral-transform method. A mode approach 
and a single integral transform are used for later times. 
The results show that the reflected pulse decays quickly, 
within a time on the order of the transit time of the 
original wave across the cylinder. 


| EQUATIONS FOR AN Evastic Floating CYLINDER BY Mopes 


Consider an elastic shell, circular in cross section, homogeneous, 
and infinitely long, under the action of a plane step wave as shown 
the dilatational-flexural modes into ac- 


in Fig. 1. Taking only 


count‘ and following (1),° the simultaneous equations which couple 


——STEP WAVE FRONT 
— 


Yy 
S — 4 


WAVE VELOCITY=C 
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stic Cylinder 


FRIEDMAN,’ NEW YORK, N. Y. 


the generalized co-ordinates of the shell and the fluid are 


P, + pW,(a, t 


” 


yf 


oa 


+ 


w, are the natural frequencies of the evlindrical vibrations of the 
shell in vacuo; gq, and WV, are the generalized co-ordinates of the 
shell and the fluid-velocity potential, respectively. The radial 
deflections w of the cvlinder and the potential of the reflected 


waves are 


cos n@ 


for 


while m) = 0, m is the mass of the shell per unit area; p,, as are 
the time-dependent expansion coefficients of the pressure and 


velocity of the shock wave. For a step wave of magnitude p, 


+ Sin @ COs a 


sin (n — l)a sin (n + l)a 
T ’ 
a =— l . Be l 


where 


a ct 
B = are cos arc cos {1 — 
a 
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In order to eliminate the velocity potential between Equations 
{1] and [2] a transformation with respect to time is applied. Let 
the transform of f(r, 8, t) be 


1 aD 
fir, 9,2) = — f f(r, 8, De dt 
2r Jo 


.. [6] 


Then 


f(r, 6,4) = f fir, 0, De dQ. . [7] 


—ao—tty 


It follows by separation of variables that the W,, satisfy Bessel’s 
equation of order n and hence may be written in the form 


0. 
V,(r, 2) = A,H,® (*). OTT eee 8] 


considering only diverging waves. A, is an arbitrary function of 
Q and H, is the Hankel function of order n. If Equation [8] 
is inverted through [7] and the result substituted into Equations 
[1] and [2], there results for Y, and g, the solutions 


-, 
PH," (**) — iD,H, (**) 
c c 


+ re i Qa re ae Qa ‘ io 
m,(W,? — 2?)H,,’ (; ‘) + pQceH,” ) 
¢ c 
Qr 
no (2) 
o =. n e. a F L 
VY,= Ez - P.] Qa ago {10} 
HH,’ 
c 
where 
nr Pp, i"€, -i% rE Qa 
jane 22Q ie 
pire, -ic , (Or | 
be, Oh on = r 
Pfr, @) 2rQ J ) 11] 
and 
é,= 1 for n=0O and ¢,=2 for n>0 | 


The total pressure p(r, 0, ¢) at any point is the sum of the incident 
wave pressure whose expansion coefficients are P, plus the re- 
flected and radiated pressures represented by pW,; i.e. 


p(r, 8,4) = >> {Palr, t) + pwa(r, t)} cos nO... [12] 
n=0 


and in the transformed system 


p(r, 8, Q) = : hs { P(r, Q) + ipQW,(r, 2)} cosnO.. . [13] 
n=0 


Substitution of Equation [9] into [13] and the application of 
Equation [7] leads to the expression for the total pressure: 


o o—iy 
rrn= > f 
n=0 


= ay 


- e210 cos nb...... [14] 
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The three terms in the integrand represent the original step- 
wave pressure, the reflection from a rigid fixed cylinder, and the 
pressure due to the motion of the cylinder. 


2 So.ution ror Frxep, Rigip Cytinper By Mopes 


For a rigid, fixed cylinder, all the g, describing the motion of 
the cylinder are zero. The same transformations and manipula- 
tions as before lead to an equation for the total pressure which is 
identical to Equation [14] with g, = 0, all other terms having the 
same significance as before. This procedure identifies the 7, 
terms of Equation [14] as the reflection from a rigid, fixed cylin- 
der. 

With g, = 0, Equation [14] may be put in the following form 
which will be used in the numerical computations 


pir, 8, t) = Pe Sy imrng, 


a ~) 
¢ ( c r -* 
e® dQ cos nO .. [15] 


where 7, and P, have been replaced according to Equation [11]. 
3  SoLuTIoN ror FLoatineG, Riagip CyLinpers By Mopes 


Any motion of a floating, rigid cylinder under a step wave will 
be a translation perpendicular to the wave front. Such a motion 
is described by q; in Equation [15], all other g, being zero. The 
results are the same as for a rigid, fixed cylinder, Equation [1], 
except for the n = 1 mode. 

For n = 1, m,; = 2m = pa, since for a neutrally buoyant shell 
m = pa/2. 


The natural frequency @, of the n = 1 mode is zero. Using 
these results in Equation [10] 
Qa Qa‘ 
PH,’ ) — iV," ( ) 
c c 
[16] 


tes igh Qa Qa 
—pal?H,? ‘( ) + pQcH,° ( ) 
* c 


Substituting Equation [16] in the n = 1 term of Equation [14] 
and using Equation [11] for P; and ,, there results after some re- 
arrangement ’ . 


ae ee 

. 

T witnebig 
) 


‘- (:- 3) dQ... 


(17] 


where p; is the component of the total pressure in the n = 1 mode 
for a rigid floating cylinder. The pressures for the modes n # 1 
are given again by Equation [15]. 


4 Numericat ReEsutts py MopeEs 


(a) Rigid Fized Cylinders. The integral in the nth mode for the 
total pressure, Equation [15], is evaluated by using the path of 
integration shown in Fig. 2. The Hankel functions require a 
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The original inte- 
gral, Equation [15], is then equal to the integral around the branch 


branch cut along the positive imaginary axis 


cut plus 277 times the residues at the poles enclosed by the con- 
tour 
method in the complex plane and tables of values of Jo, Ji, Yo, Y: 


The poles of the integrand are located using Newton’s 
for complex arguments (3). The values of the roots are shown in 
Table 1. These roots occur in pairs and their total number N is 
given by the formula 


| 


be (—1])* 


This formula was derived by the procedure 


for the number of zeros of K,(2z). 


TABLE 1 {00TS OF 


d 
dz 


No roots 

501 + 0.6441 
$34 + O 834: 
637 + 0.970% 
289 + 1.1971 


+0.439 + 1.975% 
+1.400 + 2.425: 
In all the numerical evaluations only points far from the 
cylinder are considered and the values of n used were 0, 1, 2, 3, and 
4. This permitted replacement of the Bessel functions involving 
r by asymptotic formulas for small order and large arguments. 
The contribution to p,, the pressure in the nth mode, due to the 
residues at the poles may be then written 


Pa ite 


and z,, are the values at which the poles 


The nondimensional time f is defined by 


where 2 stands for Qa/c, 
occur, given in Table 1 
tT = (l/a)(ic 

It can be shown that when rt < 0, the path of integration of 
Equation [15] may be closed by a semicircle in the lower half of 
the Q-plane, Fig. 2, the integral over the semicircle being zero. 
Then, by Cauchy’s residue theorem, the original integral is 
zero. Hence ris a dimensionless “delay time.’’ The value rt = 
0 corresponds to the time it takes a wave starting at the cylinder 
surface at ¢ = 0 to reach a radius,r traveling at the sound veloc- 
ity ¢. 

The Integrand [15] has a pole forn = 0 at 2 = 0; but not for 
n>0O. The pole at 2 = 0 leads toa contribution which is simply 
p+. This may be interpreted as the long-time solution for the 
total pressure since all other portions decay in time. This as- 
sures that the reflected pressure is a pulse of finite duration, as 


Te-—9F 
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REFLECTED AND DiIFFRACTED PRESSURE BY 
Fixep CYLINDER 





Mopes; Ria1p, 


Fic 


may be expected. Considering only points distant from the 


cylinder the contribution to p, due to the branch integrals is 


Ky-al(z) + Kaalx)] 
+ [Ka-(z) + Kasi(z)]?} 
e~2(r—2Ddy . [20] 
where z is real and equal to the absolute values of (Qa)/c along the 
branch cut. J, and KA, are the modified Bessel functions. Their 
values were taken from Watson (4) and the Integrals [20] were 
evaluated numerically. 

The sum of Equations [19] and [20] (plus ps forn = 0 
given n is the pressure p,(r, 7) in the nth mode. 

The numerical computations were carried through for the first 
five modes, n = 0, 1, 2,3,4. It was found that the convergence of 
the series in @ is very slow for the total pressure which was com- 
puted as described in the foregoing. Part of the difficulty may be 
attributed to the fact that Equation [15] contains the incident 
pressure which has a slowly convergent series representation in @. 
By subtracting the components of the incident pressure, Equation 
[4], from the respective components of the total pressure (con- 
sidering large radii) yields values of the reflected pressure com- 
ponents in each mode which converge more rapidly. For r 2 2 
the incident wave components are constant and the convergence 
of the reflected pressure components is no better than for the total 
pressure. 

The values of the pressure at the leading edge of the reflected 
wave (r = 0) is derived by another method discussed in later 
sections. Fig. 3 shows the final results for the reflected wave at 0 
=. The total pressure for @ = 0 is equal to these values plus 
the incident pressure which is simply ps. The discontinuity of 
slope at T = 2 in the components of the reflected pressure arises 
when the incident pressure is subtracted from the total pressure 
componentwise because the incident pressure components have a 
discontinuity in slope. 

(b) Rigid, Floating Cylinder. The total pressure for a rigid 
floating cylinder is the same as for a rigid, fixed cylinder except 
for the mode n = 1, for which case it is given by Equation [17]. 
The Integral [17] is evaluated in similar fashion to the rigid case. 


fora 





106 





4 





} | 
‘| 
Prefi_ —RIGIO FIXED CYLINDER 


off 





} 

| 

+ 
| 





eo 4 
a 
| S 
| 
— —>——————_————_++— 4 





|CRIGID FLOATING CYLINDER 








-2 | n | ] 
re) I 2 3 4 T 
Fic. 4 Torat Reriecrep Pressure, 6 = 0, r >a 
I T 
| 
—— 4 
FIXED 


Pi refi. 











ES 





-.2 
—FLOATING 
4. i 
i@) ! 2 3 a i 
Fic. 5 REFLECTED AND DiFFRACTED PRESSURE IN n = 1 Mone; 


Rigip Fixep anv Ricip FLoatTiInG CYLINDERS 


The zeros of H,‘?(z) are given approximately by Watson,* and 
were refined by computations using tables of Bessel functions of 
complex arguments (2). The values derived are z;,. = +0.429 + 
1.2797. As in the case of the rigid, fixed cylinder, only large values 
of r are considered. The contributions from the poles are 


2a \'/2 i= J(z)e**" 
[Pi Res = 7 2p, — e . : - _—" 21) 
4 Tr a“ = 
1,2 2/2 : [H2'?(z)] 


dz 2= 21.2 


where z stands for (Qa)/c. 
The branch integral in this case is 


2a \*/2 = K-(xz)I(az)e~ 77 " 
[Pilar = = i ° athe? on al dx [22 
Tr Jo *’ [K2%(z) + m*/2*(x)] 


where z is real and equal to the absolute value of (Qa)/c along the 


~~) 


branch cut. 
The sum of Equations [21] and [27] is the total pressure in the 


* Reference (4), p. 512. 





JOURNAL OF APPLIED MECHANICS 


n = 1 mode for a rigid floating cylinder. Subtracting the inci- 
dent shock-wave pressure in the n = 1 mode, the reflected pressure 
is obtained. A comparison of the reflected pressure in the n = 1 
mode for the fixed and floating evlinders is shown in Fig. 5. 

The reflected pressure, summed for all modes, for the floating 
evlinder 0 = 0, r >a is shown in Fig. 4 


5 SoLuTion For Frixep, Ricip CYLINDER BY Potsson’s FoRMULA 


As the convergence of the mode approach is slow in certain re- 
gions of interest, it is desirable to convert the Infinite Series [15] 
into some more amenable form. 

For this purpose Poisson's summation formula (5 


7 
| f(r)e—*’"dr. 23 
oF x 

is appropriate. 


By means of Equation [23] the expression for the reflected pres- 


o x 


a f(2rm) = Ps x 


m=—@ 


sure for the rigid cylinder, which is contained in Equation [15] as 


Pren(r, 0, t) = 


€ . d@) cos né [24] 


can be transformed to 


. to +y’ 
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< 7, a8 Pret has a period 


ds dn 
ds 25) 


where I = ct/a and? = r/aand —m < 9 
of 27 with respect to 8. This result can be obtained formally by 
calculating the Fourier coefficients of the right-hand side of 
Equation [24]. Although Equation [25] appears more compli- 
cated than the original, important qualitative and quantitative re- 
sults can be obtained from it. 

Consider the integration over n, for a typical term of the m- 


F(?, 6,8) = f 


The integrand is a single-valued function of n considered as a 
Hence the integral can be 


series 


T,,( s)K,(s? 


en dn {26 ] 


complex variable for fixed s # 0. 
evaluated by the method of residues. The location of the poles of 
the integrand are given by the zeros of K,(s). These zeros have 
been shown by Friedlander (6) to be the pure imaginaries n = 
.) in the upper half plane and n = —iy,, (j = 


iv, (7 = 1,2,.. 
A contour 


1, 2,...) in the lower half plane for s real and positive. 
may be chosen in the n-plane consisting of the real axis and a cir- 
cular are about the origin resulting in 


= Tig;'(s) Kags?) 
Fr, 0,8) = on So te OK ial) 


ra) 
d=1 | Kut) 
Ou a pj 


for m > 0 and m < 0 while for m = 0, the exponential in Equation 
[27] becomes 


6+2mr)] 


w<O0<f7 [27] 
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Substitution of Expression [27], [28] into [23] yields for the re- 
flected pressure 


oo : Iin,'(8)KigA 8?) 
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where for m<0O 
for m=0 
for m 


6 IpENTIFICATION OF REFLECTED AND D1FrFRACTED PULSES 


In the form of Equation [29] the equation for pren lends itself 
to an approximation valid just after the reflected wave arrives at 
a given point. Solutions for large values of s correspond to small 
Under the assumption s is large, asymptotic 
The appro- 


values of delay time 
expansions of the Bessel functions may be utilized 
priate expansions have been derived by Friedlander (6) and lead 
to an approximation for a typical term of the j-series of Equation 


29] in the form 


(30) 


where, form = 0 


for m 


ior m « 


—-r<@< 


and the a, are positive constants arising in the asymptotic repre- 
sentations of the Bessel functions (5). Each term of the j-series 
contains a complete series in m, the terms of which have an in- 
teresting interpretation. The presence of 7,, in the exponential 
implies that the Laplace transform corresponding to the mth 


term, has an original of the form 
(r, 0, OH(t — 
where H is the Heaviside step function 
0 for 


Hit 
1 for 


Now for 


and also 
form > O 


= 2mr +6 —-— \6,>0 


for mi «< 
—2mxr — 20>0 


so that T < + 1, nite [33 ] 
= ms0) 

Each term of the m-series is thus “‘triggered’’ at some later time 
than the preceding term. The m = 0 term can be identified as 
the direct reflection from the cylinder since its time of arrival 
T» is exactly the time of arrival of the reflected wave computed by 
ray acoustics as shown in the next section, Fig. 6. The successive 
terms of the m-series may be considered as diffraction effects, 
which appear at a finite time after direct reflection has occurred 
at any point. 
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Fic. 6 Geometry or Reriecrep Front 

Friedlander (6) has interpreted this behavior of the individual 
terms of the m-series as representing diffracted pulses which have 
encircled the cylinder m times in the direction of increasing 6, 
and —m times in the direction of decreasing 6. Then 7,, denotes 
the arrival time of a diffracted front, and the disturbance due to 
this diffracted pulse starts at 7,,. 

As the residue method discussed previously fails when 6 < 0, 
and for m = 0, 6 is < 0 in the pure reflection region, the term m 
= 0 will be evaluated in a totally different manner. 


APPROXIMATION OF REFLECTED PULSE FRoM 


Potsson’s FoRMULA 


SHort-TiMeE 


Consider the integral over n in Equation [25]; i.e. 


: > I,,'(8)K,(s?) 
F(7, 0, s) = — e'”9 dn 34] 
— K,, (s) 


For s large, real, and positive, the ratio of the Bessel functions in 
the integrand is approximately independent of n for |n/s| small. 
The principal contribution to the integral then arises from large 
values of n. By applying the WKB method to the differentia! 
equation for K,(s) Friedlander (6) obtained asymptotic expan- 
sions valid for s and n both large. These expansions may be used 
to reduce the n integration of Equation [25] to the asymptotic 


wo 
F(?, 6, s)=> f gin ye Mmdn... 


representation 


where 


in? — n sinh 
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The Integral [35] can be evaluated approximately by 
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saddle-point method for both ? = 1,7 >>1. On the surface, i.e., 
7 = 1, this yields 
/s 


0 


Substitution of Equation [36] into [25], for preni yields 


[36] 


Pett © PEM — Fahiccciscccivcccee (Oe) 
(The integral in Equation [25] independent of n can be evaluated 
by the usual asymptotic expansions for Bessel functions of small 
order and is seen to be of higher order in [¢ — 79] { [¢ — 70]'/2} with 
respect to the integral over n.) 

For the surface of the cylinder, 7) = 1 — cos @ is the time of 
arrival of the original step wave and the beginning of the reflected 
pulse at a point (1, @) on the cylinder. 

Equation [37] implies the usual acoustic doubling of the pres- 
sure at any point on the forward surface of the cylinder for small 
values of (¢ — Tg); i.e., for short times after the passage of the 
original shock wave over the point. 

For # >1, the saddle-point method applied to [35] yields 


cos 0/2]'/2 
Preti = Px - 


where for distant points Tg = 1 + 7 — 2 cos 0/2 is the time at 
which the reflected wave is first felt. The fact that 7, is the arrival 
time of the earliest reflected wave is shown as follows: From ray 
acoustics, the time required for a wave originating at any point 
(1, 6¢) on the cylinder to reach the point (7, @) is given by 
tz = 1 — cos 0, + [1 + # — 27 cos (0, — 8))'/*.. . [39] 


which for large 7 has a minimum 


0 
(t min => 1 —j— 2 08 - 
Rr) +7 co 2 


confirming the identity mentioned 
To = (TR)min 
8 Summary or REsvutts 


The total pressure field due to a plane step wave impinging on 
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a cylinder is expressed by Equation [14]. The three terms are, 
respectively, the pressure of the original wave, a reflection and 
diffraction corresponding to a fixed rigid cylinder, and the pres- 
sure due to the motion of cylinder under the impact. 

The numerical results for a rigid, fixed cylinder are shown in Fig. 
4. The difference between this case and that of a rigid, but neu- 
trally buoyant, freely floating cylinder is shown in Fig. 5. The 
difference is due to the translation suffered by the freely floating 
cylinder. For freely floating but elastic cylinder this translation 
and the corresponding pressure component will be the same. 
However, an elastic cylinder will have additional deflections in 
higher modes of motion causing additional radiated pressures. 

The numerical results show that the reflected pulse is of com- 
paratively short duration. For a rigid, fixed cylinder the re- 
flected pressure decays to about 20 per cent of its initial value in 
a time equal to the transit time of the step wave across the 
cylinder. For a floating cylinder the decay is even more rapid. 

The variation of the initial pressure of the reflected pulse at 
large distances is given by Equation [38] which shows it varies as 
(r)—'/* and is a maximum in the direction from which the step 
wave originated, as may be expected. 
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Axial-Temperature-Gradient Bending 


Stresses 


By F. G. HAMMITT, 


A study is conducted of the bending stresses induced in 
a thin-walled tube adjacent to a joint between the tube 
and a heavier section by an axial temperature gradient 
imposed across the assembly. A solution is shown utiliz- 
ing basic relations taken from the existing literature for a 
tube of uniform wall thickness attached at either end toa 
flange of infinite stiffness. Both long and short tubes are 
considered. The possibility of substantial reductions of 
stress through the use of a tapered wall thickness is dis- 
cussed. Approximate methods are developed for the calcu- 
lation of stress and wall thickness under conditions in 
which the wall thickness is varied in each instance to give 
(a) constant radius of curvature (or arbitrary radii of 
curvature), (4) constant stress, and (c) arbitrary stress dis- 


tribution. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
D 


E, uw 
Ar 


plate-stiffness factor 
modulus of elasticity, Poisson’s ratio 
9) 


tube-wall thickness and average radius (Fig. 2 


in Tubes 


' ANN ARBOR, MICH. 

dimensions measured approximately parallel and 
normal to tube center line (Figs. 1 and 3) 

radius of curvature of deflected element of tube wall 


z, y 
R 
{—D, 
Cr~Cs 
8B 
l 
a 


constants of integration 


(Eh/4Dr?)'/* 

tube length 

bending stress 

heat flow 

thermal conductivity 

area 

temperature difference between ends of tube 
tube diameter 

tube radius 

temperature coefficient of expansion 
constants defined in Equations [10], [13], [ 


slope dy dz 
base of natural logarithms 


INTRODUCTION 


A major problem in the design of high-temperature equipment 
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Tose Unver Untrorm AxtAL-TEMPERATURE GRADIENT 


is the provision for and analysis of thermal stresses. This problem 
is of especial importance in heat-exchange equipment, certain 
types of turbomachinery (as turbines, compressors, and pumps 
handling high-temperature fluids), in nuclear reactors, furnaces, 
and numerous other equipment items. 

The thermal-stress problems which must be considered involve 
(a) a radial-temperature gradient across a tube wall as in a heat 
exchanger or across the disk of a rotating machine, and (6) an 
axial-temperature gradient which may be encountered in certain 
types of heat-exchange .equipment, in the support casings of 
pumps and turbines, and in various other applications. 
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Beam #2 





Fic. 3 


The present treatment is concerned with stresses resulting from 
the existence of an axial-temperature gradient in a tube, which 
may be either a portion of a heat exchanger or of the casing or 
rotor of a turbomachine. In general, stresses of this sort will exist 
in combination with other types of stresses, as, for example, the 
direct stress due to pressure loading of a pipe. The total stress 
and deflection at a point are the result of a summation of their 
individual components, 

This paper considers only the components resulting from the 
thermal conditions. 


GENERAL SITUATION 
A thin-walled tube under a uniform axial-temperature gradient, 
with unrestrained ends, is not thermally stressed, since it is free to 
assume the deflection curve dictated by the axial-temperature 
distribution (it is assumed that the axial gradient is symmetrical 


j————————— g = Tube Length 


Tuse UnpeR AXIAL-TEMPERATURE GRADIENT AS COMPOSITE BEAM ON ELastTic 
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Tube Wall 


CYLINDER SEGMENT as Beam On Exastic FounpaTIoN 
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Composite Beam 
(ie: Tube Wall) 








Tube €& 


FOUNDATION 


about the center line). Under these conditions the deflected tube 


will become a straight cone. However, if the tube is joined at 
the ends to members of increased cross section, i.e., flanges, the 
situation is basically altered. In general, the axial-temperature 
gradient in the flanges will be less than that in the tube, in many 
cases approximately zero, considering the larger cross-sectional 
area available to a constant heat flux. Consequently, the angle 
of deflection assumed by the flange will be less than that of the 
tube. 


curve and its slope must be continuous at this point, and the tube 


Since tube and flange are joined securely, the deflection 


will be forced to accommodate itself approximately to the slope 
and deflection which would be assumed by the flange in the ab- 
sence of the tube (due to the presumably much greater stiffness 
of the flange). Thus as shown in Fig. 1, 
stresses induced in the tube which are at a maximum at the joint 


there will be bending 


and extend a considerable axial distance into the tube. 
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CoNSTANT-WALL-THICKNESS CASE 


If « tube of constant wall thickness is joined to a flange of rela- 
tively large stiffness, the tube being subjected toa uniform axial- 
temperature gradient and the flange to zero axial gradient (assum- 
ing that a constant heat flux is conducted axially through the 
flange and tube), longitudinal elements of the wall will be under 
the condition of beams with bending stiffness 


Eh? 
12(1 Ve 


D= 


on an elastic foundation exerting a force of Eh/r? per unit length 
and width, per unit deflection.* 

The deflection curve for a semi-infinite, thin-walled tube, built 
a flanged end, and under axial-temperature gradient is 
It is assumed that the axis coincides with the de- 


into 
shown in Fig. 1 
flected position of the tube wall for the case of unrestrained ends 
Then for restrained ends, the tube-wall deflection at the end is zero 
(since the flange and tube are assumed at equal temperature at 
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the joint), but the slope is equal to tan @, where @ is the angle of 
deflection of the unrestrained tube wall. Using the beam on an 


elastic-foundation analysis, the basic differential equation is 


dty Eh 
dzt 2 © 

The deflection curve (and the bending stress) from this analysis 
is a damped harmonic curve. For most metallic structural ma- 
terials, the stress will be reduced to about 15 per cent of the maxi- 
mum value at a distance from the tube end equal to about one 
third of the square root of the product of tube diameter and wall 
i dis- 
Thus 
if the tube is quite short, it will be necessary to consider both ends 


thickness, while the deflection is reduced to this value at 
tance from the end equal to the square root of this product 


The general] solution for the differential Equation {2} is 
y = e®*(4 cos Bz + B sin Br) 
+ e—®* (C cos Bx + D sin Bx 
where 
B = (Eh/4Dr*)'/* 


This expression contains four arbitrary constants 
and is subject to four boundary conditions; i.e., 
the deflection must be zero and the angle of de- 


J 


flection that of an unrestrained beam at each 


tube end. Thus four equations can be set up 








for determining the four constants. The moment 
can be calculated from the second derivative of y 


and, from it, the bending stress at any point 
DesiGN Metuops For RepuCcING STRESS 


Where the axial-temperature gradient is severe 
and the material is weakened seriously by ele- 
vated temperature, it may be found that the 
bending stresses, as calculated in the foregoing, 
for the case of constant wall thickness, are too 
great for a successful design. 
approaches have been considered for designing 


Several possible 


and calculating structures consistent with rea- 
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Fic. 4 Constant-Raprvs-or-Curvature Case 


sonable stresses under the most stringent condi- 
tions. These methods involve a variable tube- 
wall thickness. 

Constant Radius of Curvature and Possible 
Variations. The maximum bending stress in an 
element of the tube wall can be reduced if its 
radius of curvature is maximized at all points (if 
the resultant benefits are not sacrificed by too 
great an increase in wall thickness). Consider a 
tube built 
consequent reduced axial-temperature gradient 


into a much heavier section, with 


and slope of deflection curve in the heavier sec- 
tion, so that the wall exhibits virtually zero slope 
of the deflection curve at each end. As shown 
in Fig. 4, a maximum radius of curvature may 
be obtained at all points if the deflection curve 





4Ar 


is caused to follow a constant radius in each 


half, changing sign at mid-span. To calculate 
this-radius, it is first necessary to compute the 
change in tube radius Ar from the known tem- 
peratures at the tube ends and the properties of 
the material. 
be found easily from geometric considerations, 
Fig. 4. 


The radius of curvature then may 


If it is desired that the stress level be 
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higher at one end of the tube than at the other, because of a dif- 
ference in allowable stress because of different temperatures, it is 
possible in the same way to use a shorter radius at the high- 
stress end. 

One possibility is to design the tube-wall thickness in such a 
wuy that the deflection curve, which would be produced by the 
temperature variations alone if the wall were perfectly free to 
move radially, will follow the assumed constant-radius curves 
A rough estimate shows that very little deviation from this ‘“‘tem- 
perature-controlled’’ deflection curve actually will occur because 
of the large restoring hoop stresses that would result. The neces- 
sary wall thickness to produce this result may be calculated for 
each point from the consideration of continuity of heat flow. 
This may be accomplished graphically, using the standard pro- 
cedure of a heat-flow net. It also may be approximated by divid- 
ing the tube length into a number of segments and calculating the 
required mean thickness of each segment to pass the total heat 
flow, considering the temperature drop between segment medians 
as approximated from the desired deflection curve, assuming the 
deflection to be directly proportional to the temperature. If de- 
sired, corrections for radiation and convection losses from the 
wall may be included. Then if the deflection curve follows the 
assumed curve, the bending stress would be 


Eh 


= 8 . [4 
7 oR — p) 4] 


If the wall thicknesses are computed as suggested, the actual 
deflection curve will not follow the assumed curve exactly since 
there are bending stresses which are in a direction to reduce the 
curvature. Thus the actual stresses will be slightly less than those 
calculated from this method. The wall thickness resulting from 
calculations of this type will form a double taper with the mini- 
mum thickness at the center. Therefore the stresses will be a 
maximum at the ends and minimum at the mid-point (where a 
weld might be located advantageously). It may not be useful 
in some cases to utilize as thick a section at the ends as the fore- 
going method would indicate because of the increase of stress with 
thickness. 

If it is desired to change the stress distribution, the following 
procedure might be used: A new deflection curve can be assumed 
deviating in the desired direction. If this curve can be expressed 
as an equation, the radius of curvature can be calculated at any 
point from the second derivative. Otherwise the curve can be 
plotted to enlarged vertical scale, and the local radius of curvature 
found in any region from consideration of three points in the 
close vicinity, and the application of the relations shown in Fig. 5. 
Once the deflection curve is assumed, the wall thicknesses can be 
computed as suggested for the constant-radius case. Then it is 
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possible to calculate the bending stresses by Equation [4]. To 
achieve the desired stress distribution in this way is a trial-and- 
error process. It is also possible to assume a wall-thickness dis- 
tribution, compute deflection from temperature, and then check 
stresses by the method outlined above. 

Constant-Stress Design and Variations. Consider again the case 
of a tube under axial-temperature gradient built into relatively 
heavy-end sections, where the temperature gradient is controlled 
by heat conduction axially through the wall. 

For a given minimum and/or maximum wall thickness, that 
distribution of wall thickness which gives a constant stress 
throughout, or over a reasonable portion of the length, may be 
desired. On the other hand, it may be desirable in some cases to 
allow a higher stress at one end than the other because of tem- 
perature-weakening effects on the material. Considering the first 
alternative, it will be noted from Equation [4] that the stress 
(based on the approximate assumption that the actual deflection 
curve is the same as the “temperature-controlled’’ deflec- 
tion curve) is constant if h/R is constant. This condition leads to 
the following differential equation and solution 


Eh Eh dy 
Cz — = 
2R(1 — yp?) 


(5) 


21 — p?) dx? 


where ¢ is a constant. 
From the heat-flow equation 


Q = kA dT/dz and A = dh 
Then 


so that 
dy 


nal dz | 2kr 
dy/ aQ 
2kr 

aQ . C; 


Substitute Equation [10] into [5] to give 
1 (* ( dz ) E 
C, \dz* dy ) 21 — uw?) © 


d*y 2o0C\(1 — pw?) dy 
dz? E dz 


Cc; = 


Letting 


K, = 2001 = HC, 


we have 


d*y 
- A ose 1 


dx? 


dy 


ee .. [14] 


dz 


The solution to this second-order, linear, homogeneous, constant- 
coefficient, differential equation may be written 
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y = Ce®* + C, [15] 


Assume, for example, the following boundary conditions: 


(a)atz = 0 (6b) atz l/2 


y=0 y = Ar/2 


The z-axis is considered to be parallel to the center line of the 
tube and to pass through the tube wall at one end, Fig 6. The 
second boundary condition implies that the deflection curve is to 
be symmetrical about the mid-span point which is then a point 
of inflection. However, the equation here considered covers only 
half the length 
the origin at the opposite end would be considered. 


For the total solution, a similar equation with 
If these boundary conditions are applied, Equation [15] be- 

comes 

Ar{exp (Kix) — 1) 

2{exp (K,l/2) — 1] © 


where 


Substitute this and Equation [13] into Equation [16]; substitut- 
ing also for C; 
adAT exp [40(1 — p*)krz/aQE) — 1} 

y= 
° 4}exp [20(1 — u*)kml/aQE] — 1} 
Letting 

Kz = 21 — pw*)kr/ak. 
[17] becomes 

adAT [exp (2K,0z/Q) — 1] 

~ exp (Keal/Q) — 1} 


Equation 


Differentiating Equation [19] we may write 
dy c adATK3o0 exp (2K,0x/Q) 
dr 2[exp (K201/Q) — 1] 
and then substituting Equation [20] into [10] 
_ Qlexp (Kyo!/Q) ~ 1) exp (~2Kz02/Q) 


a krdA TKio 


ScHEMATIC REPRESENTATION OF CONSTANT-STRESS SOLUTION 


Thus we have a solution showing an exponentially decreasing 
wall thickness up to the mid-point. Considering the other half 
of the tube length as a mirror image, the wall thickness will then 
increase in the same way. 

To solve any particular case, consider Equations [18] and [22]. 
The steps in the solution are as follows: 

(a) Evaluate K; from Equation [18] from the material charac- 
teristics. 

(b) Select an allowable stress limit 
Equation [22] as a function of Q. 

(c) From physical conditions related either to the required 
thickness at the flange end for bolting, and the like, or to the 
minimum allowable thickness at mid-span governed by fabrica- 
tion, pressure, and so on, select h. Solve for Q. 

(d) If h at any point or Q is unacceptable for other reasons, 


o and evaluate A from 


re-examine @ and repeat. 
In this way it will become apparent whether or not a constant- 
stress solution is possibly consistent with the other requirements 


VARYING STREss 
Rather than having a constant stress, it may be desirable that 
the stress vary in a predetermined manner along the tube axis. 
For example, it may be required that stress should increase as 
some function f(z) of distance z from the high-temperature end 
(since allowable stress is an inverse function of the temperature). 
In that case, it is necessary to substitute f(z) for o in Equation 
(5) 
Eh d*y 
21 — pw?) dz?* 


and Equation [12] can be written 


d’y 2f(z)C\(1 — y*) dy 0 
a? ee 


Setting dy/dr = p 


dp 
dz 


2K2 
_ Q pf(xz) = 0... 





ok 


= f(x)dx 


2K: {7 
= { f(x)dx = dy dz 
Q Ja 


2K, {* 
y= c.f exp Q f f(z)dz | dr + C; 


If the boundary conditions used in the case of constant stress 
are assumed again, the candition that for z = 0, y = 
Cs; = 0. 

C, must be evaluated after integration. 


C4 exp 


0 gives 


Depending on the de- 
sired stress function f(z), this integration may or may not be 
graphical. With C, evaluated it is possible to substitute Equation 
[28] into [10] to give the necessary expressions for h 


—2K, {7 
- f(x)dx 
Q Jo 


h = aQ| exp / QkrC, (29 ] 
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If, for example, f(z) = o + Bx 


—2kK; z* 
h = aQ exp| (our + B ) | 
Q 2) 4, 


Equation [29] or [30] is analogous to [21] 


2krC, 30 
in the constant-stress 
case. For a given solution it is necessary only to consider Kqua- 
tions [18] and [29], and proceed in the manner previously out- 
lined. 

Whatever design method is used, it is always possible to use 
“loeked-up”’ residual stresses to prevent excessive stresses (or plas- 
tic deformation) in the operating condition. In other words, if the 
component is prestressed to give a residual stress near yield in the 
direction opposite to that expected upon heating, bending stresses 
of approximately the sum of the yield stresses in the normal and 
elevated-temperature conditions may be allowed without plastic 
deformation. This may be accomplished by proper application of 
a weld, by mechanical stressing, or simply by subjecting the com- 
ponent to conditions more severe than the normal operating con- 
dition and relying upon the resultant plastic deformation on this 
first cycle. 





Torsion and Flexure of Slender 
Solid Sections 


By W. J. CARTER,? AUSTIN, TEXAS 


The solution of the torsion problem for a slender rectan- 
gular section has been made previously by approximate 
methods based on the Prandt] membrane analogy. In this 
paper approximate methods are employed in the solution 
of both the torsion and flexural shear problem for slender 
sections having a variety of shapes, most of them being 
doubly symmetric. Solutions obtained in this manner 
are compared with exact solutions, when these are availa- 
ble, and otherwise with solutions obtained by relaxation. 
It is shown that approximate methods provide an adequate 
solution for elements such as compressor-turbine blades 
when pret wist and taper can be neglected. Some attention 
is given to the problem of elastic-plastic torsion and elastic- 
plastic flexural shear of slender sections. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


o@ = normal stress, tension or compression 
T shear stress, with subscripts such as 7,, and 7,, to in- 
dicate directions of the components 
boundary-directed shear stress 
shear modulus 
angular twist per unit length, radians 
second moment of area of cross section 
torsional stiffness of bar 
bending load on beam 
rectangular Cartesian co-ordinates 
value ol zon boundary of cross section 
Prandtl! stress function 
boundary values of stress function 
Poisson's ratio 
area of bar cross section 
long axis of doubly symmetric section 
= short axis of doubly symmetric section 
a = sienderness ratio of doubly symmetric section 
APPROXIMATE MetTHop or SOLUTION OF ToRSION PROBLEM OF A 
SLENDER SECTION 
When applied to the problem of torsional shear stress and tor- 


The results presented in this paper are based on a dissertation sub- 
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degree of Doctor of Philosophy in Engineering Mechanics at Stanford 
University, Stanford, Calif., June, 1952. The investigation was made 
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N. Goodier of the Department of Engineering Mechanics, Stanford 
University 
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of Texas. 


the Society. 
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sional-stiffness determination for slender sections, such as is il- 
lustrated in Fig. 1, the membrane analogy as developed by 
Prandtl* suggests that fairly good approximate solutions may be 
obtained by using stress functions of the form 


@ = GO(z,? — z?).. 














| 
| 
Fic. 1 Stenper Dovsrty SYMMETRIC Cross SECTION 
This is equivalent to assuming that the @-surface is the same as 
that which would be obtained for a slender rectangular section of 
the same width. 
The shear stresses are given by the expressions 
op 
oy 


[3) 
Or 
and the torsional stiffness is given by twice the integral of @ over 
the cross section 


M,=2S Sodzdy..... [4] 


APPROXIMATE SOLUTION FOR ToRSION OF SLENDER ELLIPSE 


For the slender ellipse whose semi-axes along the z and y-axes 
are a and b, respectively, the value of z at the boundary is given 


by 


and Equation [1] becomes 


; 


@ = G6} a ( — aia [5] 


The stress components are found by substitution of the partial 
derivatives of @ in Equations [2] and [3]. The maximum shear 
stress occurs where zg is maximum. 

Table 1 shows the values of Tmax and M, as computed from the 
approximate stress function, Equation [5], together with the 
values given by the known exact solution for the ellipse. It may 
be seen that the agreement is quite good for ratios of b/a greater 


than 3. 
APPROXIMATE SOLUTION FOR TORSION OF SLENDER DIAMOND 
SECTION 


For the diamond section 


Vi . 
tp = (1 -- ) for y>O 
b 


’**Zur Torsion von prismatischen Staben,”"’ by L. Prandtl, Zeitschrift 
fiir Physik, vol. 4, 1903, p. 758. 
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TABLE | 

RCTs. Aenea 

b/ Approximate Exact 
3 2 Gea 1.800 Géa 
5 2 Gea 1.922 Géa 
8 2 Gea 1.970 Géa 
20 2 Goa 1.995 Géa 


and the approximate stress function becomes 


Y a 2) shi cas (6) 


Tmax = 2G0a SCOKODE REC E RKO ORE EES [7] 


6 = G0 (at — 20" , ta 


and 


M,= 4 

3 

The torsion problem for the diamond section has been solved 

by the relaxation method for ratios of b/a = 5and 10. The exact 

solution for b/a = 1 may be obtained from the known exact solu- 

tion for the square section. A comparison of the results obtained 

by the approximate solution and by the relaxation solution, Fig. 

2, reveals that the agreement is quite good for large values of b/a, 
especially for M,. 





16 24 > 
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Torsion STRESS AND TORSIONAL STIFFNESS FOR SLENDER 
DIAMOND SECTION 


Fic. 2 


It also should be noted that the approximate solution gives the 
maximum stress at the point of maximum thickness and that, in 
the case of the diamond section which has an outstanding corner 
at this point, the solution is seriously in error. Actually the shear 
stress is zero at the outstanding corner. The area of low 
shear stress at the corner is quite small. The maximum stress 
point as determined by the relaxation solution is quite near the 
point of maximum thickness and, as a result, the magnitude 
of the maximum shear as given by Equation [7] is not seriously in 
error for reasonably large values of b/a. 


APPROXIMATE SOLUTION FOR TORSION OF PARABOLIC SECTION 


For the section whose boundaries are formed by two parabolas 
2 
y 
Xp a\l b? 


y* y 
o = G0 (c: — 2a? rT] + a? be 


and 
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VALUES OF Tmax AND M, 


—_——_—_—_—_ —_M ,—_——_—_-_-- 
Approximate Exact 
3 rGé6a* 2.700 rGéea* 


4.808 rGé@a‘* 
7.877 xGé@a* 
19.95 rGé@at 


5 rGéa* 
8 rGea‘ 
20 rGea* 


which gives 


Tmax = 2G0a [10] 
and ' 
256 
a [11] 
105 


The torsion problem for the parabolic section has been solved 
by relaxation for ratios of b/a = 3, 6, and9. A comparison of the 
approximate solution and the results obtained by relaxation is 


20 “ T 


M, , APPROXIMATE 
—M, , RELAXATION 


ee 
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Torsion Stress AND TORSIONAL STIFFNESS FOR SLENDER 
PARABOLIC SECTION 
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shown in the curves of Fig. 3. It may be seen that the agreement 


is quite good, especially for ratios of b/a greater than 3. 
Evastic-PLastic Torsion OF Bars OF SLENDER SECTION 


A very simple approximate solution of the problem of elastic- 
plastic torsion of Slender sections may be obtained by a com- 
bination of the techniques which have been demonstrated 
in this paper with the familiar sand-heap analogy for plastic tor- 
sion due to Nadai.* Nadai has considered the torsion of bars for 
which the material has an idealized stress-strain diagram like 
that in Fig. 4. 


of a bar of such material has a simple nature. 


He has shown that the completely plastic torsion 
The shear-stress 
function which corresponds to this condition represents a surface 
of constant maximum slope. For example, if a model of the con- 
tour of the cross section is cut out of some material and is then 
covered with sand while lying horizontally, the resulting sand 
heap will give a picture of the plastie-stress function. 

The Nadai analogy can be extended to cover the case of elastic- 
plastic torsion of bars. A plastic roof, conforming to the sand 
heap, is imagined to be erected over the model of the bar section, 
and under this roof a membrane having the same boundary is 
formed. As the membrane is raised it gradually will come in con- 
tact with more and more of the plastic-roof area. At any given 
elastic-plastic condition, the zone of plastic behavior will be that 
over which the membrane and the plastic roof are in contact; 
the remainder of the cross section will have elastic behavior. 

‘Theory of Flow and Fracture of Solids,’’ by A. Nadai, McGraw- 
Hill Book Company, Inc., New York, N. Y., second edition, vol. 1, 
1950. 
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PLASTIC ZONES 








SECTION A-A SECTION B-B 


hic.5 Exvastic-PLastic Torsion or SLENDER SECTION 

This analogy may now be applied to a bar of slender section. 
The bar cross section shown in Fig. 5 is first visualized as having a 
roof placed over it of the shape that would be formed by a sand 
heap. The roof will have a slope *, normal to the boundary cross 
section. Section A-A represents a cross section normal to the bar 
center line at which the slender bar has partially plastic behavior. 
Owing to the slenderness, the elastic membrane may be regarded 
as having a slope & in the z-direction where it leaves the plastic 


roof. For the elastic region a parabola is taken 


@ = C2? t+ Cs.. [12] 
—2G6, and C, and C, are chosen so that 
Thus it 


to satisfy (d*)/(dz?) = 
the slope is k, and the ordinate is k(t c)atzr =c. 


becomes evident 


113) 
266 
Equation [13] illustrates that the elastic zone has a constant 
width ¢. This fact 
elastic-plastic torsion ivr slender bars. 
The torsional stiffness of the bar in the elastic-plastic zone is 


ings great simplicity to the problem of 


found in the usual way as twice the volume under the stress- 
function surface. The stress-function surface has a constant slope 
k over the regions of plastic yielding and is described by Equation 
[12] in the region of elastic behavior. The curves of Figs. 6 and 
7 show the elastic-plastic-torsion behavior for a slender rectangle 
and a slender diamond section, respectively. 

The simplified method presented here obviously may be used to 
describe the elastic-plastic-torsion behavior of any slender open 
section such as an I-beam or channel section. 








'M,* CGQ,c"b 
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ULTIMATE CONDITION 
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Fic. 7 Exastic-PLastic Torsion or SLENDER DiIaAMOND SEcTION 

INTRODUCTION TO PROBLEM OF SuHearR Due To FLexure 

In this part of the paper a study is made of the Saint Venant 
flexural shear stress on the transverse section of a cantilever beam 
loaded by a force at its free end. Elasticity theory shows that the 
solution of such a problem requires the determination of functions 
which satisfy a special form of Poisson’s equation, V*@ = g(y). 
For slender solid sections it is shown that approximate solutions 
inferred from the membrane analogy give reasonably accurate re- 
sults. 


For a cantilever beam like that shown in Fig. 8, it may be 


A 














SECTION 


Fic. 8 Sian Convention ror Beam FLexure 

shown in a simple manner that the conditions of equilibrium are 
satisfied when 7,, is given by the expression 

PQ [14] 
= | | 
zs lw ‘ ; 
where Q is the first moment of the beam cross-section area above 
the level at which 7,, is evaluated, J is the moment of inertia of 
the beam cross section, and w is the width of the beam section 
where the shear stress is determined. This solution does not 
satisfy all of the equations of elasticity; and, in some cases, such 
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as the types of cross sections considered in this paper, it will give 
results that are seriously in error. 

For a beam which carries a load normal to the y-axis of its cross 
section, as shown in Fig. 8, the Saint Venant flexure analysis leads 
to the following equations. These must be solved if the shear- 
stress distribution on the cross section is to be determined 


od dy do dz op Px? ] dy - 

-— - = on - -. [i 

oy ds * or ds os E fy) ds [15] 
o*o od vy Py df 

% = = ~ [16 

wie Ox? t oy? l+vT1 dy 


where s is the are length along the boundary of the cross section, 
v is Poisson’s ratio, and P is the load normal to the y-axis of the 
cross section. Equation [16] is the differential equation of the 
stress distribution in terms of the stress function @, and Equation 
[15] gives the boundary condition for @. 


APPROXIMATE SOLUTION OF FLEXURAL SHEAR PROBLEM 


Term f(y) in Equation [15] is chosen so as to have (0@)/(0s) 
equal to zero everywhere, thus making ¢ constant along the 
boundary. There is no loss of generality in making the constant 
equal to zero. With f(y) chosen in this manner, Equation [16] 
must be solved for @. With @ determined, the stress components 
are given by the expressions 


od Pz? . 

= _ - gin x 17 
es op + Sw) (17) 
od ' 

iain Saidis) cictogcieaeeee 


The positive directions for the stress components are shown in 
Fig. 8. 
In order that (0@)/(ds) be zero along the boundary, it is neces- 
sary that 
Pr, 


j= 
Sly oI 


where 2g is the value of z along the boundary of the cross section 


(2g is a known function of y). Equation [16] now becomes 


vy Py y « 


ee y fie 27 dy (19) 


(zg)? = gly). 
For slender sections it may be assumed that the variation of @ 
with y is small compared with the variation in z, thus 


dp vy Py Pr d 


— ( [20] 
21 dy 


P 
rp)? = gly 
dx? l+vl 


For sections having symmetry with respect to the y-axis it may 


be shown that 


gy), . es 
@ = 7 [at — apt. [21] 
APPROXIMATE SOLUTION OF FLEXURAL SHEAR PROBLEM FOR 
ELLIPSE 
For the ellipse 
a? 
rn, = a*— — yz’ 
b2 


and 


f(y) = 
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from which 


df P a? 
dy 7 I Bb? 7 
thus 
; Py | a? ‘ v (22) 
yy) = ed 
I b? l+yp 
Equation [21] now becomes 
¢ Py | a? ° v : a’ . — 
= + z? — a? + Y . [23] 
I b? l1l+yp : b? sd 


When the derivatives of @ with respect to z and y are com- 
puted and substituted in Equations [17] and [18], the result is 


P fq? v . i iP r 
Ta = oF b? a era z?—-a’?+3 pe Y 


Pry} a? v nen 
i. = — + 25] 
I b? l+yp 


Usually the 7,, component is of greatest interest. The value of 


T,, at the center of the cross section is given by the expression 


te 2P v a? 44 
Tee)zey-0 = ~ — . 
—o A l+yp b? 


(In Equation [26] the proper value for the ellipse (Aa?/4) has 


.. (26) 


been substituted for J.) 
The exact solution of the flexural shear problem for the ellipse 
For the 7,, component at the center, the exact solution 


i 2P 2(1 + va? + Bb? conn 
A L(1 + v)(3a? + 6%) ] — 


is known. 
gives 


(Tp) 2—y=0 

It will be seen that, as might be expected, Equations [26] and [27] 
reduce to the same value for large values of b/a 

A comparison of the results obtained by the approximate solu- 

tion and by the known exact solution for the ellipse is given in 

Fig. 9. 

for ratios of b/a greater than 7, and even for ratios lower than 7, 


The agreement for the stress component 7,, is fairly good 


the approximate solution is nearer the exact result than the 
elementary solution. The agreement shown indicates that the 
approximate method of solution of the flexural shear problem for 
thin sections such as propeller and turbine blades is accurate 
enough to be adequate for engineering work 

The direction of the resultant shear stress on the boundary of 
any section is parallel to the boundary. The value of the bound- 
ary-directed shear stress is of greater interest than either r,, or 
T,, at the boundary. The magnitude of the boundary-directed 
shear stress may be found by adding vectorially the 7,, and 7,, 
components along the boundary. The magnitude of the boundary- 
directed stress also may be expressed in terms of the angle that 
the boundary makes with the y-axis 


Tp, = 7,,CX°R a = Tye = sec a 


The results shown in Fig. 10 are of particular significance. 
Here the maximum value of the boundary-directed stress (7g )max 
has been plotted as computed from the approximate solution and 
from the known exact solution. By the approximate method, 
(Tg)max Occurs at a value of y very slightly greater than b/+/2. 
The agreement is quite good for fairly large values of b/a. The 
fact that (7,)max reaches quite large values for large ratios of 6/a 
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Fic. 9 Swear Due ro FLEXURE OF SLENDER ELLIPSE 


should be noted. For b/a = 


P/A. 


the region of (Tg): 


50 this stress is approximately 23 
Another noteworthy point is that a longitudinal notch in 
.x Will have the same stress-raising effect as in 
the case of shear due to torsion. 

It is generally recognized that stress-raising surface grooves 
and notches should always be avoided on structural elements like 
turbine blades and propeller blades; and, if the shear stresses are 
produced by twisting, the reason why high level shear stresses 
may develop on the surface can easily be seen. It is not generally 
recognized that flexure of thin sections also may produce large 


magnitude surface shear stresses. 


APPROXIMATE SOLUTION OF FLEXURAL SHEAR PROBLEM OF 


PARABOLIC SECTION AND ComparRIsON Wirn Resu_ts OBTAINED 
BY RELAXATION 


For the section formed by two parabolas 


2y? 
r,? =“eil-— : 


from which 


[28] 


4 

Y 
y? — a? 

bs 


The derivatives of @ with respect to 2 and y may be computed 
and substituted in Equations [17] and [18] to obtain the equa- 
The algebraic detail incident to 
this solution is lengthy, and only the result for the stress at the 


tions of the stress components. 


center will be given here 


P | 35 35 a’? 
A 8 6? 


(Ty, )emy- [29] 


35v 
16(1 + v) 


Ao 


EXACT SOLUTION 
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(In Equation [29] [8/35] Aa* has been substituted for 7). At the 
ends of the section, z = 0, y = +b; r,, = 0. 

Since the exact solution for the flexural shear of a parabolic 
section is not known, a relaxational solution has been made for 
4, 7, and 10. The approximate-solution results 


are compared with the relaxation results in Fig. 11. It may be 


ratios of b/a = 
seen that the agreement is fairly good for ratios of b/a greater than 


3 or 4, and in almost all cases the approximate solution is much 
better than the elementary solution. 


oe 


“P— (Taz) seq» RELAXATION 
Zz a. 





(Fxt)er0, APPROXIMATE SOLUTION 
es 


— (Txz),.9, ELEMENTARY SOLUTION 











6 8 10 
SLENDERNESS RATIO- % 


Fig. 11 SHear Due ro FLexvre or SLENDER PARABOLIC SECTION 

The maximum value of the boundary-directed shear stress is 
found very near y = 6/2. The values of this maximum are 
shown in the curves of Fig. 11. It is important to note that the 
boundary-directed shear is again the most significant stress and 
that it reaches fairly high values for b/a greater than 10. 


APPROXIMATE SOLUTION OF FLEXURAL SHEAR PROBLEM OF 
DiaMonpD Section AND Comparison With Resvutts OBTAINED 
BY RELAXATION 


For the diamond section 
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IV 


9 2 
Zz," = a? (1 - - + *), y20 


and to make the right-hand side of Equation [15] zero there also 


must be 
Pa? 2y y? 
f(y) = or 1 — + ——i, g 20 


df Pa? | y 1 
dy ae b? b 
from which 


(y) vy Py Pa*l y 1 ~ 
= - _— ” _ . 1 > 
wie TTR , te se 7” 
> 


and since 7] = (Aa?/6), substitution of this value in Equation [21] 


thus 


results in 


ry 6v 6 + 6) 
24 \LaX1 +r) wef” of 
y y? 
a? — a? + 2a? — — a? — [30] 
b b? 
The partial derivatives of @ when substituted in Equations [17] 
and [18] give the shear-stress components. At the center of the 


section 
P 34 9a? 3v ] 31] 
AL bb (1 +») . 


At the ends of the section, z = 0, y = +b, 7,, = 0. The bound- 
ary-directed shear stress is found by dividing the 7,, component 
along the boundary by cos~!(a/b). The maximum value of tz, 
occurs at y slightly less than 5/2. 

The flexural shear problem of the diamond section has been 
solved by relaxation for ratios of b/a = 4,7, and10. A comparison 
of the values obtained by this method and the results of the ap- 
proximate solution is shown in Fig. 12. 
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Fic. 12 Suear Due To FLexvuReE or SLENDER DiaMoND SECTION 

It should be noted that the expressions for (df)/(dy) and g(y) 
for the diamond section contain a constant term. If (df)/(dy) 
and g(y) are evaluated for y < 0, the sign of the constant term 
changes. Interpreted in terms of the membrane analogy, this 
constant means that there is a discontinuity in the pressure at 
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In the approximate solution, this change of sign gives 
From 


y = 0. 
rise to a @-function which is also discontinuous at y = 0. 
the requirements of symmetry, the exact stress function must be 
zero along y = 0. This inherent discrepancy in the stress func- 
tion for the diamond section would suggest that the value ob- 
tained for 7,, at the center should have a greater percentage error 
than should the approximate solutions for the ellipse and para- 
bolic sections in which this discrepancy does not arise. An ex- 
amination of the results shows the discrepancy to be greater. 
Even so, the results are better than the elementary solution for 
ratios of b/a greater than 3 or 4. 


SHear Wits Puiastic BENDING oF BARS OF SYMMETRIC SECTION 


The approximate method of solution to the flexural shear 
problem may be extended easily to treat some problems of flex- 
ural shear associated with partially plastic bending. Here it will 
be assumed that the stress-strain diagram of the bar material is 
like that shown in Fig. 13. 

Consider a cantilever beam whose cross section is symmetrical 
about the axis normal to the load. If the applied load is large 
enough, there will be plastic behavior of a portion of the beam 
cross section, Fig. 14. The strain variation at Section A-A has a 
simple nature; and, if the beam cross section is known, the re- 
lations between e, the maximum strain, and the bending moment 
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may be found easily. Prager and Hodge* have shown that, if the 
beam cross section is symmetric (like that of Fig. 15), the depth 
of the zone of plastic bending may be computed readily. 

If the usual assumptions of beam theory are made—plane sec- 
tions remain plane, and so on—it may be shown that there is no 
shear stress in the plastic section of the beam. Thus the shear 
necessary to resist P must be taken entirely by the elastic center 
portion of the beam cross section. The elastic part of the beam 
cross section will always have a portion in the middle part which 
is rectangular. The elastic part of the cross section shown in Fig. 
15 has tapering end portions in addition to the rectangular part. 
If the elastic core is slender, it is evident that the approximate 

*“Theory of Perfectly Plastic Solids,”” by W. Prager and P. G. 
Hodge, Jr., John Wiley & Sons, Inc., New York, N. Y., 1951, p. 51. 
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method can be used in determining the shear due to flexure. 
There is some question as to the validity of solving the flexural 


shear problem in the manner indicated for a beam which is in a 


partially plastic state. Although it is true that the elastic core 
carries all the shear, the Saint Venant flexure theory assumes that 
the anticlastic curvature of the shear-carrying member is free to 
develop. In the plastic bending of a cross section, the inticlastic 


curvature will be partially constrained 
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Effect of Curvature on the Hertz Theory 
for Two Circular Cylinders in Contact 


By TSU-TAO LOO,'! TROY, N. Y. 


The effect of curvature on the Hertz theory for the case of two 
circular cylinders in line contact is studied, and a correction 
term due to consideration of this curvature is found. An ex- 
pression for the relative normal approach of two cylinders is also 
obtained, a result which heretofore has not been formulated. 


Nomenclature 
The following nomenclature is used in the paper: 


Cartesian and polar co-ordinates 

displacements in z and y-directions 

radii of circular cylinders 

elastic modulus, modulus of rigidity, Poisson’s 
ratio, Lamé constant of material 

are length and angles of contact 

amplitude of contact in y-direction 

total normal load per unit longitudinal length 

normal approach of the two cylinders 

circumferential measured from 
point of contact 


Z,y;r,0= 
uv= 

R,, R, = 

E, G, wu, X = 


280; 2¢1, 2¢2 = 
distance initial 
angle parameters 


position co-ordinates of any point in reference to 
the loading points (see Fig. 1) 


££. = 
SI, §2 
Ti, 1,72, a2 = 


Introduction 

Contact problems are essentially nonlinear; nevertheless, the 
only approach to these problems has been through Hertz’s ap- 
proximate theory (1)? which is based upon linear theory of elas- 
ticity. In general, this theory has been substantiated satisfac- 
torily by tests and practical applications. It has been found, 
however, in some problems such as the loading of ball and roller 
bearings that a more refined theory is desirable. 

In an earlier paper (2) the author obtained a second approxi- 
mation theory of three-dimensional elastic contact, in which the 
Taylor series used in describing the contacting surfaces was 
truncated at the fourth power rather than at the second-power 
terms as done by Hertz. Through this refinement, an additional 
term in the expression of the pressure distribution was found and 
was shown to be appreciable as the eccentricity of the contact 
ellipse increases. However, Hertz’s approximation in consider- 
ing both contacting bodies as elastic half-spaces was still re- 
tained; i.e., the Boussinesq solution of a force on the half-space 
was used for the displacements of the points in the contact re- 
gion. 

! Associate Professor of Mechanics, Rensselaer Polytechnic Insti- 
tute. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
THe AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 6, 1956. Paper No. 57—A-33. 


In the present paper, the effect of curvature on the two- 
dimensional plane Hertz theory is discussed. The problem is 
the line contact of two infinitely long circular cylinders of dis- 
similar materials and radii. The solution is achieved by using 
the displacement field of an infinitely long circular cylinder under 
The 
usual attack on the two-dimensional contact problems is through 
the two-dimensional analog of the Boussinesq problem (3, 4). 
This suffers the same objection as in the three-dimensional prob- 
lem; i.e., approximating cylinders by half-spaces, thus neglecting 
the effect of curvature. 

A second defect is that, unlike the three-dimensional problem, 
In the three-dimensional 


nondiametrical, equal, and opposite concentrated forces. 


the normal approach is unobtainable. 
Boussinesq problem the displacements vanish at infinity and 
hence the normal approach can be computed. However, in the 
two-dimensional Boussinesq problem the displacements do not 
tend to zero at infinity (5); and therefore, while the results of 
this displacement field may be used in the neighborhood of con- 
tact, they cannot be used to compute the normal approach of two 
distant points. Both these objections are eliminated in this 
paper. The effect of curvature is found to depend on the dimen- 
sionless parameters, P/E, R,; and P/E:R:, where P is the normal 
load per unit longitudinal length, i, 2» are the radii of cylinders, 
and E;, FE; are their moduli of elasticity. If these parameters 
are much smaller than unity, then the effect is negligible. An 
expression for relative normal approach also is obtained, a result 
which heretofore has not been possible. 


Analysis of problem 


In the case of two circular cylinders in contact under load, 
Hertz’s hypothesis treating both bodies as half-spaces is unneces- 
sary, since the displacement field of a circular cylinder under two 
equal and opposite nondiametrical colinear forces is known (6). 

Consider now a homogeneous, isotropic, elastic circular cylin- 
der of radius R under the action of two equal and opposite com- 
pressive forces P (per unit longitudinal length) at the points 
M(R, @) and N(R, 2-0) along the chord of a circular section, 
parallel to a diametric axis, the z-axis as shown in Fig. 1. The 


N(RIT-0) 
DP: acai 
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displacements u and v in the directions of the z and y-axes are as 


(see Fig. 1) 


—P ke + 9G). ore 


follows (6) 


+ (cos 2a; — cos 2a) 


2G cos 8 x 
A+GR 


sin 2a 


In 
4nG A\+G nr; 


— (sin 2a, + 


2G cos 8 y 
N+GR 


and 3 for the points on the circum- 


+ G2) 


With reference to Figs 1. 3 
ference of the circular section Q(z, y) 
(WR, &), 


or in polar co-ordinates 


the following relations hold 


cos 2a, Y = —2 cos 6 cos & 


for — < 6, and 


P(e)dS 








P(@)dS 


> xX 








cos 2a, — cos 2a; = —2 cos # cos & 


Consequently, for the case of a distributed load p(@ 


for é , 6. 
symmetrical with respect to the z-axis, the corresponding dis- 
placement for circumferential points in the z-direction can be ob- 
tained by substituting from Equations [3], 
Equation [1], yielding 


cs 
Kf pO) Rdb [im tan 
0 


4], [5], and [6] in 


+ In tan 


cos 0 cos 4 


u(R, =) = 


By symmetry, p(@) = p( —@), so th: 


WR, &) = Ke f p(6) in tn * = 


+ cos 8 cos a dé 


where we define 


\ + 2G 21 — pu?) 


2nGiA+G) — rE 


Let subscript 1 denote the first cylinder and subscript 2 denote 
the second cylinder; then the respective displacements for their 


surface points will be 


“1 
Kiki f pil 8, ) [ m tan é 


¥! 


+ cos 6, 


ad = 
Kats f Pe 62) [in tan > 


: 


+ cos 6, cos é| dé, .. [11] 


Let s (or 4) be the circumferential distance measured from the 
initial point of contact between the two cylinders, and assume the 
points at the same s (or ¢) on each cylinder will be in contact after 


deformation, i.e. 


and hence 
ry 6, 
Pe 6. — 
ill points 


According to the criterion of contact, we must have, at 


of the compressed area 


B = IR, ry\ ] R = Z 14 
where 8, which is a constant, is defined as the normal approach 
of the two cylinders or | u; + Us mo (i-e., at initial point of con- 
tact). Substituting for u, from Equation [10] and for 
Equation [11] in Equation [14], and with the help of Equations 


12} and [13], 


ve Irom 


we obtain 





“el” ws yf ts santoothe 
8 n tan -— es ee Be ‘ 
) Py —_— a ae 


—% 


” lt — s| 8 t 
+ K s) } In tan - _ s-— cos — |ds + 8 
f ‘ p(s | n tan OR, + co Re cos | $ 


t t 
= Rk, (1 — cos i) + R, (1 — cos i) 


This equation cannot be solved easily. However, if the are of 
contact is very small (so < R,, R:) the trignometric functions 
may be represented by power series. By neglecting second- 
order small terms and the small quantities compared with unity, 
Equation [15] can be reduced to the simple form 


8 1 
— (K, + RK: p(s) In — ds 
- \é — 8} 


- PRK, In 2R, + Ke In 2R:) + (Ki + K;) P 


. [15] 


Ky Ky 1 ( 1 1 ) ; 
—-({— + Pe +8 = -+—)¢ (16 
(*: as) 2\r,* Rk, 
Rearranging Equation [16] we have 
$9 l 
f p(s) In - —ds=A — Bi?. [17] 
iy jt — sj 
where 
i=P({1- — In 2R, — - In 2R; 
( K, z7 K; n 1 K, K; n :) 
8 . i. 
. [18] 
Ki + Re 
B=  ( + ») * ( at + P 119] 
~ 20(Ki+K:)L\R, | Rs) | \R2 Re ‘: 
ee 20 


Equation [17], except with different constants involved, is the 
same type of integral equation as found in Hertz’s half-space 
theory, the solution of which has been found by Shtaerman (7 


2P : 
CO to = (21) 
TS8o* 
&% = (P/B)'” [22] 
and 
l 
1 — — Bs,? 
9) 
P = - 23 
2 
In 
So 


Substituting from Equations [22] and [23] in Equation [18], we 
find the normal approach 


B = P gE In 2R, -+- kK; In 2R, 


‘43\"'/2 1 
+ (kK, + Kz) In (7) “a (Ky + Ki) |... 
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It is interesting to note that if as a first approximation we let 
s = y (Fig. 4) and the amplitude of contact sp & a, then the pres- 
ent theory differs from the Hertz theory only by the values of two 
constants A and B. 


relative normal approach of the two cylinders. 


The constant A here will yield the value of 
Equation [19] 








Fig. 4 


shows an extra term in the value of B. This is due to considering 
the bodies as cylinders rather than half-spaces and can be con- 
sidered as a curvature correction term, which depends on the 


material consiants, radii of curvature, and the total normal load. 
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Displacement Discontinuity in 
the Elastic Half-Space 


By LEIF RONGVED! ano J. T. 


The displacement generated by an arbitrary displace- 
ment discontinuity over a plane bounded area in a semi- 
infinite, isotropic, elastic solid is determined. The solu- 
tion is given in terms of integrals over the area of dis- 
continuity. As an example, the case of a constant dis- 
placement discontinuity over a rectangular area parallel 
to the boundary is worked out in closed form. 


INTRODUCTION 


HE Papkovitch functions for an arbitrary displacement 
discontinuity over a plane bounded area in an infinite solid 
have been determined by Rongved.* In this paper, the 
Papkovitch functions are determined for the same type of disloca- 
tion in a semi-infinite solid, where the plane of discontinuity has 
an arbitrary orientation with respect to the free boundary. As 
in the previous paper* the solution is given in terms of integrals 
containing the displacement discontinuity 

The solution is obtained by superposition. Starting with the 
solution for the infinite solid with a dislocation in the region z > 0 
an appropriate state of stress is added to it such that the traction 
on the plane z = 0 vanishes. The state of stress added and the 
corresponding displacement must be continuous in the region z > 
0 and must vanish at infinity. 

The co-ordinate system used in Rongved’s paper® is oriented 
such that the displacement discontinuity is over an area in the 
z = 0 plane. In Section 1, this solution is given in a new co- 
ordinate system oriented such that the dislocation has an arbi- 
trary position with respect to the z The Papkovitch 
functions for two such solutions are given, the first for a disloca- 
> 0, and the second for a dislocation in z < 0. 


= (0 plane. 


tion in the region z 
The two dislocations are assumed to be identical except that one 
is located at the image of the other with respect to the z = 0 
plane. It is to the first solution that we wish to add a state of 
stress such that the traction vanishes on the z = 0 plane. The 
Papkovitch functions for the second solution are used here since 
it turns out that the Papkovitch functions for the state of stress to 
be added can be expressed conveniently in terms of them. This 
is shown in Section 2. 

In Section 3 the displacement is determined in closed form for 
the case of a constant displacement discontinuity over a rectangu- 
lar area parallel to the boundary. 


! Member of Technical Staff, Bell Telephone Laboratories, Inc., 
Murray Hill, N. J.; formerly, Assistant Professor of Engineering 
Mechanics, The Pennsylvania State University, University Park, Pa. 

2 Graduate Assistant in Engineering Mechanics, The Pennsylvania 
State University, University Park, Pa. 

3 “Dislocation Over a Bounded Plane Area in an Infinite Solid,” 
by L. Rongved, Journat or Appitiep Mecuanics, Trans. ASME, 
vol. 79, 1957, pp. 252-254. 
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at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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ceived after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, October 1, 1956. Paper No. 57—A-23. 


FRASIER?* 


1—Tue Parxovitcu FuNcTIONS FOR A PLANE DISLOCATION IN 
AN INFINITE SOLID 
Let the normal to the plane of dislocation have the direction 
cosines (1, 0, n). Let &, n, ¢ be a Cartesian co-ordinate system 
whose origin is at the intersection of the z-axis with the plane of 
dislocation, and with the {-axis perpendicular to this plane, and 
with the 7 axis parallel to the y-axis, Fig. 1. 


7! 


VM 


"Us 


Vez 


. 


| 
% 


o/ 
y 
/) 


Z 


Fic. 1 Turee Cartesian Co-OrpINATE Systems Usep, AND AREAS 
A anv A’ Over Wuicu Tuere Is a Discontinuity 1n THE D1s- 
PLACEMENT. A’ Is THE ImaGe or A REFLECTED IN THE z = 0 PLANE 


The Papkovitch functions for this dislocation in terms of the 
independent variables z, y, z are: 

1 Fora discontinuity, @;, in the {-component of the displace- 
ment 


ol ol 
D com 


B, =! In {1} 


ol 
or 


= In 


ol ol 
+n — [4] 
or Oz 


the component of the dis- 


B= 1 — ant — oni 


2 For a discontinuity, @, in 
placement 
oJ 
(n* — &) — [5] 
Oz 





126 


B, =0 [6] 
oJ at 
B, = (n? — I?) —— — 2nl ve a 
$ or oz 
at J 
B = (z — 2cn?) Se _ [8] 
or Oz 


3 For a discontinuity, @,, in the n-component of the displace- 
ment 


B,=1 ak . [9] 
oy 
oK oK 
B,=1 — +n = {10} 
B,=n ok een [11] 
oy 
= ok ok ok ok 
B= ile “me -—y aE] +n [ce - 20 oy -  E) 
where 
UJ, R) = f [2dp, te, 9) 227, [13] 
4r A To 


A is the area over which there is a discontinuity in the displace- 
ment and 


7o = [(x — nt)? + (y — n)? + (2 — ¢ + LE)? 


The quantity 7 is the distance from the point (§, 7, 0) to the 
point (z, y, z). These solutions are obtained from Rongved’s 
solution? for the infinite solid by a simple co-ordinate transforma- 
tion. The displacement in each case is given by 


ui; = B, - 


1 
4(1 “ v) (x,B, + Bl,. 


For later use we write down also the solution for three more dis- 
locations which are identical to the previous ones, except that they 
are located at the image of the former reflected in the z = 0 plane. 
Let &’, n’, and ¢’ be a Cartesian co-ordinate system shown in Fig. 
1. The normal to the plane of discontinuity is now (—l, 0, n). 
One obtains the following solutions for discontinuities over an area 
A’ in the &’n’-plane: 

1(a) for a discontinuity, @;y’, in the [’ component of the dis- 
placement 


. of al 
B, = [? — In —...... [15] 
or oz 
ee acne [16] 
of of 
B, = -l — $—— 7] 
. n os +n Be [17] 
. . ol of 
B = (1 — 2v)J — en (: — —™n ) . [18] 
Or Oz 


2(a) for a discontinuity, @’, in the £’-component of the dis- 
placement 


. ot at 
B, = —2nl + (n? — /?) . . [19] 
or Oz 
Bb, =0 [20] 
at ot 
B, = (n? — It) — +2nl .... (21) 
Or oz 
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ot 


> 


199) 
|<<) 


= at 
B = (z + 2en*) — — (x — 2enl) 
or 
3(a) For a discontinuity, @,’, in the n’-component of the dis- 
placement 


B, = -l [23 
oy 
. ok ok 
B, = -l +n 24 
Ox Oz 
ok : 
B, =n [25 
oy 


ok — 
+n] (z + 2c) —y 26) 
/ Oz 
where 
. 1 dé'dn’ 
I,J, k) = (2p, My’, ty’) [27] 
4,7, J L o'r E's nl . l j 
4r 4’ r 
and 
Fo = [(x — nt’)? + (y — 9’)? + (2 + — 1E’)3]"”2 
The quantity 7 is the distance from the point (£’, 7’, 0) to the 


point (z, y, z). 


2—DeETERMINATION OF SOLUTION TO BE AppEp TO YIELD ZERO 
TRACTION ON BOUNDARY 


By symmetry or inspection, it can be seen that the correspond- 
ing bar and double-bar solutions given in the previous section 
produce tractions on the boundary of the region z > 0 that are 
equal with opposite sign in shear components, and identical in the 
normal components. In view of this fact and using Equation [13] 
and the generalized Hooke’s law 

0;; = Au; 194; + wus; + U;,; [28] 
the boundary conditions for the solution to be added, here de- 
noted by an asterisk, can be written as follows, 
setting B,* = 0 


after arbitrarily 


; oB,* oB,* o°B,* 0*3* 
21 — ») — + 2 -<—¢£ - ; 
oz ox oz? oz? 
ob ob ob 
= -[ 2 -» 4+ Qy — + 2Qy — 
oz or oy 
2p 2p 22 
a ee _ Op (29) 
oz? oz? 2? 
oB,* oB,* 0°*B,* 078* 
(1 — 2p) aoe <f —Zz -— 
or oz Oxrodz Orodz 
a8, a8, ap 


ob, a8, ; 
= (1 — 2p) + —z -—y - [30] 
or oz Oxdz oxrodz Orodz 


oB,* o°B,* ae ob, ak, 
(1 — 2v) — - _ = (1 ~ 2») ( e 4 ) 
oy Oyoz oydz z oy 
2p 2p 22 
get ag Se a8 (31) 
oOyoz oyoz Oyoz 


The double-bar functions now stand for any one of the Solutions 
l(a), 2(a), and 3(a) of the previous section. These are known 
functions and they are finite, continuous, and harmonic in the re- 
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gion z > 0. The functions with an asterisk are to be finite and 
continuous in the region z > 0, and in the same region we have 
V°B,* = 0 
V768* = 0 [33] 
The last five equations constitute our mathematical problem. 
Taking the derivative of Equations [30] and [31] with respect 
to y and z, respectively, and subtracting the results, one obtains 
ob, ob, 34 
= — jo 
Oyoz Oroz 


07B,* 
Oyoz 


It follows by the uniqueness theorem of the Dirichlet problem 
that, since the right side is harmonic in z > 0, Equation [34] is 
One then obtains the result 


. ob, : 
B,* = b, - dy [35] 
or 


With this result the boundary conditions may be reduced to 


valid in z > 0 


the following two equations 


oB,* o*p* ob, 
21 -— yp 2(1 v 
Oz Oz? Oz 
oB ob, ob, o*p 
— 4p 2z - 2v / + - 
Or oz? oz? oz? 


a8, a8, 
r dy + 2v dy 
J ordz? J oe 


oB,* a%3* oB, a8, 
(1 — 2y = (1 2yv / - 

Or Oroz Or Oroz 
OB, 
ox*dz 


O78 
Oroz 


ly 


*or8, ' 
l 2v dy x 
J Oxoz J 


Now it can be shown that if 


V%e = 0 


then 


where 


(36) and [37] may 
= 0. To 


Using this result, the right sides of Equations 
be made harmonic without changing their value on z 
the right side of Equation [36] one adds 


vB, a8, 
 @xdz2 . oyoz . , 


and to the right side of Equation [37] one adds 


a8, oh, 
2 +z dy 
ordy or* 
Again by the uniqueness theorem of the Dirichlet problem the 


resulting equations must be valid in the region z > 0. One then 


obtains without difficulty the results 


. ob, o8 
—(3 — 4v)B, +: 2v + ¥) dz 
Or oy 


2 >) 8 
= 5) Bs 


ob 
oz 


B,* = 


* dy 


B* = —4(1 — v)\(1l — 2p lf B dz 


( f (= oB,\ .)s 
a , Or oy ~ 


10 


where 


and where in B,’ and 8’ 
i (=: 23, 
t dz 
E Or Oy 
v=S (8, — y)dz 


The arbitrary functions of integration in ¢ and W must be so 


determined that the displacement u,* is zero at infinity in the re- 


gion z > 0. With this restriction we obtain the following expres- 
sions for ¢ and wW corresponding to displacement discontinuities 


in the ¢, &, and 7-component of the displacement, respectively 


~~. of 
yg = i* = @ 
Ox? : or 
OM — al 
/ io? = 
Oroy ' Ox 
an ok 


2 n 
Oroy oy 


where in ¢ and 





1 
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[2a;’, de’, ty’) log 
al. , . 


(Fo +2 +e — lE’)dé'dn’. 


xz — ni’ 


Fr, ©. R| = > ae’, : 
[ 2 ti 4 s j 1t’ 
essence [51] 


The displacement generated by a dis lacement discontinuity in 
the elastic half-space, given by 
* 9) 


{02} 


uy = U + U, 


is now expressed in terms of integrals of the form of Equations 
[13], [27], [50], and [51]. One obtains the solutions for discon- 
tinuities in the &, 7, and [-component of the displacement sepa- 
rately, and the general case is then obtained by superposition of 
these solutions. 


3—ConsTANT-DISPLACEMENT DISCONTINUITY OVER A 
RECTANGULAR AREA 


As an example we work out the displacement generated by a 
constant displacement discontinuity over a rectangular area 
parallel to the boundary. The direction cosines / and n have the 
values zero and unity, respectively. We work out two cases: (a 
a discontinuity in the displacement component normal to the 
boundary, and (6) a discontinuity in the displacement parallel to 
the boundary. For case (a) we obtain from Equations [1], [2], 
[3], [4], and [14] 


ar rie ca of 
{d,, u,, u,) = | 0,0, be 


1 re) ol 
—- — ———- | (g — ¢) + (1 — 2v)J 
4(1 — v) Ofz, y, z] oz 


and from Equations [15], [16], [17], [18], [41], [42], [43], [44], 
and [47] we obtain 


l re) 


[u = —-—— - 
4(1 — v) Ofz, y] 


[ u 


. *) 
ay dy | 


af 
oz 


+c¢(3 — 4p)] 


where 


—y+d\r —1 
2r ” oom 
or fo —y t+ dn — 


or a (A -—- 2 al a)(?s —_ 
ae — = 4, leg ——— 
oy 1—-zt+ay? 
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(a — r)(b — y) (a + xb — y) 
- = + tan™ 
(2 — cy”, "Fe 


(a—-z (bh 4 ) 
tan~! — 


,(@ + ry(b+y 
— C)i3 
b)(Fs = — 

-b (Fs = @ 


avr; — =z 
a (Fy = 2% 


rb — y) 


= 
Crs 


(a +2\b + y) ; +1 | 
: - P ‘ 
T CyT3 = €¢ 


where 


= (a - 
(a — x)? 
(a + x)? 
(a + x)? 

=(a—r7r)?+ 


This completes the case of a discontinuity in the z-component of 


the displacement. 

We turn now to case (b) with a discontinuity in the displace- 
ment component parallel to the boundary. From Equations [5], 
[6], {7}, [8], and [14] one obtains 


oJ ot 
=| —,0, — 
oz 
and from Equations [ 


and [48] 
at 
dz” 
+ (3 — 4y)c] 


4(1 — v) Ofz, y, 2] 1 or 


avy ] 
+ te = 
orodz 


ot ov | 
C2 > 

drdz I 
where J and J are the same as J and / given previously except 


4 


1 , 
that @, is replaced by 2 (a,). This completes the case of a 


discontinuity in the z-component of the displacement. 











Stress Distribution Around a Circular 
Inclusion in a Semi-Infinite 
Elastic Plate 


By E. 


This paper contains an exact two-dimensional solution 
in series form for the stresses and displacements around a 
circular inclusion perfectly bonded to a semi-infinite 
elastic plate. At infinity the plate is assumed to be in a 
state of uniform tension parallel to the straight boundary. 
It should be emphasized, however, that the method of 
solution presented may be applied to other types of load- 
ing. Numerical results are given for the variation along 
the axis of symmetry of the normal stress which is parallel 
to the straight boundary, for a given geometry, and various 
ratios of the elastic moduli of the plate and the inclusion. 
Finally, the known solutions corresponding to an infinite 
plate with a circular inclusion and to a semi-infinite plate 
with a circular hole are obtained as limiting cases. 


INTRODUCTION 


HE problem of a circular hole in a semi-infinite elastic plate 

was first studied by Jeffery (1)? as an application of his 
general solution of the two-dimensional field equations of 
elasticity theory referred to bipolar co-ordinates. Mindlin (2 
noticed and corrected an error in Jeffery’s paper, as a consequence 
of which the straight boundary was not free of tractions. The 
stress distribution in an infinite plate with an elliptical inclusion 
was determined by Donnell (3) who used elliptical co-ordinates.* 
In what follows, we make use of bipolar co-ordinates to obtain 
the generalized plane-stress solution for a semi-infinite elastic 
plate with a perfectly bonded circular inclusion of a different 
elastic material. The body forces are assumed to vanish and, so 
far as the loading is concerned, we confine ourselves to the uniaxial 
case in which the tractions at infinity reduce to a uniform tension 
parallel to the straight boundary. The problem is solved by ex- 
tending the uniform stress field at infinity throughout the region 
occupied by the medium, and superimposing on this uniaxial field 
two sequences of solutions of the field equations, one regular for 
the domain exterior to the inclusion and the other regular inside 
the inclusion, such that the resultant stress and displacement 
fields satisfy all the boundary and bond conditions. It should be 
noted, moreover, that the plane-strain solution associated with 


! Professor, Facultad de Ciencias Exactas y Tecnologia, Universidad 
Nacional de Tucuman. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

2 See chapter 7 of (4) for a rather extensive bibliography of related 
problems. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 11, 1956. Paper No. 57—A-18. 


129 


M. SALEME,' TUCUMAN, ARGENTINA 


this problem is reached from the generalized plane-stress solution 
by applying the well-known transformation of elastic constants. 

The solution presented here may prove useful in the analysis of 
such technical problems as the determination of the stresses in 
the neighborhood of a reinforcing bar in reinforced-concrete con- 
struction, effects of reinforcement of the edge of a circular opening 
in a plate, and terrain stresses around underground tunnels or 


pipes. 


GENERAL So.LvuTion or Two-DIMENSIONAL FIELD EQUATIONS IN 
Brreotar Co-OrpINATES 


In this section we recall briefly Jeffery’s (1) general solution of 


the two-dimensional field equations referred to bipolar co- 
ordinates‘ as defined by the mapping 
a+igs 
xz +ty = c cotanh | 
9 


~ 


(-27 <a<o,-4r< Ber [1] 


where c > 0 is the abscissa of one of the poles, Fig. 1. Equiva- 


lently, we have 


z=Jsinha, y = —Jsin8.. 


a da oa ~ cosh a — cos 8 


is the “stretch ratio’’ of the Transformation [1). 

Referring to Fig. 1, the curves a = const are circles of radii c 
cosech a, centered at the points (c cotanh a, 0). The pole C(c, 0 
is the limiting point to which these circles shrink as a —~ @, 
The curves 8 = const are circular ares passing through the pole 
and centered at the points (0, —c cotan 8). 

In the absence of body forces the Airy stress function x(a, 8) 
must satisfy the biharmonic equation in bipolar co-ordinates 


‘ 1 >? o? 2 : 
V‘x(a, 8) = ja =+5)| x(a, 8) = 0 


Following Jeffery (1), we consider the function 


where 


x(a, 8) 


* RN on 
x *(a, 7 


instead of x(a@, 8). Substituting into Equation [4], there results 
ove» 2 i Pisa nts % 
. J* Lda da*dB? OB 


>? 
ot] =0 (6] 


>? 
—2—+4+2 
das * 


In terms of x*(a@, 8), the bipolar components of stress are given by 


‘For a comprehensive account of the plane problem in orthogonal 
curvilinear co-ordinates see chapter 2 of (5). 
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Fig. 1 Brpotar Co-ORpINATES 


2 


op? 


CTaa = cost a — cos 8) — sinha 


re) 
— sin 8 a8 + cosh a | x*(a, B) 


: ae : 
cTgg = (cosh a — cos B) Sat — sinha i ee) 


— sin 8 = + cos 3 x*(a, 8) 


o? 


dap XP) 


Tag = —(cosh a — cos 8) 





and the components of displacement are 











a 1—vax(a,8) 1 Wa, B) | 
) sinh @ 

= ~ — ae Sines — * ) 
° " [2 cosh a@ — cos 5 x (a, B | 
0 sin 8 , 
4 [ 2, ~ eosh @ — cos 3]¢ (a, 8) | 

» ...{8] 
EU, = La” Ox(@, B) | 1 2a, B) | 
oe’ J op J oa | 
> _ ms " | 
-a-»| 5 - em | 
i | 
) sinh a . 

. [2 ~ eosh a — cos 5 Q*(a, B) 


where the associated displacement function 
1 
Q*(a, 8) = + Aa, 8) 


satisfies the differential equations 
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~e-[2 | 
daodB ~ [dat dg =e 


o? 0? 1 1Q* ' Pn 19] 
“a = a - I‘ 
da* =: 08? dave * 
For continuity, the stress and displacement components must 
be periodic in 8, of period 27. This leads us to consider solutions 
of the form 


x*(a, 8B) = > ¢,(a)[a, cos kB + b, sin kB) [10] 
k=0 
In the following we shall restrict ourselves to the symmetric case 
(b, = 0) and, without loss of generality,’ set a, = 1. 

Jeffery (1, 2) has shown that the solutions of Equations [6] 
and [9] that give a single-valued displacement field, can be written 
x*(a, 8) = Bow (cosh a — cos 8) 

+ [A,; + C, cosh 2a + D, sinh 2a} cos 8 


a > ¢,(a@) cos kB [11] 
k=2 


Q*(a, 8) = 2Bo8(cosh a — cos 8) 


+ 2[C, sinh 2a + D, cosh 2a] sin 8 


xc 12] 
+ = ¥,(a) sin kB 
k=2 
where 
g(a) = A, cosh (k — 1)a + B, sinh (k — l)a 
+ C, cosh (k + l)a + D, sinh (k + l)a, (k > 2) [13] 
W,(a) = 2[A, sinh (k — 1l)a + B, cosh (k — l)a 
+ C, sinh (k + 1l)a + D, cosh (k + l)a], (k > 2) [14] 


CrrcuLar INCLUSION IN A SEMI-INFINITE PLATE UNDER UNIFORM 
TENSION AT INFINITY 


We are concerned with an elastic plate extending over the half- 
plane z > 0, subjected to a uniform tension at infinity T,, = To, 
in a direction parallel to the straight edge. Let the plate have a 
circular hole of radius ro, centered at the point Co(z, 0), which is 
filled by an elastic inclusion of another material, perfectly bonded 
to the plate. 

Without loss of generality, let t>) = 1 and consider the Airy 
stress function 


xo rt, y) = a ee [15] 


together with the associated displacement function 
Q(z, y) = zy — cy..... [16] 
which satisfies the relations 


20 


=V%=-1 VQ=0. ‘ {17 
oOxroy x Q 


The functions xo and Qo generate the solution 


To“ T, & 5, ty = I, 
v : l 
U, = —| (—¢), UY couke 
which thus corresponds to a homogeneous uniaxial stress field 
throughout the region z > 0. 





5 The coefficients ag may be absorbed in gi(a). 
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We note that the arbitrary additive rigid-displacement field in 
Equations [18] has been chosen in such a way that the point 
C(c, 0) has zero displacement. By Equations [2], the functions 


xo and Q) admit the representation 


l 
xa, 8) = 9 J? sinh? a — cJ sinh a . [19] 


Qa, 8) = —J* sinh a sin 8 + cJ sin B.. (20) 
Hence 


Xo @, B) 


. sinh @ - 
- 2 sinh @ 
2 Lcosh a — cos 8 


@o 
c ‘ a 
i | -sin a+2 > e~*@ sinh a cos 3 | 


k=! 


xo*(a, 8B) = 


Qo(a, B) 


‘ E 
= fC E 2a sin 8 — 2 


where the series expansion is valid for a > 0 

A more general stress function generating uniform tension at 
infinity, while maintaining the straight boundary free from trac- 
tions, is obtained by adding to Equation [21] a function of the 
form represented by Equation [11] subject to the conditions 


sinh @ 


sin 8 
8 


> e~*@ sinh @ sin ‘3 | 


k=2 


cosh @ — cos 


Taa (0, 8) = Taal 0, 8)= T33( 0, 0) = 0 [23] 


Substituting Equations [23] and [11] into Equation [7] we ob- 


tain 
Ay + C; = V), B 2 2D, = 0 


A,+C,=0, (k -—1)B, +(k+1)D,=0, (k>2) 


The required stress function can then be written in the form 


sinh a + Boa (cosh a — cos 8) 


+>) % 


k=1 


a) cos kg 


where 


(a 


sinh a + A,(1 — cosh 2a 


sinh 2a 


ka 


= ce sinh a@ + A, 


feosh (k 


sinh (k — l)a 
+ (k — 1)B, 


— l)a — cosh (k + l)a]} 


k-1 


sinh (k + l)a 
= < (k > 2) 
k+1 a 


| 


The associated displacement function is given by 


2B8(cosh a — cos 8) + D> Ya) sin kB 
k=1 


-Q* = 


with 
Yi(a@) 
W,(a) = 


2a 9 


ce — 2A, sinh 2a + Bs, cosh 2a 


—2ce~* sinh a + 2A, 
[sinh (k — l)a — sinh (k + 1)a] 


cosh (k + l)a 

- -1(k > 2) 
k+1 

Considerations, analogous to those introduced earlier regarding 

the single-valuedness of the displacement field, lead us to take the 


stress and displacement functions for the inclusion in the form 


x*(a, 8) = Cy sinh a + Boa (cosh a — cos 8 


+ [4, + C, cosh 2a + D, sinh 2a] cos 8 


+ > a 


k=2 


[29] 
cos kg 


Q* a, B8)= 23,8 (cosh a — cos 8 


. P . ee 
+ 2(C, sinh 2a + D, cosh 2a] sin 8 


+ > Y,(a) sin kB 
k=2 


where 
(a) = A, cosh (k — 1)a + B, sinh (k — 1)a 

+ C, cosh (k + lla + D, sinh (k + 1)a, (k > 
a) =24, sinh (k — 1)a + 2B, cosh (k — 1l)a 


a 
Vel 
+ 2¢ k sinh (k + l)a + 2D, cosh (k + l)a, kf 


In Equations [29] to [32], as well as throughout the remainder of 
this paper, letters carrying bars refer to the inclusion. 

The condition of regularity of the stress and displacement 
fields at the pole C, i.e., as @a@—> ©, requires 


B, = 0, 


4,+5B3,=0, ¢,+5, 


Hence 


x 


—A, sinh a + te da) cos ke. 


k=1 


Q*(a, 8) = ye Y,(a) sin kB 
k=1 


x*(a, 8) = 


in which 

- — " . 
%:(a) A; 1 » Oa) = Ag 
—(k+l)e (hk 


(k—l)a 
+C, e 
—(k-—l)a 


(E>: 


—2A,e 
2C,e~ k+)Da [37] 
In the case of perfect bond between the plate and the inclusion, 
the following conditions must be satisfied by the stresses and dis- 


placements at the common boundary a@ = a 
Tas = Tab [38] 


Taa = Taa, 


Ua 





From Equations [7], [25], [34], and [38], we obtain 
Bo . P z 
== sinh 2a0 + ¢;(a@0) = @:(ao) 


—Byo + —: (ao) = i ‘(ao) 
(ao) $,( a0), 
d,'( ao) $,'( a0), 


By Equations [36], [37], [42], and [43], we have 


(k > 2). 


(6:2 2B)... 


—2,(a0) = —2¢,(a0), (k > 2) 


—2¢,'(a0), 


—29,(a0) = (kK>2 


1 — B 1 
= . | -§ ih 5 (2 + cosh 2a.) — 2 6%] 
= [Bo(2 + cosh 2a) — 
E 
1-3 . , l I 
= 5 | -4- $6] - E [—y 
hina E E 


4 —4cde~ (24+ Dee sinh a — A, [1 — de 2a 


{ 


— 2kre~ (24 +De sinh ao) + Ann [1 — Aew~ 24 tVe 


»k+1) . * B*e ett 
— 2k + 1)de~ PF TY sinh ao] — 
kik +1 
fl + Ne — 2kaw + Qkre ~ (24 + Ve sinh ao) ¢, (k > 1) 


i+? o-P 
i= -[ ie =4 


‘ A,lu + e7#ae + Qhel2k+ De sinh ao] 
— Agnlu + e” k+ ao 4 of + 1)e(*+V sinh ao] 
B* ee ‘ - ; \ 
—" ————ee ff + 2kao __ Qk (2k+1)a0 « l > 
kk +1) 4 e e inh ao] ¢, 
(k > 1) 
where 
b= -— Be inh 2 
.=o- rz dg: _ 2 sinh 2£@ 
1 1 , 1-—?D l : 
+ E [3 Yi’ — Bo sinh 2as| + ae di — oF Vi; 
» -£ [tary Let] 
2 E E 
1 - 1 v 
— A; | = + - cosh 20s | 
1—?D 1+), . 
+t a - tet 
l1+yp 1+°3 3-P .-* 
E E E E 
he —— -~ p= —— 
a2 2+? A gO So 
Eg  €E EB E 


. 
} 
‘ 





[40] 
[41] 
[42] 
[43] 


. [46] 


ray 
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B*i. = —By = 2B: | 
? [50] 

B* yeri = (k _ LKB, —_ ki k + 1) Bers, (k > 2) | 
By taking the limit of Equations [46] and [47] ask — ~, it can 


be shown that Z = 0. 
displacement functions for the plate are given by 


9 


Finally, the coefficients of the stress and 


or P 
io a {ey — ¥) +(e — (27 — 37)e77™ 
+ [Ae — ee + FY) + Ky — F)]e—** 

= - ac! 
- y(e — é)e~ | 
> 
e7-% 
- . an, Sites = oe <= 
a “<a ey = 9 + ty 9 
— (e — e(e + 27) Je~*™ + Fle — Ze *™!} 
where 
l—vyp = 1 —?D l+vyp 1+PD 
7 = > 9 7= i ¢= . les s 
E * E I 
A = e+ ¥y) + [Qe — Efe + 2Y 
+ &y + 2€) — y¥Je~“™ + [le — a2 — 5Y 
+ e+ y)(2y + @]e—*™ 4 te —- ee + 3 
+ ey 27) — y7le Gao _§ F(¢ — g)e— Se 
268 1. a ao \ 
{ 1, fie + c(h, h, — >} 
= > e G 
Ik 


—-X k 
, ] - 1 ,d,e**~ T Ce 


a F dese kt Daw 


B* yet E sinh? a@ + 


ki 
k(k 


in which 
ti = z° Ne ~ 2kae (i + pe 2kae 
+ 4k*\e *kao sinh? ao, a l 
hy = 2kX sinh ao (k sinh ag — cosh ao) 
1 Aue okao k; > l 
d, = 1 — 2k\e~ 74” sinh Zap — Aue~**™, (k > 1 
9 = 2kX sinh a (k sinh a — cosh a 
Aue ~ 2hao } > l 


[54] 


The coefficients for the inclusion are, on account of Equations 


[40] to [43] 


A, = - fe + 2A,(1 — e°™) + 2Bosinh? ao] 
q“=-- = le- 2A,e2™ sinh 2ao + 2Bye2™ sinh? av) 
A, = = fe FAgll + ke?*—D™ — (k + 107k] 

as B,{l = kke2(k— Dao th 1 )e*ao}} k > 2) 


1 ' vk 
a2 fet Ault +(e = Heth — nett 


i" 
- 


k-1 P , 
+ —— Bl + (k + L)ettae — ek +1)e0)) 
k 1 k ij 


(k>2 


Finally, the stresses in the plate become 


[56] 
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; A, 

Tea =e “sinh a + — (1 — cosh 2a) 
c 


aw 
+ Oc ei } —4ce—*@ sinh a (k sinh a 
— cosh a) + [(k — 2)(k — 1)Agi — (k — 1)kA,] 

cosh (k — 2)a + B*~-14. sinh (k — 2)a 

— [(k — 2)(k — 1)Ani + 2kA, — (k + 1K + 2) Ags) 

sinh ka 

cosh ka — [(k — 2)B*nik + (kK + 2)B* ecu) 

+ [k(k + 1)Ay — (k + 1)(k + 2)Amn] 


cosh (k + 2)a + B*,.a4; sinh (k + 2a cos k8 
Ay 
Tap = € * cosh a + ; (1 + cosh 2a) 


lw f ane 
+— < 4ce~** sinh @ (k sinh a 
2c 2d { 


— cosh a) — [(k — 2)(k — 1)Ami — (k — 1)kA,] 
cosh (k — 2)a — B*,-,4 sinh (k — 2)a 
” he [(k — 1)(k + 2)Ani — OKA, — (k — 2)(k + 1)Asn) 
sinh ka 
cosh ka + [(k + 2)B*nik + (kK — 2)B* 2] - 
— [k(k + 1)A, — (k + 1k + 2)Amn] 


cosh (k + 2)a — B*,.e+; sinh (k + 2)ar cos k8 


ly 
TA? = a { ~4ce~** sinh a(k sinh a — cosh a) 
— oes 
— [(k _- 2)(k — ] Am —(k- 1 kA,] sinh (k — 2)a 
+ [(k — 1)kAny — 2kAy — k(k + 1)Aen] sinh ka 
— [k(k + 1)Ay — (k + 1)(k + 2)Auu] sinh (k + 2)a 


— B*,,,4/cosh (k — 2)a — cosh ka] 


+ B*,.1+: [cosh ka — cosh (k + 2)a]} sin k8 } 


while the stresses in the inclusion take the form 


l - 
Fea = — (A, + Cre~™*) 
c 


+ x Py {((k — 2k — 1)Aes 
— (k — 1)kA,Je~@-2* + [(k — 2k — 10 
— (k — 1)(k + 2)4, — (k — 2k + 1)C, 
+ (k + 1)(k + 2)Aunje~** — [k(k + 10, 
— (k + 1)(k + 2)Cunje~*+*} cos kB 


2a) 


‘ 1 = 
Tp8 = S (A, — Ge 


-= >> (lk — 2k + Ar 
2c k=1 


— (k — 1)kA,le~@- + [(k — 1)(k + 2)0 4 
— (k — 2k — 1)A, — (k + 1k + 2)C, 
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+ (k — 2)(k + 1)Amje~** — [k(k + 1)C, | .. [58] 


(Cont.) 


| 


— (k + 1)(k + 2)CenJe~ +} cos kB 


@ 


— i | 
Tas = a oe {[(k — 2k — 1)Ars | 


— (k — 1)kA,Je~@- + [(k — 1)k(C, — A,) 
— k(k +1 )(Con — Ann)je~** — [k(k + 1)C, 
— (k + 1k + 2)Cuje~ +24} sin kB 


LimiTinG CasEs 


(a) Circular Hole in a Semi-Infinite Plate. If the modulus of 
elasticity E of the inclusion is zero, we have the case of a circular 
hole in a semi-infinite elastic plate. 

Proceeding to the limit in Equations [51] as E — 0, we obtain 


—2a0 _ —4ao —6ae 
= —2ae a 3e~ fea 2 
A; —ce =, ig Re — —- 
1 — 4e~*™ + Ge~** — 4e°°@ +e  ™ 
~~ 


=c¢ L. —{-te’ [59a] 
—2a0 e~ tao 


—2¢e~ 200 — ———— $$ 
1 — 4e—2 + Ge—4™ — 4e— Sm + ¢— Sm 


= 2e———_—... 
(1 Se e~ 20)2 


Equations [49] give 


lim A = lim w= -l.. 
E—0 E—-0 


rm) 


By Equations [60], Equations [55] become 
f,=0, f, = 4 [sinh* kao — k* sinh? ao], (k > 2 


h, = 1, = —2k sinh ao (k sinh a — cosh ay) 
e~ 2kae (k > >) 


, 


d, = 21 —e~*™), d, = 2[sinh 2kao 

+ ksinh 2aje~2*™, (k > 2 
9: 1 — 2e-°", g, = —2k sinh a (k sinh ao 

— cosh ao) — e— 2kan (k > 


Hence 
° . am ¢ \ 
1 + 2k sinh a (k sinh a» — cosh ao) — e~ 2** 


A,=c — - 
. 4[sinh? kag — k? sinh? a] 


k sinh a (k sinh a» — cosh ao) + e~*® sinh kao . . [62] 


2{sinh? kae — k? sinh? ao] 
(k > 2) 


c k(k + 1) sinh? ao 
2 sinh? kay — k* sinh? ao)’ 


(k> 





B, = 


This limit solution is in agreement with Jeffery’s solution (1) as 
corrected by Mindlin (6). 

(b) Circular Inclusion in an Infinite Plate. The solution for the 
case of a circular inclusion in an infinite plate can be obtained 
from the present solution by taking the limit as the “‘shape ratio,’’ 
that is, the ratio of the distance z» from the center of the inclusion 
to the straight boundary, to the radius ro of the inclusion, ap- 
proaches infinity. 

This shape ratio, henceforth designed by p, is 

ec cotanh ao 


c cosech a 
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hence 


lim a = @.., .. 165] 


p> a 


Expanding Equations [51], [53], and [54] in power series with 


respect to e~ ® and subsequently letting ay ~ ©, we obtain*® 





— ) 
eye Lay — pre~2™ + Ofe—4™)]e— 2a | 
e+y¥ | 
—o e-—é (k — 1)k aie. 
Re ie ke od 2 ~~ 
+ Ole im) | e-20 1)a0 (k > 2) 
B* e=-8 o Y¥-—-V2yt+et+é | - 
a= .= —— } .. [66] 
2y¥ +et+ : e-—é e+ y¥ i 
— qr “2 4+ (He tm | «2 
| 
R* = ea e-—é (k — 1)k 
scat 27 +e+eé 2 | 
— Qeenie ~~ + Ole tm | e200, (> 2) | 
where 
p=l+— cviyes 
$vytVert 47 
; eae 72S 
a#e+ 7) 
e-é 
p, =k? —-1+4———— 
2y +e+é 
agit? asy 
24 >> = } 
-Fxvte $+ | 
a2:=6-—4 . ee ae 
—-@e+yert2y é ( (67) 
528 3 Ry ef hh 
' "Oy +ete e-@ e+y7 
| 
Pe, bok Bt eee 
“etit+7le+27 +28 
Yt+e _ 2Y +era 
eee] E+ 27 +28] 
k(k 1) e-é | 
nin Oe +P +o — + | 
: 2y+et+é | 
—-YV¥yt+e 
-2%—11** «@22)| 
evte=- } 


Substituting into Equations [57] and [58] we obtain for the 
boundary of the inclusion (a = a — ~) 





* In what follows, the symbol O(e—") is used in its standard 
mathematical connotation. Thus f(z) = O[g(z) as 2 —> @ if na 
remains bounded as > . 

7 83,, (Kronecker’s delta) has the value one for k = 2 and zero for 
k # 2. 
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yrt+e ¥rT¢ = 

Taa = : — — cos 23 = Tae 
Ae + 7) 2y tet+é 
e—-y+27 —<€+ 23 

T= — : & ae me Be cos 23 
We + 7) sy tet+é 

[68] 
: ee oh. ; » 

esi ek es —— gin 28 = Tag 

en ty beta 5 

Ts = Y a aa tS. cos 23 
Ae+y) 2*y+tet+é 


/ 


These formulas are in accordance with the results obtained 
directly by applying polar co-ordinates* to the problem of a 
circular inclusion in an infinite plate. 


NuMERICAL ResuLts— Discussion 


Numerical computations were carried out to determine the 
stress distribution along the axis of symmetry for a shape ratio 
p = 2o/ro = 3 and different values of the stiffness ratio E/E, while 
keeping v = ¥ = 1/3. The results of these computations are 
summarized in Figs. 2 and 3. 

Fig. 2 shows that, for a value of the stiffness ratio B/E = 1/2, 
the maximum values of 7,, occur at the free edge in the plate and 
at the pole in the inclusion, and the minimum values occur at the 
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Fic. 2 DistTRtBuTIGN OF ry, ALONG THE AxIS OF SYMMETRY 


common boundary in both. Moreover, the stresses r,, in the in- 
clusion are greater than in the plate. The reverse applies for 
E/E = 2. 

Fig. 3 depicts? the variation of normal stress 7,, at various 
points along the axis of symmetry in terms of the stiffness ratio. 
It is seen that the stress at the common edge of the plate and the 
inclusion increases in the plate, and decreases in the inclusion as 
the stiffness ratio increases, while for the shape ratio selected, the 
stress at the free edge is relatively insensitive to changes in E/E. 
We observe also that 7,, is practically the same at opposite end 





* See, for instance, chapter 4 of (4). 
* The method of plotting used in Fig. 3 is due to Donnell (7). 
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Homogeneous 
? 


Plate 
Plate with Hole 


Rigid inclusion 


Qs 
E 
E 


DEPENDENCE OF Ty, ON THE Ratio E/E 


points of the transverse diameter of the inclusion. The same is 
true of T,, 


In the course of the numerical work, the values of the normal 


stress T,, along the axis of symmetry alsc ‘ere determined and 


; than 0.05 ro for the 


were found to be comparatively small (lk 


cases considered ). 
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Spherical Symmetry in the Theory 
of Elasticity 


By F. GODED,' MADRID, SPAIN 


Part 1 of the paper presents a study of the common charac- 
teristics of both plane symmetry and axial symmetry in the 
theory of elasticity; viz., the form of the stress tensor and the 
existence of further analogous symmetries. In Part 2, the sub- 
ject deals with the possibility of the existence of further analogous 
symmetries which are found to be possible only in some specific 
cases. In particular, spherical symmetry is treated. The method 
of obtaining the stress function of this new symmetry and the 
equation which this function must satisfy also are discussed, 
together with the stresses expressed by means of this stress 
function. The paper ends with a brief review of a general solu- 
tion of the stress function and an example of the application of this 
stress function to a given problem. 


Introduction 


For THE general treatment of orthogonal curvilinear co- 
ordinate problems the notation follows that adopted by I. §. 
Sokolnikoff (1).2- The notation followed im the specific treatment 
of the spherical symmetry problem is that used by S. Timoshenko 
and J. N. Goodier (2). 

In Part 1 of this paper, the following orthogonal co-ordinate 
system is used 


= a,(z, y; z); ‘= 1, 2,3 


The element of arc is given by 


3 
ds? = 7 9,40,” 
t=1 


Additional required notation follows 
7° (gig22gsa)'/* 


displacement in direction normal to the co-ordinate 
surface a; = const 

€;; = components of strain tensor 

components of stress tensor; first subscript indicates 

direction of perpendicular to plane in question, where- 

as second subscript indicates direction of component 

of stress tensor. 

In the case of spherical symmetry the notation becomes 


displacement in direction of radius 
displacement normal to radius plane 


u 


v= 





1 Ingeniero de Caminos, General Eléctrica Espanola. 

2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 15, 1954. Paper No. 57—A-119. 
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Fig. 1 


w = displacement normal to uv-plane, Fig. 1 


The components of the stress tensor in the u, v, w-directions are 
Tr, %, Fy, respectively. The meanings of Tze, Try, Tye and of 
strain-tensor components €p, €@, €y, Yaa, Yry, Yye are self-explana- 
tory. 


PART 1 


Symmetries with respect to surface a, = K (const) 

Two symmetries have been used widely in the theory of elas- 
ticity; namely, symmetry with respect to a plane z = k (k arbi- 
trary), and symmetry with respect to an axis. In both cases all 
the stresses can be expressed by means of a single stress function: 
Airy’s function in the first case; Love’s, Weber’s, or Neuber’s 
functions in the second case. It should be pointed out that 
these functions are not independent (3, 4, 5). 

For all points of space the elastic stress tensor in both sym- 
metries has the following form 


Tu Tiz O 
Ti2 Te Sa eae itG xine wane os {l ] 
0 O T33 


in either the rectangular Cartesian or the polar cylindrical co- 
ordinate system. The usual notation for Cartesian co-ordinates is 


Tu @ GO; 

Te: = Gy 

Tit = Tory t [2] 
Ts = o, = 0 plane stress 

us = 0 plane strain | 


In axisymmetric problems the notation is 
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uw = 0 


The question may be raised as to whether a suitable curvilinear 
orthogonal co-ordinate system can be found such that the stress 
tensor has the same form as [1], and such that its components are 
expressible in terms of a single stress function. An affirmative 
answer is provided by the spherical co-ordinate system in which 
symmetry will refer to a sphere with an arbitrary radius. 

Before a demonstration is given of how to obtain a stress func- 
tion corresponding to a spherical symmetry, the problem will be 
stated in the most general case in which 7:3 = Tx3 = Oand U; = 0. 
These conditions imply symmetry in the displacements and 
stresses with reference to the a; = K surface. 

The equilibrium equations in this general case are (6) 


Agr) 1 , i te ae eS (sts ) 
oa, 2 f= 914 OM Tm 985 NV 980953 


7 Fg V 96s = 0 (i = l, 2, 3) [4] 


The strains, as functions of the displacements, are as follows 


3 


r) ( u; ) 1 64 Ux 
ei == — 7 ee ae ae, 
Oa, Vv Gi 29.5 K=l1 Oak VOKK 


1 | r) ( u; ) 
YY * ae wg ny ap 
: 209569 5; / Oa; V Gee 


re) U; , ; 
+ 93; . ay a » 8H J«<- 
0a; \V 95; 


Since the displacement of the solid is symmetrical with respect 
to the surface a; = K, both stresses 7,3 and 723 can be eliminated 
if the displacement functions have the following form 


us = V(gr2)fe(au, a2) | 


us 0 ? 


V(gu fila, @) | 


u= 


From Functions [5] and [6] it is possible to obtain e,, and es as 
functions of f; and fe. Then employing 7,; and 7,;; can be ex- 
pressed in terms of f; and f, with the use of Lamé’s equations. 
The equations which f; and f: must satisfy will be obtained by re- 
placing these stress values in the equilibrium Equations [4]. 

Hence when there is symmetry in the displacements, that is, 
when the solid slides between the surfaces a3 = K,, and a; = K2, 
the two functions f; and f, must satisfy three equations. 

The solution of this problem is possible only in those particular 
cases, which lead to compatible systems. In the foregoing case 
which involves symmetry with respect to a sphere of arbitrary 
radius, this symmetry is double, since it applies both to displace- 
ments and strains. 


PART 2 
Spherical symmetry 


The simultaneous cancellation of the two sheer components 
leads to three possible combinations 


The set of Equations [8b] again leads to the axial symmetry 
previously considered. The set [8c] is not important because the 
number of solutions is finite and, therefore, there is no stress func- 
tion. The general solution which corresponds to [8c] is as fol- 


low 8 
= A,R-* + BR 
= (A,R-* + BR) sin y 
= 0 
The particular spherical symmetry which will be discussed later 
refers to Equations [8a] and its corresponding stress function can 
be found according to the following procedure: 


The equilibrium equations and the elementary strains are given 
by (7) 


OCR l OT Re 


- oe — + 
oR Rsiny 020 
2p — 9 — oy + Try cot ¥ 
iat. De. BB Ld ee 


% R 
l O08 + L OT ey 
R oy 
3T Re + 2T ey cot y es 
R 
rey, Ory , 1 doy 
.. R oy 


aR  Rsiny 0 
_ (ay — a9) cot Y + 3rpry 


= ow 
1" Reiny 00 
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1 Ou Ov v oh) 
R= - ae - ~~ = ee on 
? R sin Y 00 oR R : 
1 Ou ow w — 
Y Ry eee : e - i J 


R oy ok R 


If try = Tre = O and either cg = 
assumed in the equilibrium equations, one obtains the same result 
shown in the following. If, for example 


v(og + Oy) Or Gg = O are 


oR 


= vice + Cy) 


¥ 


is assumed, then Equation [9a] becomes 


oo 1 eo. Or 
R 2 + 2c, = — (R®ap) = 09 + oy = 
oR R OR v 
which has the solution 
1—2» 
Or = CR , ececeses ° ° 10) 


It can be seen that the assumption tre = Try = 0 is fulfilled by 
displacement functions of the form 


i= ®P,( R) 
= R® (0, y) 11 ] 
w = ROO, ¥ 


which are more general than the functions in [7 


Now, since €g = 0, the first displacement Equation [9d] gives 


u = K (constant For AK = 0, Equations [Se] and [9f] become 
oP; 
€y = = F(8, y 
oy 
12] 
1 of, 
«= + ®; cot yy = F 6, ¥ 
sin Y 080 
One also may write 
Ee, = oy —v( og + 09) = oy 1l+v)—COl +R * 
= EF,(6, ¥ 
, 1-2 [13] 
, ‘ I - v y 
Eeg = a9 — VOR + Fy) = _ * 
y 
1+ voy = EF(6, ¥ 


These equations are compatible only when C = 0 and hence op = 
0. Therefore when the displacements are of the form of Equa- 
tions [11], the condition €g = 0 leads to the same result as the 
condition Gp = 0. 

When op and €p are zero, it is also necessary that og = —oy. 
If now the values Tee = Try = Te = 0 and og = —Gy are in- 
serted in Equilibrium Equations [9b] and [9c], they become 


O06 l re) ; : 

+ - (Tey sin? = 0 [14a } 
O08 sin y dy ° ” v 
OT ey l 9) —_— 

—- - (og sin? y) = 0 [146] 
08 sin y oy P v 


Furthermore by virtue of Equations [11], the six displacement 
Equations [9d] through [97] are reduced to 


ep = 0 [15a] 


1 Ov w 


= — - + ‘ot 
Rsiny 0° RR v 


€6 [155] 
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1 Ou ' 
q = v7 
R oy 
1 ov 1 ow 
n=; “par 
R oy Rsin Y 06 
2(1 v 
— cot =. T lod 
R v E 
Yry = VU Loe 
Yre = 0 (1 df] 


If one adopts a stress function of the form 


wey, 0 
018 = It 


oyod 


then Equation [144] gives 


sin? ¥ ) 7 


If this stress function satisfies the single equation 


ss rer - ( oy 


. 09 OY o*" 
sin? y - + 3sin Pcos PY —- + — +o = 6. .[18 
oy? oy oF? 
it will be shown that all equations in both Svstems [14) and [15 
are satisfied. 


Equation [l5a] gives 


ow R l+p 
; = ; Cy VOa laa 
oy E kb 
so that 
l b uy 
w= R ¥ ' 


inasmuch as an arbitrary function of @ is included in ¢ 
Similarly, Equation [154] leads to 


I Ov ] l . 1+) 
= (da voy) cot = 34 ~ 
Rsny 0 E = E 
F l+v ov ie 
la ov ¥ 
which can be integrated to give 
l+yp . uy 
y= _ R sin y =< © COS y 
E | oy 
l+yp ) 
= — R ¢ sin y 20 
E oy 
Here also it is not necessary to add any arbitrary function of y ‘7! 


The values of v and w in Equations [19] and [20] and o» and 
Tye in Equations [16] and [17] must satisfy Equations [l4a]} and 
[15d], which are the only ones which have not been used so far in 
the Systems [14] and [15]. 

If vy from Equations [20], w from Equation [19], and ty, from 
Equations [17] are substituted in Equation [15d], the result 
is Equation [18], after simplification. 
be satisfied by the stress function. 

If og from Equation [16] and tye from Equation [17] are 
stituted in Equation [l4a], the resulting equation is 


[ine (we )]- 


After expansion and simplification, this equation becomes 


This equation must 
sub- 


Ban 
o"¢ 


aad ayas? 
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0% 
oyoe? 


(21 


Since this same equation also can be obtained by partial dif- 
ferentiation of Equation [18] with respect to y; 
that stress-function solution of [18] also will satisfy Equation [21 } 
and [17] 
vided the stress function is a solution of Equation [18] 


it is apparent 
Stresses [16 satisfy the compatibility equations, pro- 
It will 
is similar to the two 


now be seen that the resulting symmetry 


afore-mentioned symmetries. Since the stresses are independent 
of R, they will have the same value throughout the radii, and, 
since Try = Tre 0 the iorces will always set In directions per- 
pendicular to the radii 

The background is now complete for the study of the distribu- 
tion of stresses in a body which is bounded by two concentri 
radius and a cone with its vertex at the origin, 


= f 


spheres of arbitrar 
The thickness d 
any given value 


Fig. 2. R, of the enclosed body can have 





Fig. 2 
Since gg = Try = Tre = 0, both boundary spheres are free 
from any stresses, the thickness of the body is arbitrary, and, 
since u = 0, the body is strained when it slides between the two 
Therefore the analogy between the present symmetry 
and the previously mentioned two symmetries is clear. 


spheres. 


Practical problems 


Since Equation [18] is a separable equation, its solutions may 
be found by assuming 


o= O(O)V(y) 
which leads to the two ordinary differential equations 


3V’ sin y cos y 


0" + K*0 0 


W’ sin? y + + Wil — K*) =0 


The general integral of the second of these equations is 


ee 


The 


substitution of 
| 


sin? ¥ 


in the first of Equations [23] converts it into the following hyper- 


geometrical equation 


l 
X)v" -—W 


9 
- 


X(1 


[26 


The adoption of the usual notation (8 


from which it follows that 


Since X [25], the 


two significant solutions in this case are 


> 1 from the definition of Y in Equation 
the ones that converge 
for X in the indicated range. The solution of Equation [26] is 


obtained through the substitution (9 
Vv = £; [20 
The general solution which results and which is valid for the 
range X 


v = 


1 is given by 


CX-*Fla,a —c+1l,a 
T DX oF | b, b -— ¢ 


Taking into account Equations [25], [27], [28], Expression 
[30] can be written as follows 


. (-—1 
C (sin ¥ nL - 


AKy\42K 


9 


T Disin yy" 1 t 


WV = 


(-—1 + 


{ 


(-l1a K\42K 


25 


+ 


CF\(y) + DFAY 

Where F,(W) and F;(W) refer to the two series which are enclosed 
within brackets. 

Hence the general solution of Equations [18] which have the 
form [22] will be 


y= > (Ax cos KO + Bx sin K0)(CF\(W) + DFAW)).. [32] 


[31] 


The expressions for,the stresses are now obtainable through the 
substitution of Equation [32] in [17] and [16]. The resulting 
expressions will be very valuable in the solution of several prob- 
lems of practical interest. The solution of Equation [18] will be 
completed by looking for the solution of the form 
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[33] 


If this value of ¢ is inserted in Equations [18] through [25], one 
obtains the following differential equation 
[34] 


1 1 
X(1 — X)¥" - “asia” Cidlamtiatds 


2 


This is a special case of Equation [26], obtained for K = 0, in 
which case the two Solutions [31] coincide and yield the single 
solution 


Vi(y) = (sin vyr(- = 1, 1, sin? ’) .... [35] 


The second solution of Equations [34] which is convergent for 
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X > 1 is found at once by applying Frobenius’ method to the 
equation obtained from Equation [34] through the change of 
variables indicated in Equations [29]. Since the indicial equa- 
tion has a double root p = 0, the second solution of Equation 
[34] becomes (9) 


Vy) = (sin Y)- {3 sin? yy + S sin‘ 


1 
+ ar ( - 2’ 1, 1, sin* v) log sin vt .... (36) 


The general solution of Equation [18] which has the form indi- 
cated in Equation [33] will be 


g = AW,(v) + BW.Ay).... [37] 
The stresses due to this last stress function are as follows 
Cp = 09 = oy = Ty = Te = 0 | 
‘a . [38] 


Ty = Afi(w) + Bf) 


If one considers the spherical ring which is bounded by the co- 
ordinates Y = Wi, Y = v2, 0 = 0, 8 = 2m, Fig. 3, it will be seen 
that the foregoing solution corresponds to the action of constant 
tangential stresses 7; and 7; on the faces AB and A’B’. The con- 
stants A and B in Equations [38] are determined by the two fol- 
lowing equations 


T= Afi(y; + Bf) 
Afi(p2) T Bf y2) } 


In view of the theoretical nature of this paper, no numerical 
solutions or further applications of the foregoing stress function 
will be mentioned. 


[39] 
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Design Data and Methods ~ 





It is important that the data contained in technical papers be made readily available to design engineers. 
In order to satisfy these needs of industry, this section of the Journal includes a concise presentation of data 
and information drawn chiefly from papers previously published by the Applied Mechanics Division of The 


American Society of Mechanical Engineers. 





Elastic and Damping Properties of Oil-Film 
Journal Bearings for Application to 


Unbalance Vibration Calculations 


By A. C. HAGG! anv G. O. SANKEY,? PITTSBURGH, PA. 


Nomenclature 
Tue following nomenclature is used in the paper: 


Ww 
N 
w 
R 
D 
A 


= static load, lb 
journal speed, rpm 
vibration frequency, rad/sec, w 


aN /30 
journal radius, in. 
journal diameter, in. 
= projected bearing area, sq in. 
radial bearing clearance, in. 
axial bearing length, in. 
= length of tilting pad in direction of journal motion, 
in. 
viscosity of the lubricant in reyns, lb sec/in.* 
static load per unit projected bearing area, psi 
( R\? uN 
=) 5 
minimum film elasticity, lb per in. 
maximum film elasticity, lb per in. 
minimum film damping, lb per in. 
maximum film damping, lb per in. 


( 
L 
a 
sec/min 


Cc 


(Gr) 
(5) 
Introduction 


Oil films lower the values of rotor critical speeds under those 

1 Manager, Dynamics Section, Mechanics Department, Westing- 
house Research Laboratories, Pittsburgh, Pa. Mem. ASME. 

* Research Engineer, Mechanics Department, Westinghouse Re- 
search Laboratories. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 1, 1957. 


dimensionless film elasticity 


dimensionless film damping 
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determined on the basis of simple support at the bearings, and 
account for low and practical vibration magnification. This has 
been discussed previously.** In the interest of more realistic 
calculations of unbalance vibration and critical speeds of ma- 
chines such as turbines and generators, design data are given on 
the elastic and damping properties of several representative jour- 


**‘Some Dynamic Properties of Oil-Film Journal Bearings With 
Reference to the Unbalance Vibration of Rotors,” by A. C. Hagg 
and G. O. Sankey, Journat or AppLiep Mecuanics, Trans. ASME, 
vol. 78, 1956, pp. 302-306. 

*“Foreed Lateral Vibration of Beams on Damped Flexible End 
Supports,” by D. F. Miller, Journat or APPLIED MECHANICS, 
Trans. ASME, vol. 75, 1953, pp. 167-172. 
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Fig. 1 Dynamic properties of partial journal bearing; 150-deg arc, 
L/D = 1, central load 
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Fig. 2 Dynamic properties of partial journal bearing; 125-deg arc, 
L/D = 1, central load 
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Fig. 3 Dynamic properties of partial journal bearing; 125-deg arc, 
L/D = 1, 17.5-deg eccentric load 


nal bearings. These properties have been determined experi- 
mentally by resolving the dynamic oil-film reaction (of the rotat- 
ing load) into displacement-force and velocity-force components 
which are the elastic and damping forces, respectively.* The prop- 
erties are linearized on the basis that the vibration amplitudes are 
assumed not to exceed about one half of the oil-film thickness. 


wae: a 
4 6610 152 34 681° 2 4 6 810° 
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Fig. 4 Dynamic properties of partial journal bearing; 
L/D = 0.4, central load 
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Fig. 5 Dynamic properties of partial journal bearing; 125-deg arc, 
L/D = 0.4, 17.5-deg eccentric load 


Notes on Design Curves 

The journal motion for a partial bearing is noncircular, and 
maximum and minimum values for elasticity and for damping 
are obtained. The maximum values are in the direction of the 
minor axis of the journal path, and the minimum values are in the 
direction of the major axis. The partial bearings of Figs. 1 
through 5 show this characteristic. 
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Fig. 6 Dynamic properties of tilting-pad bearing; 4 pads, a/L = 7 Dynamic properties of tilting-pad 
0.8, load between pads 0.5, load between pads 

A single set of values for elasticity and for damping occurs 
when the journal path is a circle for the applied rotating load 
Circular journal motion occurs at the higher values of (R/C)? 
(uN /P) for bearings surrounding the journal. The tilting-pad 
bearings, Figs. 6 and 7, and the full bearing, Fig. 8, are in this 





category. In addition, it can be noted that the 4-pad bearing, 


Fig. 6, has single values over the complete range in S; this is 
caused apparently by the oil-film reactions at 45 deg with respect 


l 


to the static load which is directed midway between the pads 


Properties at Zero Static Load 


At high values of S the elasticity and damping are linear with 


C ce... R\? uN 
K = K = ox 
( Ww “4 ex(#) P 
Eliminating P 
K=¢ (4 "(4 ) awa 
- C C ad 


where the coefficient ¢x is the slope of the elasticity curve in the 
linear region. If (C/W)K* is the value of (C/W)K atS = 105 


C , ; 
= (ie) * (=) 4 (5) 


Fig. 8 Dynamic properties of full journal bearing; L/D 


C 
PBo = 7 Buw* 10 
YB ( i" ) x 


where and (C/W) Bw* is the value of (C/W) Bw at S = 10°. 
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Brief Notes* 





On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The notes 
should be submitted to the Technical Editors of the 
Journal of Applied Mechanics. 


A Note on Deflections of Plates on a 
Viscoelastic Foundation’ 


By E. REISSNER,? CAMBRIDGE, MASS. 


In THE analysis of plates and beams on an elastic foundation, 
one generally describes the foundation by one of the following two 
assumptions: 


1 The foundation is a three-dimensional continuum for which 
linear stress-strain relations hold. 

2 The foundation is a system of continuously distributed in- 
dependent coil springs which offer resistance in the direction of 
their axes only. 


In the use of the first assumption, the Boussinesq solution for a 
point load on the surface of an elastic half space serves to obtain 
a singular integrodifferential equation for the deflection of the 
plate. With the second assumption, one reduces the problem to 
a differential equation which, for linear coil springs, is identical 
with the equation for a plate on the surface of a heavy liquid 

The present note has as its purpose the description of a founda- 
tion model which, while more general than the coil-spring model, 
retains in essence the mathematical simplicity of this model. This 
is accomplished by adding to the axial stiffness of the system of 
continuously distributed coil springs a property which may be 
called differential shear stiffness. 

The details of the analysis are as follows: We consider a layer 
of thickness H. Introducing Cartesian co-ordinates z, y, z, the 
boundaries of the layer are at z = Oand atz =H. In this layer, 
we allow the existence of normal stresses o perpendicular to the 
plane boundaries, which represent the axial stiffness of the coil 
springs, and of shear stresses 7, and 7,, which represent the dif- 
ferential shear stiffness of the coil springs. We assume further 
that normal and shear stresses 7,, 7,, and T,, are negligible. The 
remaining stress system must then satisfy the following system 
of equilibrium differential equations 





1 Work supported by the Office of Naval Research under a contract 
with Massachusetts Institute of Technology. 

2 Department of Mathematics, Massachusetts Institute of Tech- 
nology. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will be 
accepted until April 10, 1958, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by Applied Mechanics Division, 
April 29, 1957. 
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In addition to equilibrium equations, we have relations between 
stresses and components of displacement u, v, w in the direction 
of the axes z, y, z. We here take these relations in the following 
form 


ra) Ow du ow ow ow 
1+A— —_— — —_— — — 
( + 2) (=. oz v dz’ “fing x) 


-(< Ts ) [2] 
a aes 


When A = 0 we have the case of an elastic medium. When E = 
G = 0 but FA and GQ) are finite, we have the case of a viscous 
fluid. The general case is that of a viscoelastic medium. 

The system of Differential Equations [1] and [2] is to be solved 
subject to suitable boundary conditions. As such boundary con- 


ditions we take, at the base of the foundation 
z=O0:u=v=w=0........ a 
while at the surface of the foundation 


z=H:u=v=0, o=p.. 


The load intensity p is also acting on the plate which is supported 
by the foundation. If we designate the deflection of this plate by 
W and the external load intensity by g, and if we assume that this 
plate is of uniform thickness and that its deflection is governed 
by classical theory, then we have the following further relation 


ae fe rr 


In Equation [5], D is the bending stiffness factor of the plate, V? 
is the Laplace operator, and, furthermore, W is related to w, as 
follows 
oe ee eS fr 

Equations [1] to [6] allow a reduction of the problem to two 
simultaneous differential equations for the deflection W and for 
the foundation pressure p, together with an appropriate number 
of boundary conditions. One of the two differential equations is 
given by Equation [5]. The other is obtained as follows: 

Equations [1] show that 7, and 7, are independent of z, and 
that o varies lincarly with z. In view of Equation [4] 


or or 
=p+(H — ( =i — Rice 
af P ' si oz zs) 


Equations [2] and [3] lead to the following formulas for w, u, v 


re) 1 or or 
+i—)e= Be = epi? 4 =e)... 2 
B(1 ee pe +( 2 zt) (2 m2) [8] 

G | 2% Op s* z?\ 0 fdr or 
«aloo +1g— —- =) (= + ..e 
E E oz +( 2 =) 2 (2 +) (9] 


G [ 2? Op 2? 2?\ 2 (fdr or ) 
-—|—- — H— —- —)-({— —}|...[10 
aE oP. +. ( 2 ze) 2 (2 5%) [10] 
There remain the first two of the boundary condition Equations 
[4], and these lead to relations between 7,, T,, and p of the form 
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H Op H? 0 /dr, or, 
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H Op H* 0 (or, . OW, 
— —_ — — + — 
2 oy 3 oy \ oz oy 
A further relation which is needed follows by combining Equations 


[6] and [8] 
re) H? (or or 
~X W=H - ; }....[13 
-) p+ ( +o) [13] 


2 \ oz 
We now eliminate r, and 7, from Equations [11] to [13] and ob- 
tain as the second of the two differential equations relating W 
and p 


re) H? G 
1+ A- wW-——vVW 
( °)( 3 EY ) 
iz ( 
E Pp 


i. 
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[12] 


H*? G 
12 E 
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The system of Equations and [14] is of the sixth order. 
Accordingly, in addition to the two boundary conditions at the 
edge of the plate which are associated with Equation [5] when the 
foundation pressure p is a given function, a third boundary con- 
dition is needed which describes what occurs at the cylindrical 
boundary position of the foundation. In view of the assumptions 
made for the physical properties of the foundation, this condition 
cannot involve either one of the displacement components u, v. 
A simple and reasonable condition is that of vanishing edge shear 
T,, Where n is the normal direction to the cylindrical boundary. 
Equations [11] to [13] indicate that in terms of p and W this 
condition takes on the following form 


ra) re) 1 
G [(: +X -) We- 
on ot 


We note that when G = 0 then the System 
duces to the single equation 


[15] 
re) 
19] 


DV?V? . H 1 + / =) V = q 16} 
while the Boundary Condition [15] disappears. When A = 0 
then Equation [16] becomes the known differential equation of 
the elementary theory of plates on an elastic foundation, with 
foundation modulus E/H. 

The presence of the additional parameter H*G/E in the dif- 
ferential Equation [14] offers the possibility of obtaining a 
closer agreement between actual foundation behavior and model 
behavior than otherwise would be possible. 


A Theorem in Plane Kinematics 
By J. S. BEGGS," PACIFIC PALISADES, CALIF. 


Tuis theorem relates the curvature of the paths of momentarily 
coincident points fixed in each of two bodies to the instant center 
of these bodies as they undergo plane motion. 


1 Professor of Engineering, University of California, Los Angeles, 
Calif.; formerly member of the technical stafi, The Ramo-Wooldridge 
Corp. Mem. ASME. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by Applied Mechanics Division, 
May 15, 1957. 
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Referring to Fig. 1, the plane motion of bodies 1 and 2 is deter- 
mined by their centrodes rolling on each other without slipping. 
P, is a point fixed in body 1 and traces out a path C; in body 2. 
P; is fixed in body 2 and traces out the path C; in body 1 during 
the motion. P,; and P; are momentarily coincident. p,; is the 
radius of curvature of C, at P; and p» is the radius of curvature of 
C; at P:. Oyj is the instant center of bodies 1 and 2. b is the dis- 
tance of O., from P; and P:; b is always positive. ; is positive 
when C; is concave toward Oj». 
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Fig. 1 
of their centrodes rolling on each other without slipping. 
are measured relative to the paper. 


The theorem may be stated as follows 


Pr 


(1] 


Although this theorem was discovered by comparing the 
Coriolis and norma! accelerations of points P, and P; as measured 
in bodies 2 and 1, it may be derived readily from geometrical 
considerations as depicted in Fig. 2. In order to readily check the 








INFLECTION 
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Fig.2 A specific example of plane motion in which the centrodes are 
a straight line and a circle 


theorem analytically, a straight line was chosen for the centrode 
of body 1 and a circle of radius e for the centrode of body 2. P; 
and P; were chosen arbitrarily on the circle at a distance e from 
the straight line at the instant considered. (C, is therefore a 
cycloid. C; appears to be nameless, although it is intimately re- 
lated to the involute of a circle. The following results are derived 
by means of analytical geometry and the calculus 


VR. A 
3 and pp = 2 


e 


b= V 26, A = /d¢.. 


These values satisfy Equation [1]. 

Assume that in Fig. 2 body 1 rotates in a counterclockwise 
direction relative to body 2 through an angle d@. As the centrodes 
roll without slipping, the instant center moves from O,. to O,:’, 
P, moves to P,;’, and P; moves to P;’. From Fig. 2 


P,P,’ = P,P,’ = bdé = pid, = pidgy........ [3] 
and 
ds sin 6 = (p; — b)dg, = (b — piddyy 
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Equations [3] and [4] may be combined to yield Equation [1}. 
It is of interest to derive. Equation [1] from considerations of 
accelerations because the theorem finds its principal use in de- 
termining normal accelerations. In Fig. 3 the Xo¥o co-ordinate 
system is fixed in the paper but the XY system is free to move in 


Y 








° Xo 


Fig. 3 The motion of P relative to X»Y> is described in terms of P’s 
motion relative to Y}, and the motion of XY relative to Xo» 


the Xo¥Yo system. The acceleration of any point P moving in the 
plane of the paper relative to Xo¥o is given by 

dop = ag + Ww X rp — wtp + 2w X Vp + ap . [5] 
where ag is the acceleration of Q, w and w are the angular velocity 
and angular acceleration of XY (all relative to Xo¥o), and Vp and 
ap are the velocity and acceleration of P relative to XY. Equa- 
tion [5] is used first to determine the acceleration 207, of P; rela- 
tive to Xo¥Yo by referring its motion to XY fixed in body 2. Q 
is chosen fixed at P; so that rp, is momentarily zero and ag = 
aope, thus simplifying the equation 


op, = Aop2 + Zw &K Vei + api 


In a similar manner the acceleration of P, relative to Xo¥o is 
determined by referring its motion to XY fixed in body 1 


Sop: = Bop: + 2a, X Veo + apr 


Breaking aop: and app: down into their normal and tangential 
components, noting that Vp; = —Vp:, and that the tangential 
components of acceleration, a7p; and a’ p2 are equal and opposite, 
and adding Equations [5] and [6], we have 


2(@, — w:) K Vp2 + a%p, + a¥p, = 0 .. [8] 
Expressing the normal accelerations in terms of the velocities of 
the points and the radii of curvature of their paths, and noting 
that (w; — w2)b = Vp (bis the unit vector in the b-direction) we 


have 


which reduces to Equation [1]. 

The present theorem is useful when analyzing a mechanism 
graphically by means of Equation [5],?-when p; can only be de- 
termined approximately from the drawing but p2 is known ac- 
curately from the dimensions of the mechanism. For example, C2 
may be the center line of a circular slot. It often happens that a 
small error in p; will produce a large error in the determination 
of the acceleration of the output of the mechanism. 

The Euler-Savary equation for P2 in Fig. 2 is 


1/b + 1/(p2 — b) = dO/(sin Ods) = 1/(\de| sin 8)... [10] 


where d, is the diameter of the inflection circle** of body 2. This 


2 “*Mechanism,”’ by J. S. Beggs, McGraw-Hill Book Company, Inc., 
New York, N. Y., 1955, p. 22. 

3 ‘*Kinematics of Mechanisms,"’ by N. Rosenauer and A. H. Willis, 
Associated General Publications, Sidney, Australia, 1953, p. 56. 

4**Kinematische Getriebesynthese,”’ by R. Beyer, Springer-Verlag, 
Berlin, 1953, p. 39. 
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inflection circle is the locus of all points fixed in body 2 which at 
the instant are at a point of inflection of their path in body 1. 
Equation [10] holds for all positions of P, fixed in body 2, when 
the centrodes are in the position illustrated. The same equation 


for P, is 


—1/b — 1/(p; — 6) = dO/(sin Ods) =1/(\d;, sin 8). . [11] 
(The minus signs appear before the first two terms because P, lies 
on the opposite side of O,. from inflection circle 1.)§ The inflection 
circles of the two bodies always lie on the opposite sides of their 
instant center. The centrode with the highest curvature has its 
inflection circle on its concave side. 

If R; and R: are the radii of curvature of the centrodes at Oy 
then 


RR 


d= 
R, — Ri 


[12] 


R, is arbitrarily taken as positive and F#, is taken as positive or 
negative according as the centrodes are concave in the same or 
opposite directions. The subscripts are interchanged throughout 
Equation [11] and the instructions for its use, in order to obtain 
d,. 

Equating first the left sides and then the right sides of Equa- 
tions [10] and [11] we obtain Equation [1] and the fact that 

|d,| = |d,| So 

From Fig. 2, R: = ©, R; = e and @ = 45deg. From Equation 
[12] |d,! = |d2| = e. Equations [10] and [11] give the same 
values for p, and p: as are given in Equations [2], 


Transient Conduction in a Semi 
Infinite Solid With Variable 
Thermal Conductivity 
By KWANG-TZU YANG,' NOTRE DAME, IND. 


IN DEALING with analytical solutions of the transient-conduc- 
tion equation, it is generally assumed that the thermal conduc- 
tivity remains constant throughout the solid. The results are 
applicable to those cases where the temperature variation is 
relatively small or within the range of temperature variation the 
thermal conductivity is nearly independent of temperature. How- 
ever, when the temperature change is large or the thermal conduc- 
tivity varies greatly with temperature, the assumption of constant 
thermal conductivity may lead to significant errors. In steady 
heat-conduction problems, the variation of thermal conductivity 
may be handled generally by the well-known Kirchhoff transfor- 
mation; and also, this variation does not present any additional 
difficulty in most of the numerical methods in dealing with tran- 
sient-conduction problems. Unfortunately, when the latter prob- 
lem is treated analytically, the partial differential equation be- 
comes nonlinear, and consequently solutions cannot be obtained 
readily. 


It is the purpose of this note to present a solution to the well- 


5 See footnote 3, p. 47. 

1 Assistant Professor, Department of Mechanical Engineering, Uni- 
versity of Notre Dame, Notre Dame, Ind. Assoc. Mem. ASME. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by Applied Mechanics Division, 
June 6, 1957. 
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known classical problem of transient conduction in a semi-infinite 
solid when its surface undergoes a stepwise temperature change, 
and it will be shown that the variation of thermal conductivity 
with temperature can be allowed in the solution. 

The differential equation for the temperature variation l(z, 7), 
together with the pertinent initial and boundary conditions for this 


1 Oo ( ot 
k 
pe or 


; (const) 


problem, may be written as 


const 


where z is the distance into the solid as measured from the surface, 
T the time variable, p the density, c the specific heat, & the ther- 
mal conductivity, ¢; the initial temperature throughout the solid, 
and é the constant surface temperature after the stepwise change. 
After introducing a dimensionless dependent variable 6* defined 


by 


Equation |1} reduces to 


o6* o /.. o6*\ 
=a i - ) 
OT Or or 


where the dimensionless thermal conductivity k* is defined as 
k/ko, a the thermal diffusivity based on ko, and kp the thermal 
conductivity corresponding to a constant reference temperature. 
Note that k* may now be considered as a function of @* only. 
The appropriate initial and boundary conditions then become 


6*(z,0) = 0 6*(0, rT) = 1, O*( o, 7) = 0.. [4] 


’ ’ 


Now if it is assumed that 6* is only a function of a dimension- 
less independent variable y defined by 
x 
j= ee ; 5] 
2+/ (ar) 
Equation [3] may be readily transformed into a second-order 
nonlinear ordinary differential equation 


aoe (= (= a (= 2 6] 
dy? | k*\d0*)\ dy) * k*\ ay] Sait 


with the boundary conditions 


60) =1, 0%! ro eS ae 


according to Equations [4)]. 

For the classical problem where thermal conductivity is as- 
sumed to be constant, ie., k* = 1, Equation [6] reduces to a 
linear equation 

d*6* dé* 
— + 2y— =0 
dy? dy 


which, together with the boundary conditions in Equation [7], 
may be simply solved, resulting in 


6* = 1 — erf la 


which is identical with the classical solution. In the general case 
where thermal conductivity varies with temperature, Equation 
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[6] may be solved numerically by the method of successive ap- 
proximation. One way of carrying out the calculation is to as- 
sume a starting temperature distribution 6,*(y), for which the 
classical solution in Equation [9] may be conveniently used. 
Then the second approximation is obtained in treating Equation 


[6] as though it were a linear equation as follows 
1 (4°) o) 2 ] . 
- “ +> 7] ay 
) 
pe Se Le Ge GE). 
f e 99 Live Xaee Ji\dy Ji ee gy 
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where the subscript 1 indicates values corresponding to the start- 
ing temperature distribution. Next, a third approximation may 
be evaluated by using the second approximation as @,* in Equa- 
tion [10]. This procedure is then to be repeated until desired 
accuracy is obtained. It may be pointed out that, even though 
the partial differential Equation [3] is always reducible to a total 
differential Equation [6] by means of the Transformation [5], the 
present solution, however, is only possible because of the fact that 
the initial and boundary conditions of the present problem can be 
reduced to proper boundary conditions with respect to the inde- 
pendent variable y. This is the very reason that the present solu- 
tion cannot be generalized readily to other physical problems. 
Two numerical examples have been calculated on the basis of 
the following linear thermal conductivity-temperature variation 


[11] 


6* = 


0.5 in the 
Also indi- 


where @ assumes a value of 0.5 in one example and 
other. Fig. 1 shows the results of these calculations 
cated is a curve for a = 0, which corresponds to the classical 
solution. Furthermore, the heat flow into the solid at the surface 
at any instant 7 is directly proportional to the quantity —(d@*/ 
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Fig. 1 Effect of varying thermal conductivity on temperature dis- 
tribution 


dy),-o, the values of which are also indicated in Fig. 1 for different 
a-values. Even though these a-values may not be too realistic, 
the results, however, do demonstrate the extent to which both 
the temperature distribution and heat flow at the surface could 
be affected by the variation of thermal conductivity with tem- 
perature. Recently the classical solution, Equation [9], has been 
used in conjunction with thermal-conductivity measurement 
under transient conditions,? and it is believed that the present 
solution could serve as useful information for interpreting test 
results. 

2 “Determination of Thermal Conductivities of Metals by Measur- 


ing Transient Temperatures in Semi-Infinite Solids,” by 8. T. Hsu, 
Trans, ASME, vol. 79, 1957, pp. 1197-1201. 
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Discussion 








New Approach to the Theory of Thin, 
Slightly Cambered Profiles’ 


M. J. Schilhansl.?- This paper offers a promising possibility of 
expanding and deepening the knowledge about two-dimensional 
flow around single airfoil sections and past cascades. 

So long as single airfoil sections are referred to, there is no doubt 
that the small deviations u parallel to the velocity U» of the main 
flow from this velocity U» can be neglected if the section is suf- 
ficiently thin. This means that the slope of the mean camber line 
dy/dz can be equated to v/U, without appreciable error instead of 
being equated to v/(U» + u). ; 

This approximation—tacitly made in the tangency condition 
[7] —is questionable if a flow past cascades is involved. Here the 
components u depend not only upon the thickness of the one pro- 
file at which the analysis is made but also upon the camber and 
thickness of all the other profiles of the cascade. The decision as 
to how thin an airfoil section must be to be estimated as ‘“‘thin’”’ 
should not be based on a comparison of the maximum thickness 
with the length of the chord / but on a comparison of the maximum 
thickness with the width of a passage between adjacent blades, 
which is approximated byt cos y. The effect of the thickness can 
be eliminated if it is assumed that the airfoil sections are infinitely 
thin. In this case, the velocity components u depend solely upon 
the camber of all the other profiles of the cascade. The effect may 
be illustrated by the following example: 

A single, infinitely thin, slightly cambered, circular-are profile 
has a lift coefficient c, 5 = 2716/4 (see Equation [27] of the paper) 
at an angle of attack a = O deg. If this airfoil section is an element 
of a eascade specified by a solidity 1/t = 1.0 and a stagger angle 
= +60 deg, its lift coefficient is changed. If the tangency con- 
dition 

dy v 


dx Ustu 


is replaced by the approximation 


in this calculation, the result is C,;.¢ = 2.2089 6/4 at a = 0 deg 
and that independent of the sign of the stagger angle y. If, how- 
ever, the small velocity component u is not neglected in the tan- 
gency condition, the result is at a = 0 deg 


Cr.c = 2.7879 6/4 for y = —60 deg (accelerated flow) 


and 
Croc = 2.0507 0/4 for y = +60 deg (decelerated flow) 


If the effect of an angle of attack a = 0 deg is added, the lift co- 
efficients shown in Fig. 1 of this discussion are obtained for 6/4 
= 0.2. The straight line a represents the lift coefficient of the 
single airfoil; the line 6 represents the lift coefficient of the air- 
foil section in cascade l1/t = 1.0 and y = +60 deg based on the 
approximation 


1 By F. S. Weinig, published in the June,1957, issue of the JouRNAL 
or Apptiep Mecnanics, Trans. ASME, vol. 79, pp. 177-182. 
? Professor of Engineering, Brown University, Providence, R. I. 
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Fig. 1 


v 
*“- 
lines c and d represent the c, for y = +60 deg and y = —60deg, 
respectively, with the correct tangency condition. The latter are 
taken from a paper of H. Schlichting.* 

It can be clearly seen that adding the velocity component u due 
to the remainder of the cascade to the mean velocity Ue in the 
tangency condition changes the lift coefficient by the same order 
of magnitude as replacing the value of the velocity component 1 
perpendicular to U» in the case of a single airfoil section by the 
value of v in the case of a cascade and, simultaneously, applying 
the approximate tangency condition. 

It might be objectionable to demonstrate the fact that the 
component u should not be neglected in the tangency condition 
merely by an example. It is possible to prove this generally. 
For this reason, let us assume that the difference of the velocity 
U, at the suction side of the airfoil section and of the velocity U, 
at the pressure side is given as a function of the chordwise ab- 
scissa z, and that the components v and u are found depending 
upon U, — U,. Solong asa single airfoil of infinitesimal thickness 
is involved, v = »,; and, at least in a linearized theory, u = 0. If 
an airfoil section in a cascade is involved, v = v, and u = u,, Fig. 
2 of this discussion. In this figure, the letters a, b, c, and d have 
the same meaning as in Fig. 1. From Fig. 2, it can be seen that 
the true criterion for dropping u, in the tangency condition should 
be whether or not u, is small in comparison to the difference 
0, =~ 


The velocity Up + u approaches at the leading edge the relative 


e 


3 “Berechnung der reibungslosen inkompressiblen Strémung fir ein 
vorgegebenes ebenes Schaufelgitter,” by H. Schlichting, VDI- 
Forschungsheft, no. 447, 1955. 
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Fig. 2 


velocity w, of the flow entering the cascade and at the trailing 
edge the relative velocity w of the flow, leaving the cascade closer 
the higher the solidity of the cascade l/t. Since the velocity of 
reference Ug equals the mean vector sum of w; and ws, the com- 
ponent u is negative at the leading edge and positive at the trailing 
edge in an accelerated flow and is positive at the leading edge and 
negative at the trailing edge in a decelerated flow. If the ex- 
treme values are approximately calculated from w,; — Up» and 
Uy — we, respectively, and the difference v, — v, approximately 
from 


where uw can be taken from Fig. 9 of the paper, a quick estimate 
can be niade whether or not the component u can be dropped in 
the tangency condition of a given cascade configuration specified 
by the stagger angle y and solidity //t. 

Apparently, the author neglected the component u in the tan- 
gency condition; otherwise, the curves of Fig. 9 of the coefficients 
uw of angular exaggeration would not show horizontal tangents at 
stagger angle y = 0 (impulse-type cascade), indicating that 


(H)+y = (H)-y 


It might be that the effect of the component u is larger at higher- 
order profiles; it might even be that this effect depends upon 
whether the order n of the polynomials y = P,,(z) is an even or an 
odd number 

Thus it seems to be recommendable to study, first, how the de- 
scribed method can be adapted to the complete tangency condi- 
tion 


and then to go ahead with investigations of higher-order pro- 
files. 


Author’s Closure 


The author fully agrees with M. J. Schilhansl on the need of 
theoretical treatment of cascade flow beyond the level of lineari- 
zation. He elsewhere contributed his own share to this. But 
linearization is expedient for many practical purposes, and the 
presented paper had only the objective of showing a new approach 
to it. The components u and v of the perturbance are real and 
imaginary parts of the same function of the complex variable. 
Hence they are of the same order of magnitude, and if ln] << 
lUe!, also jul << |Uol, and 


dy ' v ’ Uo v 
— = tant = — a = — 
: Us 


dr o+1 Us Uctu Us U,? 


vu? 


Of this 
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is the linear or first-order approximation. The same order of ap- 
proximation is obtained by linearization when considering that 
also log w/U> and v are rea] and imaginary parts of the same func- 
tion of the complex variable. This tangency condition has been 
utilized elsewhere by the author. But the results of linearization 
are identical in both approaches. Also the linearization holds 
independent of the “‘order’’ of the profile except in case of blunt 
profiles in the immediate environment of the leading edges. 

With respect to differences, depending whether the same cas- 
cade is accelerating or decelerating, the author disagrees with M. J. 
Schilhansl. If a cascade consisting of profiles having cusped or 
wedge-shaped leading and trailing edges is considered under con- 
ditions of smooth approach flow, the shape of the flow pattern 
and the pressure distribution depend only on the magnitude of 
the reference velocity but not on the direction of the flow through 
the cascade, though the role of leading and trailing edge are ex- 
Hence the lift and, when referred to the same reference 
1 


changed. 


velocity |W..| = |W, + W,| = |Us|, the lift coefficients are 


equal, independent of the condition of acceleration or decelera- 
tion. The predicted numerical value will still depend, of course, 
on the degree of approximation and, for the sake of accuracy, 
more may be needed than linearization. 


Two-Dimensional Inflow Conditions 
for a Supersonic Compressor With 


Curved Blades’ 


R. D. Buhler.?. The author is to be commended for having 
carried out these calculations. In the past few years so much 
emphasis has been placed on the very difficult three-dimensional 
turbomachine flow analysis that many important two-dimen- 
sional flow problems have been rather neglected, at least in the 
published literature, though these can be treated fairly readily 
with existing methods. Certainly the flow regime covered in this 
paper (subsonic axial and supersonic relative flow) will remain one 
of great importance in the foreseeable future. 

Within the region of validity and the accuracy of the assumed 
flow pattern the paper establishes the important result that (for 
curved blades) the Mach number at upstream infinity must be 
roughly half way between the Mach numbers ahead of and be- 
hind the (right-hand) leading-edge shock. It gives an immediate 
estimate of the incidence angle and the strength of the wave(s) 
near the leading edge. These results have not always been under- 
stood properly. 

However, certain important questions concerning the range 
of applicability and the approximate accuracy of these calcula- 
tions remain unanswered. , First, if one wishes to use the results 
presented here, one needs to know the lowest Mach number 
M,, for which these results are still applicable. Certainly, for 
any given cascade (S/R, 8,) there must exist a value of M,, (or 
of M,) at which the flow just after the shock becomes sonic. At 
Mach numbers below this value the flow pattern must change. 
Using the results of this paper (8,, M,) together with shock charts, 
one can enter the lower limit of applicability as a curve on each 
of the charts (Figs. 4, 5, and 6 of the paper). At Mach numbers 
below this “validity curve’’ the results might still be roughly 
correct, but they certainly should be interpreted with caution. 

Then, too, there are some important unanswered questions con- 
cerning the basic assumptions of this calculation method. The 


1 By Philip Levine, published in the June, 1957, issue of the 
JouRNAL oF AppLieD Mecuanics, Trans. ASME, vol. 79, pp. 165- 
169. 

2 Propulsion Research Corporation, Santa Monica, Calif. 





150 


method used is the direct parallel of the ‘shock-expansion”’ 
method for isolated airfoils, where reflected waves and vorticity 
are likewise neglected. In applying this to an infinite two-dimen- 
sional cascade, difficulties arise from the fact that each blade is 
preceded by an infinite number of (progressively weaker) shocks 
and expansion regions. Thus, for the cascade, there is no region 
in the flow field near the blade which is unaffected by the cumula- 
tive effect of many wave reflections and by shed vorticity. That 
there are entropy gradients in the flow can be seen readily by 
considering two streamlines very close together, which go, 
respectively, to the upper and the lower surface of the same blade; 
i.e., to points e and Z. The upper streamline passes through 
one additional shock wave than the lower one; consequently, 
there is a higher entropy at point e than at point L. 

It would be valuable to know to what extent the reflected waves 
and the entropy gradients (vorticity) affect the flow solution, 
particularly the local blade-surface Mach numbers. Further- 
more, since each streamline coming from infinity passes through 
an infinite number of (weak) waves, it is not immediately evident 
how large the average entropy increase up to the cascade en- 
trance will be for a given wave strength at the leading edge. 
Obviously this entropy increase affects the accuracy of the cal- 
culated Mach number M.. 

This paper, based on the assumptions of isentropic flow and of 
“simple wave”’ (i.e., Prandtl-Meyer) expansion, certainly con- 
stitutes the logical first approximation to the given flow problem, 
and quite probably also a good one. The foregoing questions are 
raised in the hope of stimulating further work which will put all 
sascade calculations in the “subsonic axial-supersonic relative” 
flow regime on a firmer theoretical basis. 


Point Source and Point Vortex 
in the Hodograph Plane’ 


T. M. Cherry.? 


The writer finds the paper of considerable 
interest. The work as it stands at present is essentially mathe- 
matical. 1t would be valuable if a sketch were to be given of the 
contemplated application to the physical problem of cascade 
design. In fact, further mathematical investigation probably 
will be required if the range of speeds that is of physical interest 
straddles the critical speed called gq) in the paper (Equation 
[48]); so one will need to know the range of speeds that is of 
physical interest. 

The mathematical investigation here referred to is to deter- 
mine whether or not the two solutions [53 ] — and similarly the two 
solutions [61] — are in fact analytical continuations of each other. 
It is doubtful whether the argument given in the paper is con- 
clusive on this point; the vital point of logic is whether a series 
such as [50] is adequate to represent a stream function which 
(apart from obvious restrictions as to symmetry, and so on) is 
completely arbitrary. The writer has not examined this question, 
but from analogy with cases examined by Lighthill and the writer 
(references 2 and 9 of the paper), formulas [53] and [61] look 
rather too simple; but it is of course possible that the analogy is 
false and that the correct formulas have this simplicity. The 
question could be examined by the method used by Lighthill and 
the writer, or by that of Goldstein, Lighthill, and Craggs.* 

1 By H. Poritsky and R. A. Powell, published in the June, 1957, 
issue of the JouRNAL oF AppLieD Mecuanics, Trans. ASME, vol. 
79, pp. 183-190. 

2 University of Melbourne, Victoria, Australia. 

3“On the Hodograph Transformation for High-Speed Flow. I—A 
Flow Without Circulation,’’ by 8. Goldstein, M. J. Lighthill, and J. W. 
Craggs, Quarterly Journal of Mechanics and Applied Mathematics, 
vol. 1, 1948, pp. 344-357. . 
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J. E. Fowler.‘ The writer wishes to thank the authors for 
their contribution to the theory of compressible flow about cas- 
cades. This is a field in which usable rigorous solutions are 
almost unknown, and the designer must rely on approximate 
theories, corrections to incompressible-flow theories, or tests. 
No one of these is satisfactory when dealing with cascades 
characterized by large deflection angles and operating at relatively 
high subsonic Mach numbers; thus rigorous methods of design 
will prove welcome. 

As one faced with the task of cascade design, the writer wishes 
to ask the authors if they can give an estimate of the amount of 
computation necessary to evaluate Equations [53] and [61], by 
either the exact or asymptotic series, over a region which would be 
of practical interest; that is, a region including all of the hodo- 
graph plane except a smal! area about the source or vortex. 

Tt would appear possible, by matching the streamline patterns 
of compressible cascade flows in the hodograph plane to that of a 
known incompressible case, to establish compressibility cor- 
rections for incompressible blade shapes. Do the authors 
believe that such an approach holds any promise? 

One difficulty associated with hodograph methods in cascade 
design is the fact that the hodograph of a blunt-nosed blade 
often involves a doubly covered surface, i.e., the streamlines 
W= const may cross themselves, forming loops in the hodograph 
mapping. Do the authors consider that a solution to this prob- 
lem is feasible in the compressible case? 

The writer will await with interest further work in this field by 
the authors. 

F. S. Weinig.6 Although the hodograph of a cascade flow only 
exceptionally is single-valued, there exists a large and quite useful 
class of cascades where at least, at a certain Mach number for one 
angle of attack, the hodograph is single-valued. For these 
conditions the point vortex and point source, as they are the sub- 
ject of the paper, are the valid basis of possible solutions. If the 
solution has to be determined for other angles of incidence, one 
may attempt to treat this problem in the physical plane, starting 
from the obtained solution by linearization with respect to the 
change of the angle of incidence. 

Even the case of the double-valued hodograph itself is not at 
all the most general. But if restricting to the class of the cas- 
cade flows which correspond to double-valued hodographs, it 
should not be too difficult to find also point-source and point- 
vortex solutions in these cases, which, of course, besides the pa- 
rameter 7», also the parameters 7,, and d,, which may characterize 
the winding point of the double-valued hodograph would have to 
appear in the solution. 

Considering the practical needs, however, to solve the direct 
problem of a given cascade at variable angle of incidence and 
variable Mach number, which arise immediately, if once by the 
inverse method of a given hodograph a cascade is determined, 
the writer is very doubtful if there will be a pay-off for all the 
efforts put in the hodograph method. These doubts have been 
the reason, with some regrets, he remembers that once® he pro- 
posed to use the hodograph as a means to obtain favorable turbine 
profiles. In his opinion there exist quite promising other ways to 
solve the proper indirect problem of velocity distribution given 
as a function of the curvature length of the profile, not only for 
incompressible but also for a compressible flow. 

*Supervisor, Turbine Fluid Mechanics Research, General Electric 
Company, Schenectady, N. Y¥. Mem. ASME. 

5 Consultant, Aerodynamics, Aircraft Gas Turbine Development 
Department, General Electric Company, Cincinnati, Ohio. Mem. 
ASME. 

* Third International Congress on Applied Mechanics, Stockholm, 
Sweden, 1930. 
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Nevertheless, the writer wishes to applaud the authors for their 
fine approach and he will certainly not be the only one to apply 
their results when they are made available in the form of handy 
tables. 


Authors’ Closure 


The authors wish to thank the discussers for their interesting 
comments and will attempt to reply to their questions w ithin the 
space available. 

When the flow through a cascade with subsonic velocities at 
infinity is mapped on the hodograph plane, the flow at infinity on 
the inlet side is mapped into the neighborhood of a point vortex- 
source; the flow at infinity on the exit side is mapped into the 
neighborhood of a point vortex-sink. This is in contrast to the 
flow around a single cylinder, where the image of the flow at 
infinity may be abranch point. Thus the point-source and point- 
vortex singularities form an integral part of cascade flow studies 
by the hodograph method. 

The velocities of physical interest near the point vortex-source 
and vortex-sink straddle the velocity of that point. Moreover, 
since the velocity at infinity on the inlet side is generally different 
from the velocity at infinity on the exit side, it is evident that at 
least one of the point vortex-source, point vortex-sink flows will 
have to be used considerably beyond the circle of convergence of 
the first series in Equations [50], [53]. The question of analytic 
continuation of the series is thus of real, not merely academic, 
interest. 

Dr. Cherry states that “the vital point of logic is whether a 
series such as [50] is adequate to represent a stream function 
which (apart from obvious restrictions as to symmetry, and so on 
is completely arbitrary.”” But he doubts whether an adequate 
proof of this point has been given. 

However, the authors make no such broad claims for the 
proposed series. Thus for the point-vortex solution, the represen- 
tation given by the series [53] plus the added series 
EC Ti, Ti > Te [91] 


=C,, cos nty,(7), convergent for 7 < 


is proposed only when wW is single-valued in the larger region 
T < 7;, enclosing the point vortex, even about @ = 0, and satisfies 
Equation [2], except at T = 7), 9 = %, where it possesses a loga- 
rithmic singularity described by Equation [47]. 

Similar statements apply to the point-source solution, where the 
representation given by the series [49], [50], with the added 
series 


Ti > T . [92] 


=C,, sin nt W,(7), convergent for tT < 71, 


is proposed for solutions of Equation [2] which are single-valued 
on a Riemann surface with a logarithmic branch point at rT = 7», 
6 = 0 (ie., for which Y — tan! [@/(A — Ao)] is single-valued), 
and for which a proper determination is odd in @ for tT > 7. 
Turning to the point-vortex solution, let its Fourier cosine 


series in 6 be 


y = Sf,(r) cos nO [93] 


Consider the functional operation 0, leading from a function 
f(r, @) to any term of its Fourier series in 8. It may be shown 
that 0, is permutable with the differential operator Z on the 
left side of Equation [2] 


L{0,(f)] = 0,{L(f)].... [94] 


provided f is of class C® in the circular region tr < 7 or in the 
region bounded by two circles T = 7, T = 72. It follows that 
when 0, is applied to the point-vortex function W satisfying 
Equation [2] (and restricted as described above), the resulting 


function f,(7) cos nr will satisfy Equation [2] both for r < 7» 
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and for T > T) 
T < 7 and to a linear combination of y,, ¥-,.* for tT > To. 
amination of the continuity, discontinuity of f,(7), f,“(7) at 
T = 7), based on the nature of the singularity [47] at r = To, 
# = 0 then leads to two linear equations in the three coefficients 
of ¥,, ¥-.* for tT < %, T>T 

The authors do not wish to leave the impression that point 


Hence f,, must reduce to a multiple of y,(r) for 
Ex- 


vortex-source and vortex-sinks are the only singularities that may 
be encountered in cascade flows, nor that for cascade flows y¥ 
It is true that 
examples may be constructed in which, by adding flows of proper 


is always single-valued in the hodograph plane. 


point source, sinks, and vortexes (and no other singularities), 
Yet branch-point 
singularities, which often occur in the hodograph plane for flows 


desirable cascade blade shapes are obtained. 
around single cylinders (or airfoils), may also occur in cascade 
flows. Ifthe branch point is att = 7,, 4 = 6,, then the represen- 
tations [50], [53] (with the additions of [91], [93] 
that branch of the Reimann surface which contains the point 
In the contrary 


) can be used in 


vortex-source or vortex-sink, provided 7, > To. 
case, if 7, < To, and if the branch point is of the second order, i.e., 
if w is double-valued, the series [93] are inadequate altogether. 
The Fourier series [93] for a point vortex must now be replaced by 


y f, e(T) Cos nO /2 [95) 
to each side of 7) are solutions of Equation [10], 
The 


determined in a 


where Se AT 
for vy = n/2, that is, for half-integer and integer orders. 
continuity, discontinuity of f,2, f’,. at To are 
similar manner. 

In their profound studies of analytical continuation of series 
such as [91], [93], in references (2) and (9), both Cherry and 
Lighthill develop a method based essentially on the analytic 
circle of convergence of the function 


continuation across its 


= =C,{°,¢ =at* [96] 


as well as of certain other functions g,,(¢) which are obtained from 


g({) by means of the following integral operations 


$ 
= rt m f 2” 
: 0 


Here X is a proper function of 7 (see Equations [66], [67]). If 
g(€) represents a function whose analytic continuation across 


1 a(z)dz .. (97 


its circle of convergence is well-known, then the analytic continua- 
tion of the functions [95] is available from the expansions 
given by Cherry and Lighthill. 

To test the first series [53], [61 
necessary to form a proper power series [95] for g({) corresponding 
to these series, and study its analytic continuation beyond its 
circle of convergence. It is evident that, due to the occurrence 
of ¥-»*(T0), W-n*'(To) in the coefficients, the precise decision in 
regard to analytic continuation of g({) would be difficult to reach. 

Actually, the aforesaid method of Cherry and Lighthill is 
closely related to the Bergman solution which is briefly discussed 
in Section 8. An application of the Bergman method (as described 
by Equations [77] to [83] which are taken from reference (11)) to 
point source and vortex solutions is made in Equations [86] and 
[87]. By choosing the function go(£) as log (& — £&), (go(E) is 
analogous to the function g({)), the stream-functions W for the 
point-source and point-vortex solutions are obtained as the 
imaginary and real parts of the right-hand member of Equation 
[87]. It will be seen, however, that the real part of the solution 
[87] is not single-valued near £; nor does its imaginary part 
have the proper multiple-valuedness. Therefore the use of the 
series [87] is not recommended. 

In regard to the comments by Mr. Fowler, we feel that if proper 


by this method, it would be 
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use is made of the published tables by Lighthill, Cherry, and 
others, and of the asymptotic representations, the cost of these 
calculations would not be excessive. 

The convergence of the series [50], [53], or [61] for rT = To is 
essentially like that of a geometric series. Fort = 7» the series, 
if convergent at all, converges very poorly. It is, therefore, ad- 
visable to evaluate Y by means of these series for a grid of points 
not including To, and obtain W for rT = 79 by interpolation in r. 

In regard to the question of approaching the compressible 
hodograph solution by starting with a hodograph solution for the 
incompressible cascade flow, this, of course, forms the very basis 
of most compressible hodograph approaches. Indeed, in the 
work of Cherry and Lighthill the function g({) is generally chosen 
from considerations of the incompressible hodograph case. 
Likewise, the logarithmic singularities of the present paper are 
based on the analogy to the incompressible case. However, the 
question probably pertains to successive correction methods 
which start with the incompressible flow and then correct suc- 
cessively for the effects of compressibility. Such a method could 
be based upon expansions of the solutions of [2] in powers of B. 
For 8 = 0, Equation [2] reduces to the Laplace equation with 
(4/7, 8) as polar co-ordinates, while the solutions [6] become the 
familiar incompressible-flow product solutions q’e”®’. Pre- 
sumably, the first few terms of these expansions would yield the 
corrections for the compressibility of the flow. The authors be- 
lieve that the application of this method to the point-source and 
point-vortex solutions would be very laborious unless 7» is quite 
small. 


General Instability of a Ring- 
Stiffened, Circular Cylindrical 


Shell Under Hydrostatic 
Pressure’ 


S. B. Batdorf.2. The writer wishes to make one comment on 
the interesting paper by the author which may serve to codify 
and extend the range of his results. 

In my referenced paper on cylinder theory, it is shown that the 
buckling of cylindrical shells generally can be described by very 
simple equations in the dimensional ranges of greatest practical 
interest. For example, the unstiffened shell corresponding to 
the curve F = 0 in Fig. 5 of the paper, buckles according to the 


formula 
eo by 
C, = 1.04 2° 100 < z < 4.5 ¥ 


A logarithmic plot of the ratio of C, for a stiffened cylinder to 
C, for the unstiffened cylinder against the parameter F + 1 
(the stiffness ratio for the two cases), results in a straight line of 
slope 0.75. This means that all the numerical results in Fig. 
5 for z > 100 can be represented by the formula 


C, = 1.042°4(1 + FY 


This gratifyingly simple result is probably valid to substantially 
higher values of z and F than appear in the paper. 


Author’s Closure 
The author is very grateful to Dr. Batdorf for his important 
contribution to the paper. 


1 By S. R. Bodner, published in the June, 1957, issue of the JouRNaL 
or Apptiep Mecuanics, Trans. ASME, vol. 79, pp. 269-277. 

2 Assistant Director of Research, Missile Systems Division, Lock- 
heed Aircraft Corporation, Sunnyvale, Calif. Mem. ASME. 
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The Specific Damping Energy of 
Fixed-Fixed Beam Specimens’ 


A. W. Cochardt.? The writer wishes to congratulate the 
authors on a very interesting paper which, in general, substanti- 
ates the results of his work. However, a few points require 
clarification. 

It seems that the authors have overemphasized the effect of 
static stress on the magnetomechanical part of the damping by 
only giving the results of those measurements which were ob- 
tained on their softest specimens, and for which this effect is 
greatest. It would have been more realistic if the authors had 
measured the effect of static stress—or presented their data—on 
their specimen 403-3. 

The writer cannot agree with the authors’ statement, ‘‘the 
presence of static tension nullifies any gains obtained by magneto- 
mechanical damping,” although it is true that static tension 
generally reduces this effect. Even using their softest specimen 
and a static stress of 11,000 psi, the authors (Fig. 2) report damp- 
ing values which are considerably higher—probably higher by a 
factor of 5—than those that would have been obtained if the 
magnetomechanical effect had been nullified. 

A small static stress or static magnetic field (stress and field 
are equivalent in this respect) may increase the magnetome- 
chanical damping. This does not seem to be inconsistent with 
theory, as the authors suggest, as long as the stress or field is very 
small compared to the critical stress or field at which the ferro- 
magnetic domain walls become fixed. It appears that the authors 
themselves must have observed this effect, since they state, ‘‘there 
is a small initial damping increase at low oersted values.”’ 


Authors’ Closure 


We wish to thank Dr. Cochardt for contributing a somewhat 
different, if not indisputable, interpretation of our results. 

The data for specimen 403-3 are presented in Fig. 1 of this 
closure; this family of curves shows a damping decrease, caused 
by increasing static stress from zero to 19,000 psi, similar to that 
plotted in Fig. 2 in the paper for specimen 403-6. It was already 
shown in Fig. 5 that increased specimen hardness (in the range of 
225 to 388 Bhn) causes the logarithmic decrement at a maximum 
normal stress of 30,000 psi to decrease from 0.028 to 0.001 when 
or = O psi, and from 0.004 to 0.003 when a7 = 19,000 psi. 

If an AISI-403 turbine blade is longer than about 7 in., its root— 
under normal large-steam-turbine operating conditions—under- 
goes a centrifugal stress in excess of 19,000 psi; the statement 
with which Dr. Cochardt disagrees was directed at and is valid 
for such an application. Of course, the root of a blade shorter 
than 7 in. would be centrifugally stressed as a function of blade 
mass, radius of gyration, and rotational velocity; there is also a 
centrifugal-stress gradient out to the tip of the blade. Without 
undertaking a more precise stress analysis not in the scope of this 
investigation, it does appear that those who use the damping 
data of ferromagnetic materials obtained when static stress is 
zero are greatly overestimating the internal energy dissipated. 

Although d-c magnetic field could be increased continuously 
from zero to more than 500 oersteds to uncover an initial damping 
increase, a static stress of less than 5600 psi was not applied to 
determine whether an equivalent damping increase occurs. How- 
ever, the inconsistency of Dr. Cochardt’s data in reference (9) is 
that he observed a damping increase when static stress equaled 


1 By W. C. Hagel and J. W. Clark, published in the September, 
1957, issue of the JounNaL or APPLIED Mecuanics, Trans. ASME, 
vol. 79, pp. 426-430. 

2 Advisory Engineer, Research Laboratories, Westinghouse Electric 
Corp., East Pittsburgh, Pa. 
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9800 psi, since such a high value would not be “very small com- 
pared to the critical stress at which the ferromagnetic domain 
walls become fixed.” When static stress equaled or exceeded 
5600 psi, all of our data for AISI-403 specimens softer than 335 
Bhn showed a damping decrease. 


A Study of the Propagation of 
Flexural Waves in Elastic Beams' 


E. Volterra.2) The authors should be congratulated for their 
excellent paper on the propagation of flexural waves in elastic 
bars. In fact, this paper, based on experiments, answers the 
important question of the validity of the classical Timoshenko 
theory of flexural-wave propagation for the case of very short 
pulses. In recent years many authors have presented approxi- 
mate engineering theories for studying the problem of wave 
propagation in elastic rods. In a recent OOR Report,’ L. C. 
Zachmanoglou and the writer discussed a more accurate engineer- 
ing approach of the method of internal constraints. The ap- 
plication of this method to the case of flexural wave propagation 
in a long elastic rod will be outlined briefly in the following: 

Consider a bar of rectangular cross section, Fig. 1 of this dis- 
cussion; let the components of the displacement in the directions 
of the zx, y, z-axes (the z-axis coinciding with the axis of the bar, 
the y and z-axes coinciding with the principal axes of inertia of the 
cross section of the bar) be 

u(z, y, 2; t) = yA,(z; 0) 


v(z, y, 2; t) 


j 

ot 

v, (2; t) + 2 y7fi(z; 1) ( 
| 


u(z, y, 2; t) = yeflz; 


In order to comply with the condition that the normal compo- 


1 By E. A. Ripperger and H. N. Abramson, published in the Sep- 
tember, 1957, issue of the JouRNAL oF APPLIED MecuHANIcs, TRANS. 
ASME, vol. 79, pp. 431-434. 

2 Professor of Engineering Mechanics, The University of Texas, 
Austin, Texas. 

3“*A Second Approximation of the Method of Internal Constraints 
as Applied to Dynamic Problems,” by E. C. Zachmanoglou and E. 
Volterra, Office of Ordnance Research, Technical Report No. 6, May 
20, 1957. Contract No. DA-30-155-ORD-709. Project No. 454.13 
Rensselaer Polytechnic Institute, Troy, N. Y. 
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nents of stress ¢, and a, be zero throughout the bar, the following 
condition must be satisfied 


fi(z; t) =f(z; t) = 


o being Poisson’s ratio of the material of the bar. By neglecting 
the terms y? and yz in the expressions for the components of strain 
and particle velocities in comparison with linear terms, the 
following expression for the potential energy is obtained 


L{(E Ko? I dA," 
U=- $4 I,j1+ eneeneneniy al ( 2 
0 {2 21+ 0) I, or 


+x afoot (2) 42,2] a 
2 ox oe | I 


The kinetic energy is expressed by 
L 2 2 
T= g) [ 7.(2) { (2) ] dz (4) 
” 0 

In Equations [3] and [4] p represents the density, E Young’s 
modulus, G the shear modulus of the material of the bar, A the 
cross-sectional area, J, and J, the moments of inertia of the cross 
section of the bar with respect to the y and z-axes, respectively. 
The factor K is introduced to take into account the nonuniform 
distribution of shear over the cross section of the bar and has the 
same significance as the well-known Timoshenko shear coefficient 
The application of Hamilton’s principle gives the following equa- 
tions of motion 


o*A ov o°A 
EI{1 + ¢) —* — KGAh, — KGA —* =p], —* 
oOx* or ol? 


o*y dA o*y 
as + KG a i as p ¥ 
az? or ot? 

where 
Ka? 


2Al+o 


and boundary conditions at z = 0; z 
dA, 
Oz 
On 4 
Or 


It should be pointed out that the validity of Equations [5] and [6] 
is not limited to a bar of rectangular cross section. In fact, the 
only parameter related to the shape of the cross section is the 
ratio of the moments of inertia J,/J,, so that Equations [5] and 
[6] can be used for a bar of any cross section so long as the as- 
sumptions on which the foregoing derivation is based are con- 
sidered satisfactory. 
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In the case of plane stress, the ratio /,/J, tends toward zero and 
Equations [5] reduce to the classical Timoshenko equations* 
,, OA " . 
EI —y — KGA\, — KGA 
x 


s 


2 
KG ofvy + KG Or, 
ox? ox 


The boundary conditions here are the same as in Equations [6]. 


To study the dispersion of waves in a rod of infinite length let 


= Aciv(z—et) | 


A, 


yy = Betv(@—et) | 
where A and B are two constants, y = 27/L the wave number, 
and L the wave length. Substituting Equations [8] into Equa- 
tions [5], a system of two homogeneous algebraic equations in A 
and B is obtained. Expressing the determinant of the coefficients 
of A and B equal to zero, the following dispersion equation is ob- 


tained 


G 


Co 2(1 + ¢) 
By letting € ~ 0 in Equation [9] one gets 


K 


(E) - saad (EY -4] 


4“On the Correction for Shear of the Differential Equations for 


Transverse Vibrations of Prismatic Bars,”’ by 8S. P. Timoshenko, 
Philosophical Magazine, vol. 41, 6th series, 1921, pp. 742-746. 
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Fig. 2 Phase velocity of flexural waves in cylindrical bars 
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which is the dispersion equation in the classical Timoshenko 
theory. The quantity € is the correction of the Timoshenko theory, 
taking into account the effects of the 
bar in the z-direction. In Equations [9] and [10], ¢ is the phase 
velocity, co = (E/p)'/* the bar velocity, and r, is the radius of 
gyration of the cross section of the bar with respect to the z-axis 


dimensions of the 


In Fig. 2 dispersion curves for flexural waves in cylindrical bars 
are presented. The values of the exact Pochhammer theory* 
as given by Davies* are compared with the results obtained from 
the elementary theory,’ from the Rayleigh theory, from the 
Timoshenko theory, and from the method of internal constraints 
in the cases of first and second approximation. The value for the 
Timoshenko shear coefficient was assumed K = 0.9 


Authors’ Closure 


The authors wish to thank Professor Volterra for his kind com- 
ment concerning their paper. 

The analysis presented by Professor Volterra is very interesting 
and offers the possibility of further refinement in the solution of 
the problem of bending wave propagation. However, such re- 
finement appears to be unnecessary at present in view of the ex- 
cellent agreement which has been obtained between theoretical 
calculations based on the Timoshenko equation and experimental 
results. The degree to which wave form can be predicted is 
demonstrated by the work of Dengler, Goland, and Wickersham, 
and Plass and Steyer,* while the paper under discussion shows 
that propagational velocities are also accurately predicted. These 
comparisons are completely summarized also in another paper.? 

‘ ‘Uber die Fortpflanzungsgeshwindigkeiten Kleiner Schwingungen 
in einem unbegrenzten isotropes Kreiszylinder,’’ by L. Pochhammer 
Journal fiir die reine und angewandte Mathematik, Crelle, vol. 81 
1876, p. 324 

¢*A Critical Study of the Hopkinson Pressure Bar,"’ by R. M 
Davies, Philosophical Transactions of the Royal Society of Londor 
series A, vol. 240, 1948, pp. 375-457. 

7“Stress Waves in Solids,’ by H. Kolsky, Clarendon Press 
Oxford, 1953 

§ Plass, H. J. and Steyer, C. C., “Studies of Longitudinal and Bend- 
ing Waves in Long Elastic Rods,” Univ. Texas, DRL Rept. DRL-376 
CM-860 (1956). 

* Abramson, H. N., Plass, H. J., and Ripperger, E. A 
Wave Propagation in Rods and Beams,” in Advances in Applied 
Mechanics, Academic Press, Inc., vol. 5, 1958, pp. 111-194. 
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The authors would like to take this opportunity to correct an 
error which appeared in Fig. 2. In this figure the second mode of 
the Timoshenko beam (dashed curve No. 2) is shown as having a 
maximum and a minimum whereas it should in fact be mono- 
tone. A corrected curve is shown here in Fig. 3. This correction 
displaces the corresponding curve in Fig. 3 of the paper slightly 
to the right at the higher values of 7',/7',, but does not affect any 
of the conclusions reached regarding arrival times. 


Two-Dimensional, Steady, Cavity 
Flow About Slender Bodies in 
Channels of Finite Breadth’ 


W. G. Cornell.? The authors are to be congratulated on an 
excellent and interesting paper. In addition to the considered 
case of a body in cavitating flow and symmetrically placed in a 
plane-walled channel, the results are applicable to the case of zero 
incidence flow over an unstaggered cascade of bodies of arbitrary 
shape, assuming a perfect fluid, so that solid walls may be re- 
placed by streamlines, and conversely. The cascade of bodies is a 
useful model in the analysis of the flow in bluff-body flameholders 
of afterburners for aircraft gas-turbine engines and of ramjet 
combustors. The writer’s investigation? of the Helmholtz- 
Kirchhoff flow in a vee-gutter cascade corresponds to the authors’ 
case of a wedge with a cavity of infinite length, subject to the 
effect of the authors’ linearizing assumptions. 


R. Timman.‘ Mr. J. A. Geurst, of our Institute for Applied 
Mathematics, has given the following derivation of Formulas 
[17] and [24] of the paper. The discussed problem can be formu- 
lated as a mixed boundary-value problem for the analytic func- 
tion w = u — iv in an infinite strip with cut corresponding to the 
body plus cavity. (In contrast with the paper, U.. is used as a 
nondimensionalizing factor throughout, because only a first-order 
approximation is considered.) With the aid of the conformal 
transformation 


the original problem in the z-plane is transformed into a mixed 
boundary-value problem for the entire z-plane with cut along the 
real axis. Because of the symmetry of the problem with respect 
to the z-axis, the problem can be reduced to a mixed boundary- 
value problem for the upper or lower half-plane, which can be 
solved by the method of Muskhelishvili.6 The solution is 


1 
27l 


%” This error was pointed out by Dr. E. E. Zajac and John A. Lewis 
of Bell Telephone Laboratories in a private communication. Dr. 
Zajac has also very kindly made the necessary calculations, using a 
digital computer, to provide us with the corrected curve. 

! By Hirsh Cohen and Robert Gilbert, published in the June, 1957, 
issue of the JouRNAL OF APPLIED Mecuanics, Trans. ASME, vol. 79, 
pp. 170-176. 

? Engineering Consultant—Aerodynamics, Systems Analysis Sec- 
tion, General Electric Company, Cincinnati, Ohio. Mem. ASME. 

3“*The Flow in a Vee-Gutter Cascade,”’ by W. G. Cornell, Trans. 
ASME, vol. 78, 1956, pp. 573-580. 

4 Delft, Holland. 

5’ “Singular Integral Equations.”’ 
gen, 1953. 


by N. I. Muskhelishvili, Gronin- 
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where C is an arbitrary real constant (In this expression the 
juncture condition has been taken into account.) C 
lation between o and / are determined from the conditions, that 


The closure condition is automati- 


and the re- 


w= Oatz = Oandz =« 
cally satisfied. 
As a result, the following connection between o¢ and ? is found. 


nb (7 ‘) 
at [" dY, sinh FT h 
. e dx WI 
sinh 


oh 


( 


which is equivalent to Equation [17] of the paper in first-order 


approximation. 
The drag D is calculated as follows 


dY 


= Im 


This yields 


; D 
Cp = - 
\/sp L 


where 


f dY¥e . 
i= : = da 2nz ‘ 2ez 2rl i/s 
FGF aN 
In combination with Equation [17], this expression for C, can be 
proved to be equivalent to Equation [24] in a first-order approxi- 
Remark: The integral in the third term in the right- 
For further de- 


mation. 
hand side of Equation [24] should be squared. 
tails the reader is referred to report 11.° 


T. Y. Wu.’ The authors are to be complimented on their ele- 
gant work in extending Tulin’s linear theory to include the wall ef- 
fect on the two-dimensional cavity flow about slender bodies. 
The results of this paper are not only of academic interest but also 
of value in practical application, for they immediately provide 


means of estimating the wall effect which can be used to correct 
the water-tunnel test data of some typical cavity flows where the 
linear theory is valid. As this paper is presented in an orderly 
manner, the writer has but a few remarks to make. 

First, he would like to present an alternative derivation of 
Equation (23| and the last equation of the paper. If the limiting 
case where the cavity length tends to infinity as ¢ —~ o., (for 
h/c<@ ) is assumed to exist (the existence was actually shown in 
the paper), then the asymptotic cavity width and the correspond- 

* Report 11, Instituut voor Toegepaste Wiskunde, Technische 


Hogeschool, Delft, Holland. 
7 California Institute of Technology, Pasadena, Calif. 
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Fig. 1 


ing limit of the drag can be obtained directly from a simple con- 
sideration of continuity and conservation of momentum. Sup- 
pose that, asa—~>o, 

lim Y (x) = const = y,, 

ro 
say, the flow then approaches a uniform state as z — o, Fig. | of 
this discussion. The continuity equation of such flow is 


Ugh = UXh — 2y_) 


Applying the definition of o, as given in this paper, to the Ber- 
noulli equation 


/e0U * + Po @ VpUPt Pe vceccccceres lel 


one obtains 


U. = /2 [3] 


c 


U.(1 + Go) 
Hence, from Equations [1] and [3] of this discussion, one has 


Un 


y= All — (1 + iy ETE LOT 


which reduces, for small values of ¢,, to Equation [23] of the 
paper. 

The law of conservation of momentum, when applied to this 
case, asserts 


D = pUg*h — pU*°h — 24m) + (Po — Pdr 


Again using Equations [1] and [3], one has 


D U, 
———- = h |} 2(1 — — 7 
/pU a [ (: F) ies | 
=h E +2{1-(1+ 72)" 


which reduces to the last two equations of the paper for small 
0... Thus the foregoing simple derivation serves as an alterna- 
tive to check some of the results of the theory. Furthermore, 
Equations [4] and [5] herewith, not being subject to lineariza- 
tion, apply to nonlinear theory as well. Along this line of argu- 
ment, one would have a good reason to wonder whether Equation 
(26] of the paper could be simplified further. However, for a 
given geometry of the body and given a@ = c/h, the value of c., 
for which these relations are valid, must be calculated from some 
theory, such as given by Equation [27] of this linear theory. 

In order to avoid the flow configuration in which the cavity 
starts at some point on the solid body upstream of its base, it 
seems necessary to impose some condition or conditions on 
Y,(z), for otherwise one would again have to face the indetermi- 
nacy of the separation point of the cavity boundary from the 
solid body. Without imposing such condition, while still assum- 
ing that the cavity starts from the base, it would not be difficult 
to construct a Yo(zx) such that the right-hand side of Equation 
[17] or of Equation [18] becomes negative. 
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Authors’ Closure 


The authors are very happy to have the comments and addi- 
tions provided in the discussion. It is certainly gratifying to 
find, as Mr. Cornell suggests, that there is application of this 
work to flow behind flameholders. It is probably of interest to 
mention that one of the authors and his associates, in con- 
tinuing these studies, have discussed cascades of foils with finite 
cavities, a generalization of Mr. Cornell’s work.* 

Professors Timman and Wu both discuss methods of obtain- 
ing the results of the paper in a far more elegant manner than has 
been used. The use of the function-theoretic methods by Dr. 
Geurst and Professor Timman is indeed illuminating. The 
authors believe that a study of such methods applied to the 
mixed boundary-value problems of free streamline and cavity 
theory will yield information on the nature of the linearization 
and its relation to the “nonexistence” theorems for finite cavity 
flow in classical free-streamline theory. Application of the 
Muskhelishvili notions to unsymmetric cavity flows have proved 
quite successful.® 

Since the preparation and presentation of the paper under 
discussion, Professor Wu has made extremely valuable contribu- 
tions to the understanding and the working out of the linearized 
theory of finite cavity flows.“ It should be emphasized, how- 
ever, that at some time during the analysis of these flows the 
relation between the cavitation number and the cavity length 
must be given explicitly. Only then can one go on to compute 
other characteristics of the flows. 


Statistical Appraisal of Prot Method 
for Determination of Fatigue 
Endurance Limit’ 


E. L. Dunn.? The paper is well written and, it is believed, 
states the case against using the Prot method quite well. 

The writer’s comments on the positive side of this question are 
as follows: 


1 We were interested in using the Prot fatigue method in our 
work, primarily for reduction in the amount of time required for 
a test rather than in the number of tests required. We realize 
the number of tests required probably would be increased, but 
we feel that, timewise, it would be advantageous to use this 
method. 

2 We feel that the linear relationships of rate of increase 
should be expressed as rate of increase to the nth power rather 
than rate of increase to the '/, power. This follows the Appendix 
of the report fairly well. The questions raised about the assump- 
tions are very good, but we feel that proper determination of the 
correct nth would possibly agree with a more fundamental theory 
than the rigorous mathematical derivation set forward in the 
paper. 


8**The Stall Performance of Cascades,” by W. G. Cornell, Pro- 
ceedings of Second U. 8. National Congress of Applied Mechanics, 
ASME, 1955, pp. 705-713. 

* “Wall Effects in Cavitating Hydrofoil Flow,”” by Hirsh Cohen, 
C. D. Sutherland, and Yih-O Tu, Journal of Ship Research, vol. 1, 
Nov., 1957, pp. 31-39. 

10 ‘A Simple Method for Calculating the Drag in the Linear Theory 
of Cavity Flows,” by T. Y. Wu, Report No. 85-5, Engr. Div., Cal. 
Inst. Tech., August, 1957. Also “‘A Note on the Linear and Non- 
linear Theories for Fully Cavitated Hydrofoils,” by T. Y. Wu, Re- 
port No. 21-22, Hydro. Lab. Cal. Inst. of Tech., August, 1956. 

1 By W. A. Hijab, published in the June, 1957, issue of the JourNAL 
or AppLieD Mecuantics, Trans. ASME, vol. 79, pp. 214-218. 

2 Design Criteria, General Electric Company, Cincinnati, Ohio. 
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3 We feel that precision from short tests, where there is less 
likelihood of extraneous variation entering in, would compensate 
partially for the precision lost from extrapolation. From the 
results the writer has seen from Prot tests, this is substantiated. 
The narrowness of scatter as compared to the scatter of the 
standard fatigue tests is rather marked. 





Author’s Closure 


The author thanks the writer for his comments and briefly 


answers them as follows: 


1 It is agreed that there is some saving in the time required 
for the testing of a given number of specimens. However, in 
the author’s opinion, this is not of a magnitude that will apprecia- 
bly affect the strength of the case against using the Prot method. 

2 In giving a rigorous mathematical derivation for the '/2 
power, the author intended to bring out explicitly a possible set 
of assumptions of the Prot method and not to defend the '/: 
power formula against other possible fractional powers. How- 
ever, the paper points out additional difficulties arising from the 
use of an n“ power determinable from the experimental data. 

3 Whether the shortness of the duration of a test contributes 
to its precision is a matter that is open to question and concerning 
which the author is not able to form a final opinion. 


SE 











Uniformly Loaded Circular Plates os ~«~ Con «CO 
With a Central Hole and Radial Coordinate Ya 
Both Edges Supported’ Fig. 1 Tangential stress, simply supported edges 


H. A. Eagle? and A. L. Ross. The types of problems ana- 
lyzed by the author have been of interest to the engineers in the 
writers’ department for quite some time, and the author is to be 
congratulated on having presented the results of this analysis in 
a very clear and concise manner. The writers apologize for not 
having published the results of their similar analyses*® at an 
earlier date. It was intended that the results of the latest re- 
port,® which covers all four combinations of fixed and simply sup- 
ported inner and outer edges, would be presented in the near 
future. 

In both the reports mentioned, the analysis was carried out 
by the method of superposition, and the results of the analysis 
evaluated by IBM calculation and presented in a form similar to 
that shown in Fig. 1 of this discussion, in which the b/a ratio 
was used as the design parameter. The entire stress and de- 
flection distribution, rather than maximum values only, was pre- 
sented in order to allow these solutions to be used in further super- 
position as required. The maximum stresses taken from the 
figures similar to those shown in Fig. 1 were summarized in 
figures similar to that shown as Fig. 2 here 

An examination of the figures indicates an interesting charac- 
teristic of the stress distribution that appears to have been over- 
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Nondimensional Stress, S = 


1 By J. C. Georgian, published in the June, 1957, issue of the 
JoURNAL or AppLiep Mecuanics, Trans. ASME, vol. 79, pp. 306- 
310. 

2 Technical Engineer, Aircraft Nuclear Propulsion Department, 
General Electric Company, Cincinnati, Ohio. 

* Principal Engineer, Aircraft Nuclear Propulsion Department, 
General Electric Company, Cincinnati, Ohio. 

« “Internal Memorandum on Stresses in a Circular Plate With 
a Central Hole When Loaded by Uniform Pressure and Simply 
Supported at Both Inner and Outer Edges,” by A. L. Ross and 
G. McClure, February, 1955. 

&“*Design Charts for Analysis of Circular Plates With Central 
Holes,” by H. A. Eagle, ANPD-G.E. Report No. XDC 57-4-97, 
April, 1957. Summary of maximum stresses, simply supported edges 
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looked by the author. In Fig. 6 of the paper the author presents 
the tangential moments at the inner and outer edges of the 
plates, possibly implying these to be the maximum tangential 
moments present. From Fig. 2 of this discussion it can be seen 
that the maximum tangential stresses occur at the inner edge of 
the plate only when the b/a ratio is less than 0.49, while for b/a 
greater than 0.49 the maximum tangential stress occurs within 
the interior of the plate. This type of behavior occurs when the 
inner edge is simply supported and the outer edge either simply 
supported or clamped. 

Although the author states, ‘‘Poisson’s ratio = 0.3 was used in 
all the computations for the curves. . .,’’ the unwary reader might 
be misled in using Figs. 3, 6, 7 by the fact that the ordinate of the 
curves (stress parameter) contains Poisson’s ratio yw. These 
curves are correct only if 4 = 0.3 and would have been clarified 
if the curves had been plotted so that their ordinates did not con- 
tain Poisson’s ratio pu. 

In doing problems of the sort analyzed by the author, designers 
are sorely tempted to approximate the problem by analyzing 
beams, of unit width and length of (a — 6), supported at the ends. 
In the case of a plate element the moment of inertia should be 
used as h?/12(1 — v?) rather than h*/12, commonly used in the 
analysis of beams. In Fig. 2 the results of the beam analysis for 
the nondimensional radial stress (the beam analogy does not 
yield the tangential stress) are compared with the exact solution. 
Fig. 2 shows that the maximum stresses can be found, for this 
problem (and other similar ones), to a satisfactory degree of ac- 
curacy for values of b/a > 0.5. 

The writers’ analyses‘’ have been extended to include the 
effect of torsional and lateral spring supports at the inner and 
outer edges and were recently programmed for solution by IBM 
Type 704 digital computer. 


Author’s Closure 


The author is gratified that Mr. Eagle and Mr. Ross have 
independently analyzed and checked the results of his analysis 
of uniformly loaded circular plates by an entirely different proce- 
dure, i.e., by the method of superposition and the use of IBM 
calculating equipment. The author did not have IBM equip- 
ment available and calculated his results with a ten-place electric 
desk calculator. The discussers’ Fig. 1 and Fig. 2 are welcome 
additions to the paper. The author too must apologize for not 
having published the results of his analysis at an earlier date 
He first became interested in this problem while associated with 
the Nordberg Manufacturing Company, and analyzed the uni- 
formly loaded circular plate with a central hole, edges simply 
supported, in Nordberg’s Technical Memorandum.® 


While the author has also determined the equations for all four 
combinations of fixed and simply supported inner and outer 
edges, he has to date not completed computations for the remain- 
ing two cases due to the press of time. It would be of value and 
interest to have these two cases presented in the Design Data and 
Methods section of this Journal in the near future. 


The discussers are entirely correct in pointing out that the 
author overlooked the maximum in the tangential moment dis- 
tribution for Case II plate. Solving equations [16] and [17], in 
the paper, simultaneously for the tangential bending moment 
and then differentiating with respect to r/a and setting the result 
equal to zero, we find the maximum tangential moment is at r/a 
values as shown in the discussers’ Fig. 1. Substituting these 
r/a values in the foregoing equation yields the maximum tan- 
gential bending moment. 

* ‘Design of Compressor Valves,"’ by J. C. Georgian, Nordberg 
Technical Memorandum 620, July, 1949. 
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Where r/a is the maximum value found by the foregoing dif- 
ferentiation, Equation [1] is plotted in Fig. 3 of this closure. 

While the curves presented in the paper are correct only if 
@ = 0.3 as mentioned by the discussers, it can be seen, however, 
that for Case I the equations are independent of Poisson’s ratio, 
and hence our Figs. 2 and 3 may be used for any values of Pois- 


son’s ratio. Though the curves for Case II depend on Poisson’s 





Fig. 3 Maximum tangential bending moment for 
Case II plate 
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Fig. 4 Reactions at edges for Case I and Case II plate 
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ratio, it may be noted that Poisson's ratio enters the equations in 
terms of ratios and sums and differences of these ratios, and hence 
the curves will be insensitive to variations in Poisson's ratio. 
Therefore, curves for Case II may be also used for the usual values 
of Poisson’s ratio, savy between 0.25 and 0.35 

The question of the distribution of the load on the supports has 
let P, and P, equal the total load on the 
inner and outer edges, respectively, these loads are presented in 


been raised If we 


Fig. 4 of this closure for Cases I and II of the paper 


Effect of Adverse Pressure Gradients 
on Turbulent Boundary Layers in 
Axisymmetric Conduits’ 


H. R. Fraser. 


solution of boundary-layer problems has not yet presented itself, 


Since a completely rational approach to the 


it would appear that mean flow analyses using semiempirical 
methods are destined to be used in solving practical engineering 
problems for some time. The paper is certainly a noteworthy 
attempt to extend a rather new two-dimensional method to axi- 
symmetric flows under an adverse pressure gradient. In addition, 
it presents some new and quite complete data in an area where 
reliable data are 


During the past vear and a half the writer has been working at 


scanty, to say the least. 


the axisvymmet 
of Dr. 


ic boundary layer in a diffuser under the direction 


tobertson at the University of Illinois. His analytic 
efforts indicate a reasonably plausible, if not rigorous justifica- 


tion, for the use of a flow parameter of the form 
6 l 
D U, 


R 


This is the same parameter used by the authors except for division 
by the constant Ao, the radius at entrance to the diffuser. Fur- 
thermore, it was found that this parameter varied parabolically 
with z, the distance from the geometrical start of the diffuser. 
It also was found that 6/@ was not a unique function of D, as 
suggested by the authors of this paper, but was instead a function 
of 6/R and D. 
to be a linear function of 6/R. 
difference in 
For small values of the ratio 0/R (i.e., 


In fact, for any given value of D, 6/6 appears 
This ratio of 6/R is really a mani- 
festation of the geometry between the two and 
three-dimensional flows. 
R— the value of 6/6 approaches the two-dimensional value 
as would be expected. With these changes and additions to the 
results of the ~uthors, the writer has been able to propose a step- 
by-step method for predicting the rate of growth (and the separa- 
tion) ol The 
calculations require that the pressure distribution in the diffuser 
and the entrance values of U;, 0,6, and Dbe known. The results 
have been verified with additional data taken on a 10-deg (total 


the boundary layer in an axisymmetric diffuser. 


angle) conical diffuser. 


E. M. Uram.‘ 


confirmation of one’s experiments, and the writer is grateful for 


It is always gratifying to see extension and 


the opportunity to discuss this paper. 
It is surprising that the shape of the velocity profiles as in- 
dicated by either H or D responds almost immediately to the 


change in local geometry; i.e., pressure gradient. From the 


1 By J. M. Robertson and J. W. Holl, published in the June, 1957, 
issue of the JouRNAL Or APPLIED Mecnanics, Trans. ASME, vol- 
79, pp. 191-196. 

2? Colonel, U. S. Army. and Professor of Mechanics, U. 8. Military 
Academy, West Point, N. Y 

# Research Engineer, United Aircraft Corporation, East Hartford, 
Conn. 
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generally accepted concept that the condition of the larger outer 
region of the layer is a consequence of the integrated upstream- 
flow characteristics (the history concept of Prandtl), one might 
Although it 
is heartening to see that taking into account geometry changes 


expect a longer reponse time than the flow exhibits 
produces correlations of the outer flow parameter (for constant 
initial conditions at least), Figs. 5 and 6 of the paper, along with 
other information (Ross)* infer that there exists no single law 
governing the outer boundary-layer region when represented by 
Equation [2] for either the two-dimensional or axisymmetric case. 
" In view of the generally observed behavior of boundary layers, 
one intuitively suspects the existence of a universality in the 
outer region analogous to that found in the inner region. Moti- 
vated by the work of Rotta® and Coles,* the following point of 
view is proposed. Boundary-layer profiles in general are of the 
form 


Accepting the universality of the law of the wall we may write 


* 
u 


/ 
=A+ Blog 
ha Vv 


or, expressed as a deficiency law 


i 
= (1) — 


oy/6) — Blog y/6 

In either case, ¢(y/6) is the deviation from the logarithmic be- 
havior of the profile. For flat-plate boundary layers Coles® has 
found that ¢{1) is a constant. 
other “equilibrium’’ boundary layers (reference 5 of present 
paper). It is also evident that for any equilibrium boundary 
layer a single g(y/5) must be unique to ail the velocity profiles 
Under these circumstances one cannot escape the thought that if 


This is also obviously true for 


¢(y/6) is able to exhibit a universality for certain families of 
boundary layers, there might exist a much wider universality for 
¢(y/6) encompassing all boundary layers. Study of the deviation 
curves for numerous two-dimensional boundary layers under 
various conditions show ¢(y/6) to be a unique family of curves 
approximately described by the function 


100¢(y/s— 1)? 


o(y/d) = ay/b + be 


for 0.12 y 6 < 1.0. 
tion of a, b, and c for an arbitrary case have not been found. 


As yet, correlations leading to the determina- 


Just recently, Coles,’ quite independently taking the same 
point of view, has shown that, when subjected to certain normal- 
izing conditions, the deviation curves (called the “law of the 
wake’’ by Coles) do indeed form a near universal family. His 
data include separated flows that have reattached. 

The velocity profiles of phases I, IT, and III (those for phases 
IV and V not being immediately available) of the axisymmetric 
flow described in the present paperexhibit the behavior described. 


Authors’ Closure 
Since one of the authors has been closely connected with the 


‘A Study of Incompressible Turbulent Boundary Layer,” by 
Donald Ross, PhD thesis, Harvard University, June, 1953. 

5“On the Theory of the Turbulent Boundary Layer,” by J. Rotta, 
Mitteilungen aus dem Max Planck Institut for Stromungsforschung, 
Gottingen, No. 1, 1950. Translated as NACA TM 1344. 

*“*The Problem of the Turbulent Boundary Layer,”’ by D. Coles, 
Zeitschrift fir angewandte Mathematik und Physik, vol. 5, 1954, pp. 
181-203. 

7“The Law of the Wake in the Turbulent Boundary Layer,” by 
D. Coles, Journal of Fluid Mechanics, vol. 1, part 2, July, 1956, 
pp. 191-226. 
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researches of Dr. Fraser, his comments are not unexpected. It is 
encouraging that he has been able to extend the Ross analysis 
method for plane two-dimensional flows to the axisymmetric case, 
since this was the unachieved objective of the authors’ work. 


wo R 


6U 6 U 
The indication that D Z R rather than — —- — is the proper 
I 


DU, Ro 
outer-flow parameter emphasizes the need for experiments in 
diffusers of other initial radii. Work in this direction is cur- 
rently under way in England at the Mechanical Engineering Re- 
search Laboratory, as evidenced by a recent paper of Winternitz 
and Ramsay ?® It is hoped that this research will soon yield us the 
needed experimental information. 

Mr. Uram’s remarks concerning the surprisingly short response 
time of the outer flow to changes in geometry, or pressure gradi- 
ent, are concurred in. One wonders which of the two changes, 
geometry or pressure, induces the change. The outer-flow 
parameter indicates that both R and U, enter in, but it does not 
tell us why. It is hoped that Mr. Uram will continue his study 
of velocity profiles and attempt to tie down the factors a, b, and c. 
The results indicated are very suggestive but require a more de- 
tailed study for adequate comment. There may be some ques- 
tion as to what kind of progress we are making if we substitute a 
relation involving three empirically determined factors (a, b, and 
c) for one involving one empirically determined factor (D). 
Equation [2] does have some rational basis and works reasonably 
well. It may be that for other reasons such as consideration of 
the “equilibrium” boundary layers [cf. reference (5) of paper], 
other relations for the velocity are desirable. 

The authors wish to thank Messrs. Fraser and Uram for their 
interesting discussions. 


Improvement of Holzer Table Based 
on a Suggestion of Rayleigh’s' 


N. O. Myklestad.*? In this paper a method is developed by 
which the time involved in finding a natural frequency of torsional 
vibration by means of the Holzer table can be reduced; but in 
general this requires judgment on the part of the computer. 

Since the task of obtaining a natural torsional mode is an easy 
one in either case, the method of this paper becomes advantageous 
only when such calculations must be performed frequently. 
When this is the case, the Holzer calculations are now nearly 
always programmed for a high-speed digital computing machine 
so that any just comparison should be made on this basis. 

The usual way of finding natural modes then is to program the 
calculations so that the machine automatically calculates the 
shaking torque for regular intervals of w*, and every time a re- 
versal of sign is obtained it backtracks and proceeds with smaller 
intervals of w? until a reversal is again obtained; and this is kept 
up until the shaking torque is smaller than some predetermined 
value. 

In the method of this paper the value of wray* could be cal- 
culated every time there was a reversal of sign of the shaking 
torque; but whether or not this is an advantage probably can 
be determined only by experience. 

* “Effects of Inlet Boundary Layer on Pressure Recovery, Energy 
Conversion and Losses in Conical Diffusers,’’ by F.A.L. Winternitz 
and W. J. Ramsay, Journal of the Royal Aeronautical Society, vol. 61, 
Feb. 1957, pp. 116-124. 

1 By S. H. Crandall and W. G. Strang, published in the June, 
1957, issue of the JournnaL or Apptiep Mecuanics, Trans. ASME, 


vol. 79, pp. 228-230. 
2 Senior Engineer, Specialist, Phoenix Division, AiResearch Manu- 


facturing Company, Phoenix, Ariz. Mem. ASME. 
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E. W. Gaylord. Convergence of successive trials would be as- 
sured for any mode if, as in Stodola’s method for higher modes,‘ 
the value of the maximum deflection 8, found in the Holzer 
table, were purified of all the lower modes including the mode for 
w = 0. 

In terms of the orthogonal eigenfunctions X the 8 column of 
the Holzer table may be expressed as 


V = 2a;X ;. . 
The Rayleigh method reduces to 


S24 2 ° . 
~ ~0ia,X ; BX; 


WRay? = ~ ~ 
- 2a?*X ,-BX; 
or with X normalized to 


. Lw,2a;? 
WRay” = — 2 
aa; 
In terms of w, 
2 
w 
> i 
z= —a; 
WwW 2 
et an 
WRay a; = 
2a; 


“i > 1 for all j>k 
Wy 


Since 


the Rayleigh method gives an upper bound for w,? if al! a; for 
j < k are made zero in Equation [4]. 

This may be readily done if all the lower mode eigenfunctions 
are known, as would be the case when one successively used the 
Holzer method to evaluate the preceding modes of vibration 

The purified shape will be V’ = V — 2a,X;; j7<k 


B’ = B — Zaf..... 
To evaluate the a, form the orthogonal product 


>> a,X,-BX, = V-BX, — a,X,B-X, = 0 


nF) 


or 


giving 

V-BX, 

. eS > ie 
For the zeroth mode Xp = 1,1,1....1 


2/8 
%® = S,- 


For purification of the first mode it would be 


ZIBB, 
** ZIBe 


where {, is found from the Holzer table for the correct value of 
Ww. 

Purification of the zeroth and first mode from column 3 of den 
Hartog’s example gave purified values of 8 as follows 


B Ao aif; B’ = B — GBo — aif; 

1.00 —2.20 2.42 0.78 
—26.78 —2.20 —0.64 — 23.94 
19.16 —2.20 —0.65 22.01 
63.97 —2.20 —0.66 66.83 
104.99 —2.20 —0.67 107 . 86 
139.78 —2.20 —0.67 142.65 
166.29 —2.20 —0.67 169.16 
182.95 —2.20 —0.68 185.83 


3 Assistant Professor of Mechanical Engineering, Carnegie Institute 
of Technology, Pittsburgh, Pa. 

4“*Mechanical Vibrations,” by J. P. den Hartog, McGraw-Hill 
Book Company, Inc., New York, N. Y., fourth edition, 1956, p. 162. 
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The purified values of 8 resulted in wray? = 18,332 which, being 
an upper bound, is somewhat higher than the value w? = 18,000, 
given by den Hartog 

The authors are fortunate in getting so close to the correct fre- 
quency. This is due to the corrections for the first and zeroth 
mode having a small net effect on the value of 8. 


F. Séchting.* In this valuable paper the authors derive a 
method to shorten the necessary time to calculate the torsional 
natural frequencies by using a suggestion of Rayleigh. The 
authors are inclined to assume that the suggestion of Rayleigh was 
never used before. The writer thinks it may be of interest to say 
that this method was used two times before, to calculate the tor- 
sional frequency based on Holzer’s equation® and to determine 
the frequencies of strings and beams.’ 


Authors’ Closure 


The suggestion is made by Professor Gaylord that the approxi- 
mate mode shape obtained in a Holzer table should be orthogona- 
lized with respect to all known modes before computing Ray- 
leigh’s quotient. This would insure that wray would be an upper 
bound for the next natural frequency. Furthermore, the quad- 
ratic convergence in the neighborhood of the true mode would 
still be retained. The authors are in complete agreement so far 
as the mathematical principles involved are concerned. They are 
somewhat in doubt, however, as to the practical wisdom of such a 
One of the advantages cited* for the method as given 
Sys- 


procedure. 
in the paper was that orthogonalization was not required. 
tematic orthogonalization of every trial mode entails considerable 
computational labor, more than the Holzer table itself, for the 
higher modes. 

Dr. Myklestad suggests that a procedure requiring judgment 
from the computer may not be desirable when a program for a 
high-speed digital computer is being set up. There is considerable 
validity in this viewpoint. Unsubtle, overly repetitious pro- 
cedures are often the easiest to program and trouble shoot, and 
give the most reliable operation. Furthermore, the present high 
computing speeds in comparison with set-up and input-output 
times means that often there is no appreciable penalty involved in 
using nonoptimum procedures. As for the particular procedure 
described in the paper, it must be admitted that it was originally 
designed for hand computation using a desk calculator. The sign 
pattern criteria which can be evaluated almost instantaneously by 


eye would require fairly elaborate programming to insure fool- 


proof operation in a digital computer. 

It is a pleasure to acknowledge the prior claim of F. Séchting to 
the process we have called “the Rayleigh-Kohn-Holzer Method.” 
After the publication of our paper we were informed?’ that this 
method was known in the Cerman literature” as Séchting’s 
There is a remark in Klotter’s paper” that the conver- 
An attempt to 


method. 
gence of Séchting’s method may be doubtful. 

5 Curtiss-Wright 
Wood-Ridge, N. J 

‘“Zur Berechnung der Eigenschwingungszahlen von Wellenleit- 
ungen,” by F. Séchting, ATZ, vol. 40, 1937, p. 259; also Berechnungen 
Mechanischer Schwingungen, 1951, p. 234. 

7*Zur Berechnung von Eigenschwingungszahlen,”” by F. Sécht- 
ing, Federhofer-Girkmann Festschrift, 952, p. 365. 

‘Iterative Procedures Related to Relaxation Methods for Eigen- 
value Problems,” by 8S. H. Crandall, Proceedings of the Royal Society 
of London, series A, vol. 207, 1951, pp. 416-423. 

* Private communication from Professor H. Schaefer, Technischen 
Hochschule, Braunschweig. 

See, for example, “Analyze der verscheidenen Verfahren zur 
Berechnung der Torsionseigenschwingungen von Maschinenwellen,” 
by K. Klotter, Ingenieur Archiv, vol. 17, 1949, pp. 1-60. 


Corporation, Wright Aeronautical Division, 


DISCUSSION 


gy 


Fig. 1 The curve gives the Rayleigh quotient corresponding to the 
trial value of w* used in the Holzer table 


clarify this was made by Schaefer." In view of this, perhaps the 
principal contribution of our paper has been in supplying a more 
complete picture of the convergence of the method. The main 
features are illustrated'? in Fig. 1 of this discussion. The Ray- 
leigh quotients of the Séchting process sre plotted against the 
trial values of w*. The properties of tie curve shown may be de- 
duced from Equation [9] of the paper. The eurve crosses the 45- 
deg line at the 2;? and the w,*. Strict iteration with the Séchting 
process can be represented by paths such as ABCDE. The quad- 
ratic convergence in the neighborbhuod of an 82, i by the 
horizontal tangent at w* = 2,*. The u,* are unstable foci for the 
The curve crosses the 45-deg line with s slope of 2 at 


process. 
each u,*. At the eigenvalue 2,? the second derivative of the curve 


2/p,.2 
-2)> h;*/h,* 
sf os .. Os 


j ss, P 


se wna 
1F MC it 


1s 


DWray? 
d(w*)? 


in the notation of the paper, which implies that the general tend- 
ency is for the curve to be concave down at the large eigenvalues 
and concave up at the small eigenvalues. This general tendency 
may be ineffective, however, in regions where two or more eigen- 
values are very close together. We have been unable to obtain a 
criterion for predicting the sign of the local curvature. In our 
experience with practical torsional systems, the curve has been 
concave down at all natural frequencies except the trivial zero 
frequency. When the curve is concave down in the neighborhood 
of the eigenvalue 22;*, as shown in Fig. 1, the Séchting process is 
sure to converge to 22,2 when yw ,? < w* < v,*, where v,* is the small- 
est value of w* >2,? for which wray? (v,;*) = j*. However, only 
when uj? < w* < 2? is it readily apparent from the sign pattern 
in the Holzer table that the trial w* is actually in this range. This 
was the basis for our recommendation to compute w*ray only when 
it is indicated that wray* will be higher than the trial w*. 


1! “Das Restmoment der Torsions schwingungen von Maschinen- 
wellen,” by H. Schaefer, Abh. Braunschweigischen Wiss. Ges., 6, 
1954, pp. 243-254. 

12 This figure was used in the oral presentation of the paper, Nov. 
27, 1956. Similar figures appear in the reference of footnote (11) and 
in the reference of footnote (8). The fallacy in Schaefer’s work re- 
sults from the assumption that the curve is monotonically increasing 


between w? = O and w? = 2,-~:°. 
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Book Reviews 


Turbomachinery 


Edition, 
Cloth. 


Stromungsmachinen. By Carl  Pfleiderer. Second 
* Springer-Verlag, Berlin, Géttingen, Heidelberg, 1957. 


98/i¢ X 61/2 in., xiv and 421 pp., illus. DM 36. 
Reviewed by Max J. Schilhansl! 


AccorDING to the preface to the first edition, “It cannot be 
the goal of education to train specialists who are interested only 
in one subject and who do not care about the associations with 
related subjects.’’ The very general title (which might be trans- 
lated ‘“‘Turbomachinery”’) promises a very broad view of all 
types of turbomachines and of all problems associated with 
theory and design (or analysis and synthesis) of turbomachines. 
The reader looks in vain for the discussion of propellers, wind- 
mills, torque converters, and fluid couplings; he also looks in 
vain for chapters on stress analysis and on vibrations of the es- 
sential component parts. It is a very significant experience of 
the reviewer that sufficient knowledge of flow problems, elastic 
and vibration problems, and of strength of materials is needed for 
the design of a machine satisfactory in every respect. 

It is evident that a boo containing information on all these 
subjects—of course, so far as it is pertinent to turbomachines— 
will be quite voluminous. Thus it is natural to omit some sub- 
jects; each step in this direction, however, is a step toward 
specialization and away from the goal so strongly advocated by 
Pfleiderer. Five pages, out of 421, are devoted to stress anal- 
ysis, partly containing merely references. Nothing is said 
about vibrations. 

The hydrodynamical problem of blade design is treated in 
much detail. The treatment follows very closely the pattern 
of the first edition (1952); the reviewer again quotes the preface 
of the second edition: ‘‘Changes are made only in so far as to ac- 
count for the scientific progress.’”” It will be admitted that a 
book does not need to contain new problems, concepts, and solu- 
tions before they are confirmed and accepted by a large group 
of scientists and engineers, in contrast to a journal in which the 
latest ideas are put up for discussion. 

Sometimes it is difficult to find out which theory or method 
has been generally accepted as an addition to or as a substitute 
for an existing one. Pfleiderer’s approach to the design of an 
axial-flow water turbine, for instance (Sect. 45-47), is no longer 
up to date, as it is known that the magnitude of the angle of 
attack at which the drag-lift ratio is a minimum depends on 
solidity and stagger angle and as the mutual interference should 
not be brushed aside ‘‘because it would lead to a negative angular 
exaggeration.”’ 

The treatment of the radial and mixed flow turbomachines is 
based on the one-dimensional theory in which the blade spacing 
is assumed to be infinitisimal. The effect of the finite spacing in 
pumps is accounted for by a head ratio which is termed 
‘power diminution’’; empirical values of the head ratio are given 
(p. 38), holding apparently for a very limited range of blade 
shapes (backwards curved) and of radii ratios (entrance radius 
x 1/, exit radius). As Pfleiderer used the one-dimensional 
approach, he faced the difficulty of explaining the flow at “off 
design’’ points of operation. He still applies the concept of a 
“shock.” The Fig. 85 on page 179 supposed to illustrate the 


1 Professor of Engineering, Brown University, Providence, R. I. 


shock is very wrong; there can never be a discontinuity of the 
velocity along a stagnation streamline. 

The recommendation to arrange ineffective portions at the 
leading edge as well as at the trailing edge of the blade is also 
quite obsolete; a blade portion is “ineffective’’ if it does not 
create a change of the moment of momentum or, in other words, 
Pfleiderer 


admits that there is a trend to abandon this idea, at least so far 


if the static pressures at both sides are the same. 


as the entrance portion of a pump blade is concerned. 


Mathematics 


Praktische Mathematik fiir Ingenieure und Physiker. Second, 
revised edition. By R. Zurmihl. Springer-Verlag, Berlin, 
Géttingen, Heidelberg, 1957. Cloth, 6 * 9 in., xii and 524 pp., 
illus. DM 28.50. 


Reviewed by J. Kestin® 


Tuis is a very useful volume whose purpose, admirably 
achieved, it is to describe comprehensively the methods available 
for the numerical solutions of mathematical problems which 
occur in engineering applications. In every case, in addition to 
the theoretical background, practical 

handling the process of solution are given. 


formulas and algorithms. It 


methods of actually 

But, the book is not 
a mere collection of combines 
clarity and rigor with a real understanding of the details of in- 
volved computations. 

The book deals with the solution of equations in general, 
linear equations and matrices, interpolation and integration, 
statistical treatment of experimental data, the approximate 
representation of arbitrary functions, initial-value problems, 
boundary-value and eigenvalue problems. 


Rheology 


Rheology Theory and Applications, Volume I. 
R. Ejirich. Academic Press Inc., Publishers, 
1956. Cloth, 91/4 X 6'/, in., xiv and 761 pp., 


Edited by Frederick 
New York, N. Y 


illus. $20 
Reviewed by A. M. Freudenthal’ 


THE very wide and not too well defined scope of rheology is one 
of the main difficulties necessarily facing the editor of a reference 
work in this field; the other is the heterogeneity of the educational 
background of those interested in or actually working in rheology. 
This heterogeneity is reflected not only in an extremely wide di- 
vergence of interests but also, and this appears to be more critical, 
in a wide difference of approach and of methodology. To produce 
a reference work that would be of equal interest and use to workers 
in organic chemistry concerned with rheological methods but 
with little or no mathematical vackground on the one hand, and 
to applied mathematicians or theoretical physicists interested in 
continuum mechanics on the other, appears therefore to be a for- 
midable task. It must be said that, in spite of the imposing array 
of contributors which he has assembled, the editor has not quite 
succeeded in this attempt to provide a well-balanced reference 

2 Professor of Engineering, Brown University, Providence, R. I. 

8 Professor of Civil Engineering, Columbia University, New York, 


my. 2. 
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work, Nevertheless, the book is an important contribution con- 
taining, as it does, a series of mostly well-written up-to-date re- 
views of various fields of, or at least related to, rheology. 

The editor has decided to delimit the scope of rheology in the 
broadest possible sense, including a substantial part of what would 
normally be considered solid-state or crystal physics and physical 
metallurgy. As this field is covered by numerous excellent ref- 
erence works and reviews, it does not seem that a useful purpose 
is served by devoting to it more than 20 per cent of a reference 
work on rheology, necessarily to be paid for by a certain lack of 
depth in the treatment of some of the fundamental aspects of 
rheology proper that cannot easily be found anywhere else, 
such as a consistent continuum-mechanical treatment of complex 
rheological bodies as a theoretical basis for the chapters in sub- 
sequent volumes on the rheology of specific materials. 

Of the chapters dealing with this aspect, which are undoubtedly 
the chapters of principal interest to workers in applied mechanics 
and which take up roughly one quarter of the book, Chapters 3 
and 16 dealing with plastic and viscoplastic flow, Chapter 10 
dealing with finite elastic strains, and Chapter 13 on the statistical 
theory of irreversible processes are examples of conciseness and 
lucidity; one might perhaps have wished for a more extensive 
treatment of plastic deformation in the continuum. The mas- 
terly presentation of the basis of dislocation theory in Chapter 6 
makes the fact, that the subject matter itself can hardly be con- 
sidered as part of “rheology,”’ seem irrelevant. 

Chapter headings and authors are as follows: 1 Introduction 
(Firich). 2 Phenomenological Macrorheology (Reiner). 3 
Finite Plastic Deformation (Prager). 4 Stress-Strain Relations 
in the Plastic Range of Metals (Drucker). 5 Mechanical Prop- 
erties and Imperfections in Crystals (Dienes). 6 Dislocations 
in Crystal Lattices (J. M. and W. G. Burgers). 7 Mechanical 
Properties of Metals (Fleeman and Dienes). 8 Some Rheological 
Properties Under High Pressure (Dow). 9 Theory of Viscosity 
(Bondi). 10 Large Elastic Deformations (Rivlin). 11 Dynam- 
ies of Viscoelastic Behavior (Alfrey). 12 Viscosity Relation- 
ship for Polymers in Bulk and in Concentrated Solution (Fox, 
Gratch, and Loshaek), 13 Statistical Mechanical Theory of Ir- 
reversible Processes in Solutions of Macromolecules (Riseman and 
14 Viscosity of Colloidal Suspensions and Macro- 
molecular Solutions (Frisch and Simha). 15 Streaming and 
Birefringence (Peterlin). 16 Non-Newtonian Flow of 
Liquids and Solids (Oldroyd). 17 Acoustics and the Liquid 


State (Lindsay). 


Kirkwood iE 


Stress 


Failure of Structural Units 


Technical Report, New Series, vol. 3, May 1957, British Engine 
Boiler & Electrical Insurance Co., Ltd., Manchester, England. 
Paper, 9! illus., 222 pp. 15s0d. 


7 in., 
Reviewed by John M. Lessells*‘ 


Tue above report, constituting Volume 3 of the New Series of 
Technical Reports of the British Engine Boiler and Electrical 
Insurance Co., Ltd., like all previous issues, by the discussion of 
failures of structural elements, provides useful information for 
design engineers. Attention was drawn to Volume 1 and Volume 
2 of this Series in the JourRNAL or AppLiep Mecuanics for Septem- 
ber, 1953, and June, 1955. 

The report discusses various failures of boilers and emphasizes 
the importance of guarding against the possibility of caustic 
embrittlement and corrosion fatigue. The conditions which 
might promote such modes of failure are discussed in some detail. 


4 President, Lessells and Associates, Inc., Boston, Mass. Hon. 


Mem. ASME. 
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No new evidence is presented to refute the generally accepted 
belief that corrosion-fatigue cracks are always transcrystalline 
and caustic-embrittlement cracks intererystalline 

The importance of high set-up stresses in bolted assemblies 
subjected to cyclic loading, previously demonstrated by aircraft- 
engine developments, is clearly indicated. An excellent discus- 
sion is made of stress-concentration effects, and many interesting 
photographs are included in the report of failed parts where stress- 
concentration factors have been disregarded. 

The possible deleterious effect of chromium plating on the 
fatigue properties of crankshafts is demonstrated by a particular 
failure. It should be pointed out that it is now well established 
that the reclaiming of worn crankshafts by chromium plating is 
quite sound, but regard must be given for adequate control during 
the plating operation to minimize the reduction in fatigue 
strength. There is considerable evidence that shot-peening of 
the surface prior to plating eliminates any harmful effects due to 
the plating. 

A very interesting section discusses in some detail the steps 
taken by the Insurance Company’s Research Department in the 


examination of service failures 


Nuclear Engineering 


Edited by Charles F. Bonilla. McGraw- 
Inc., New York, N. Y., 1957. Cloth, 6'/, 


$12.50 


Nuclear Engineering. 
Hill Publishing Co., 
9!/, in., xi and 850 pp. 


Reviewed by Samuel Glasstone‘ 


“NUCLEAR ENGINEERING” represents a co-operative effort to 
which thirteen scientists and engineers, with extensive experience 
in their respective fields, have contributed chapters on various 
aspects of nuclear physics and nuclear engineering. The general 
scope of the book can best be indicated by giving the titles of the 
chapters, the names of their authors, and the numbers of pages. 
They are as follows: Introduction, by J. R. Dunning and R. W. 
pp.); Nuclear Particles (34 pp.), and Nuclear 

, by W. W. Havens, Jr.; Particle Detection, by 
C-S. Wu (33 pp. Basic Concepts of Radiation Protection, 
by G. Failla (37 pp.); Elementary Reactor Physics, by R. W. 
Houston (79 pp.); Shielding of Power Reactors, by D. C. Peaslee 
(35 pp.); The Flow of Liquids (86 pp.), and Heat Removal 
(159 pp.), by C. F. Bonilla; Metallurgy of Uranium and Uranium 
Alloys, by G. L. Kehl (19 pp.); Thermal-Stress Analysis and 
Mechanical Design, by A. M. Freudenthal (72 pp.); Instrumenta- 
tion and Control, by J. W. Hoopes, Jr. (65 pp.); Power Genera- 
tion, by T. Baumeister (56 pp.); Nuclear-Reactor Types, by 
J. W. Landis (52 pp.); and Legal Aspects of Nuclear Power, 
by J. G. Palfrey (20 pp.). In addition, there are 17 appendixes, 
with a total*length of 40 pages, covering topics ranging from 
physical properties of materials to a summary of the principal 
characteristics of existing reactors. 

It is inevitable that, in a book of this kind compiled from the 
contributions of a number of individuals, there should be dif- 
ferences both in depth and breadth of the treatment of various 
topics. Thus the two chapters by Bonilla and the one by Freud- 
enthal, comprising nearly 320 pages, make a complete textbook 
on what might be called the strictly engineering aspects of nuclear 
reactor design. On the other hand, the treatment of reactor 
materials, design of fuel elements, and radiation damage is 
Such matters as the processing of 


Houston (16 
Physics (49 pp 


somewhat more superficial. 
spent fuel elements, the recovery of fissionable materials, and 
the concentration and disposal of radioactive fission products are 


§’ Consultant, Atomic Energy Commission and Los Alamos Scientific 
Laboratory, Los Alamos, N. Mex. 
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not discussed at all. While admitting their importance to a 
reactor system as an integrated operation, the preface explains 
their omission on the grounds that these “problems are usually 
not handled by the same team that designs the reactor and 
associated equipment.” This is, of course, true, but might not 
the same be said about the legal aspects of nuclear power? 
However, in all fairness to the editor, who has done an excellent 
job, it should be pointed out that the book already contains a 
vast amount of material, and it was a physical necessity to draw 
the line somewhere. 

In describing the purpose of the book, Professor Bonilla states 
that “ ‘Nuclear Engineering’ is intended to be suitable as a text 
for a graduate course for engineers and physics majors. . .It 
is also intended to serve as a single compact reference volume to 
those employed in this field on the detailed work or supervisory 
levels.” So far as the textbook aspects of the work are con- 
cerned, experience alone can tell. This book is not like a pill 
that can be swallowed with a little water. It is, in large part, 
solid meat which must be well chewed before it can be digested. 
However, as a work of reference, there is no question as to the 
merits of the book. It contains much information, not easily 
available elsewhere, which both students and practitioners of 
nuclear reactor engineering will find invaluable. 


Centrifugal Pumps 


Second Edition. By A. J. 


1957. 


Centrifugal and Axial Flow Pumps. 
Stepanoff. John Wiley and Sons, Inc., New York, N. Y. 
Cloth, 91/4 X 61/4 in., vii and 462 pp., illus. $12. 


Reviewed by Max J. Schilhansl*® 


A pump designer certainly will appreciate the fact that Step- 
anoff’s book on centrifugal and axial-flow pumps contains some 
information on the subject of the application of pumps which is 
widely scattered over the technical literature as, for instance, on 
water hammer, on centrifugal-jet pump systems, on problems of 
operation, and so on. He will also appreciate that a list of ref- 
erences is added at the end of each chapter. He might, however, 
disagree with some chapters on theory and the design of blading. 

In the field of axial-flow pumps, the design can be based on the 
requirement that the head should be constant across the radius or 
that it should vary with the radius; it can be based also on the 
requirement that the flow through the impeller should have the 
pattern of a free vortex or that of a forced vortex. Stepanoff very 
ardently advocates the foreed-vortex pattern. The truth is that 
both patterns constitute a sound foundation for the blade design; 
it is just necessary to adhere to the initial selection in every re- 
spect, such as radial equilibrium or matching of the diffuser vanes. 
The author’s arguments pro and contra forced vortex or free vor- 
tex, respectively, are not convincing; he even admits that ‘the 
use of a free vortex theoretical treatment of operation of axial- 
flow water turbines is the only one possible.”” This is also not 
true; some very successful Kaplan turbine designs which came 
to the knowledge of the reviewer clearly deviate from the free 
vortex pattern in order to have the required cavitation character- 
istics. 

The statement on page 151, “It is only natural that after suffi- 
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cient experience was accumulated on efficient axial flow fans, 
blowers and pumps, the interest in the airfoil theory subsided,”’ is 
apt to discourage future efforts to improve the theory of cascades 
of airfoil sections. It certainly is not justified at a time at which 
the literature on this subject consists of more than one hundred 
papers, at which it is possible to explain the different performances 
of cascades for accelerated and for decelerated flow by means of 
calculating the boundary layer growth, and at which blade sec- 
tions have been developed for prescribed pressure distributions at 
given cascade configurations with respect to required cavitation 
characteristics. 

The argument on page 156, ‘The airfoil theory method of axial 
impeller design is invariably associated with a free vortex energy 
distribution along the radius,”’ is also incorrect because the funda- 
mental relation between lift and head still holds when the head is 
varied along the radius. 

The treatment of the centrifugal and mixed-flow pumps follows 
very closely the one-dimensional Eulerian theory after the ratio of 
the theoretical head of an impeller with a finite blade spacing 
to the theoretical head of an impeller with infinitely closely spaced 
blades having the same mean surface has been introduced. Step- 
anoff calls this ratio ‘‘vane efficiency’’ and admits in a footnote (p. 
37) that it is not really an “efficiency.’’ No numerical values of 
this vane efficiency are given in Stepanoff’s book. In a one-di- 
mensional treatment, the misconception of ‘‘shock losses’’ is in- 
evitable. 

These are the essential problems in theory and in the design of 
pumps in which the reviewer disagrees with the author. It is 
beyond the scope of this review to discuss all points of disagree- 
ment; some additional ones, however, will be briefly enumerated. 

“Liquid flow in a pump tends to avoid shock by acquiring pre- 
rotation at the impeller’ (p. 164). On p. 38, there is a somewhat 


contradictory statement: ‘Note that the rotation of the liquid in 


the impeller approach is not derived from the impeller.” How 
can it be derived from ‘‘a tendency of the liquid to follow a path of 
least resistance on its way to enter an impeller channel” (p. 10)? 
As long as this minimum principle is not expressed in mathemati- 
cal terms, the reader will find it difficult to obtain the path of 
least resistance by any sort of variational calculus. 

‘Variation of pressure across a channel can occur in such a man- 
ner that some streamlines will increase their pressure without de- 
creasing their velocities, thus increasing their total energy, or the 
constant in Bernoulli’s equation”’ (p. 9). On p. 18, the quantity 
v?/R is a centripetal acceleration, not a centrifugal force. ‘No 
diffusion (deceleration?) can take place in a curved channel, 
stationary or moving’’ (p. 32). The moment diagram (Fig. 7.8, 
p. 118) must have a change in slope at the support B. 

“Piston area (diameter?) of de Haller’s pressure measuring de- 
vice was 1.5 mm”’ (p. 232). 

“Time is necessary for the shaft to develop its maximum de- 
flection which may not be available when the critical speed is 
passed rapidly” (p. 327). How rapidly it must be passed can be 
taken from the calculation of C. Biezeno and R. Grammel, 
“Technische Dynamik,” first edition, p. 778. “It has been found 
that axial forces tend to increase the critical speed’”’ (pp. 347, 348). 
This is true only if the axial force produces tensile stresses in the 
shaft; if it produces compression stresses, the critical speed is 
lowered. 
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